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§14.2 ¢¢¢êêê���½½½ÂÂÂ

�X·�3 §14.1.3 ¥?Ø�@�, knê�¤�êXäk�
éÐ�5�. {


ó�, �´knê3\{!¦{$�±9§��_$�e´µ4�, Ïd´÷v½

Â14.1.10 ¤½Â�ê�; �´knê´��kS�£½Â14.1.11¤; n´knêäk�

«/È�50£5�14.1.9¤.

,
, knêXE,Ø¦�{. �´lAÛ�Ýþw, XJrknêéA�ê¶þ

�:£ù��:¡�kn:¤, �,/È�50L²kn:3ê¶þ´È��, �kn

ê£kn:¤�mE,kéõ/�Y0, ;.�~f´ü ��/é���ÝéAê¶

þ�:Ø´kn:. ½ö`knêéA�kn:3��þØ´/ëY0�, ·�òw�,

ù
�Y�/êþ0$���/õu0kn:.

�´l4��Ýw, �3dknê�¤�ê�£¡�knê�¤, §�4�%Ø´

knê, ½ö`, ê¶þkn:�¿Ø±kn:�Ùà:. ~X·�31�þ¤?Ø�

knê�

en =
(

1 +
1

n

)n
, n = 1, 2, · · · ,

§�4� e Ø´knê. ÏL4íúª

xn+1 =
1

2

(
xn +

2

xn

)
, n = 1, 2, · · ·

� x1 ��u"�knê, �����knê�x1, x2, x3, · · · . §�4�
√

2 �Ø´kn

ê . ù
~fØ´ó,�, §L²knêX34�$�e´Øµ4�.

Ïd, k7�éknê?1*¿, �Xl�ê*¿�knê��. ·�F"*¿

�êX£¡�¢êX¤QUU«knê¤k�â$��5�(÷v½Â14.1.10 Ú½

Â14.1.11¥�5�), qU�¢¶þ�:��éA(äk/ëY50), ½ö`34�$�

e�±µ4( äk/��50).

14.2.1 ¢¢¢êêê���½½½ÂÂÂ

c¡®²J�, Âñ�knê��4��7´knê. �´Ï�ù��Ï, �·�

Jø
|^Âñ�knê���E#�ê��U.

±xn+1 = 1
2

(
xn + 2

xn

)
�~, � x1 = 1, ²L�ES�, Ò�����5�ªC

u
√

2 �knê�. �XJÁãÏLÓ���{, ^knê5/%C0¤k�/¢ê0,

-���Ü6þ�¦É´·��vkî�½Â�o´0¢ê/, ¦+ê¶þJø�*	

�~�*.

�[��ê�Âñ�ê�´Cauchy �£=÷v Cauchy ÂñOK�ê�¤´�d

�. Cauchy ÂñOK�A:´3Ø/Ï	3&E��¹e, =�âê�g�S35�5
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�äê��Âñ5, �,TOK¿ØUw�·�ê�Âñ�Û?.

,
�·��vkî�½Â/¢ê0�c, ù«�d5¿Ø´w,�, §�9�


¢ê�E���. �d·�Û�3knê��S­#£� Cauchy ��½Â.

½½½ÂÂÂ 14.2.1 ��knê�{xn}¡�´knêCauchy�, XJé?¿n ∈ N, �3

�6un���êN = N(n)¦�é¤kk, l > N ,

|xk − xl| <
1

n
.

ùp·�^1/n �O~^�/?¿�êε0, ´Ï�Ü6þ·�Ø
knê, �vk

½ÂÙ§ê. e¡�5�=¦3knê��SE,´¤á�.

555��� 14.2.2 knê Cauchy � {xn} �½´k.�. =�3��knê M , ¦�

|xn| 6M, n = 1, 2, · · ·

yyy²²² � n = 1, K�3 N0, � k > N0 �, k

|xk − xN0| < 1,

= |xk| < 1 + |xN0|, k > N0, P

M = max{|x1|, · · · , |xN0−1|, 1 + |xN0|},

w, M ´knê, K |xk| 6M, k = 1, 2, · · · . �

y3, ·�/Ï/ê¶´ëY�0ù��*, �Ñ��knêCauchy �Âñ���

/ê0��£ã.

�x1, x2, x3, · · ·´��knêCauchy�, �éÑ��/ê0x �Tê��4�. b�

·��3°Ý1/n�S(½x, d Cauchy ��½Â, �3m = m(n)¦�¤kxm±���

*d�m���õ�1/2n. XJr¤kxk, k > mÑ3ê¶þIÑ, @o§�Ñá3��

°Ý�õ�1/n��ãp¡, Ó�¤¦�4��½3ù��ãp¡.

2���'n��g,ên′, �A/�3m′, ¦�1m′�±��ê*d�m���õ

�1/n′. �é{`, XJ·�� ê���?�, ���U�¹�?¤k����ãÒ�

á, Xeã.
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�Ä¤k�n, ·�Ò�����ã{Ln}, �Ý�1/n, �Ln+1 ⊂ Ln(¡��4«m

@), ��é�4�x ∈ Ln. Ïd, x ∈ ∩∞n=1Ln. XJ�8∩∞n=1Ln��, @oÒL«ê¶

pk��”�É”, ù�Ä�AÛún¥�ëYún4gñ. ,��¡, é?¿n, á3�

ãLn¥��xm�x�Ø�31/n �S, Qê�{xn}Âñ�x. �

þã�*/y²0, %¹X��¯¢, ê¶þ�?¿:x, Ñ�±k��kn:�

{xn} 5Ã�%C, ½ö` ê¶þ?�:éA�/ê0Ñ´��knê Cauchy ��4

�. Ïd, ·��½Â�¢ê8Ü, §ATdknêCauchy��4��¤, AO´knê

��±w¤´knê Cauchy ��4�, ~Xéknê r, §´ r, r, · · · , r, · · · �4�. X

JknêCauchy��4�Ø´knê, @où�knêCauchy�Ò½Â
��#ê—-

/Ãnê0.

,
, ØÓ�knêCauchy ��U%CÓ��/ê0, �d·�Ú?e�/�d0

�Vg.

�R´�NknêCauchy��¤�8Ü, 3d8Ü¥½Â�d'Xµ

½½½ÂÂÂ 14.2.3 �{xn}, {yn}´ü�knêCauchy�, XJé?¿n ∈ N, �3N ∈
N¦�é?¿k > N ,

|xk − yk| <
1

n
,

K¡ùü�knê�´�d�, P�{xn} ∼ {yn}.

·�I��y”∼”´�d'X.

ÚÚÚnnn 14.2.4 þã½Â�knêCauchy��d, ÷vg�5, é¡5ÚD45, l


´8ÜRþ��d'X.

yyy²²² g�5Úé¡5´w,�, �Iy²D45. �{xk}, {yk}�{zk}�kn
êCauchy�, �

{xk} ∼ {yk}, {yk} ∼ {zk}.

�y²{xk}�{zk}�d,�Ly: é?¿�1/n (n ∈ N),�3��êN¦�é?¿k > N ,

e�Ø�ª¤á

|xk − zk| <
1

n
.

4ë�ôLº§Á»ÊÈ: F�ËAAÛÄ:, �®�ÆÑ��.
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éu?¿� 1/n:

d{xk} ∼ {yk} ��: �3 N1 ¦�|xk − yk| < 1/2n (∀k > N1);

d {yk} ∼ {zk} ��: �3N2¦�|yk − zk| < 1/2n (∀k > N2).

�N = max(N1, N2), ¿|^n�Ø�ª, é?¿ k > N ,Ñk

|xk − zk| = |(xk − yk) + (yk − zk)| 6 |xk − yk|+ |yk − zk|

<
1

2n
+

1

2n
=

1

n
.

= {xk} ∼ {zk}, ù�·�Òy²
D45. �

½½½ÂÂÂ 14.2.5 � R = R/∼ ´knê Cauchy �8ÜR3þã�d'X�e��N

�da�¤�8Ü. ·�òw�, §÷v¢êúnXÚ£=½Â14.1.10 Ú½Â14.1.11¤

, Ïd¡R�¢ê8Ü, §��� x´,�knê Cauchy �{xn} ��da, ¡�¢

ê. ê�{xn}¡�¢êx��L�, P�x ∼ {xn}. ·��¡�dax¥�?¿kn
êCauchy�Âñux½±x�4�.

¢ê�½Â�,Ä�, ��þ�´�
�óþ��B. �ìÚn14.2.4, ·��±@

���A½�knêCauchy�(½��¢ê, ¿r�d�Cauchy��¤Ó��¢êØ

Ó�L«. �{ü�~f´ ”0” , §´ Cauchy� 0, 0, · · · �4�, 
� 0, 0, · · · �d�
Cauchy � 1, 1

2 , · · · ,
1
n , · · · ´ ”0” �ØÓL«. ü�ØÓ�knê r, s ©O´ Cauchy

� r, r, · · · � s, s, · · · �4�. dArchimedesún, �3n0 ∈ N¦�|r − s| > 1/n0, Ïd

Cauchy � r, r, · · · � s, s, · · · Ø�d.

~~~ 14.2.1 y²: üN4O�k.knê�´knêCauchy�.

yyy²²² �{xn}üN4O�k.knê�, Ø��§�Ï�Ñ�u0. ?¿�½�

�n ∈ N, Kê�nx1, nx2, · · · �´üN4O�k.ê�. �8ÜE´ê�nx1, nx2, · · ·�
¤k��êþ., @oEk����êm0, m0 − 1Ø´�ê��þ., ¤±�3N ∈ N,

nxN > m0 − 1. düN5, k, l > N�,

m0 − 1 < nxk 6 m0, m0 − 1 < nxl 6 m0,

Ïd|xk − xl| <
1

n
.

~~~ 14.2.2 e�ü�knê�

en =
(

1 +
1

n

)n
, n = 1, 2, · · · ,

sn =
n∑
k=0

1

k!
, n = 1, 2, · · ·

´ Cauchy �, 
��p�d, ¤3��daP� e, Ïd�¡�da e ¥?¿knê�,

X {en} Ú {sn}, ÑÂñu e .
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yyy²²² �â1�þ?Ø�(J, {en}, {sn} Ñ´üNOk.ê�� 2 < en < sn < 3,

ÏdÑ´Cauchy �. � n > 3 �, ò en U��ªÐm�

en = 2 +
n∑
k=2

1

k!

(
1− 1

n

)(
1− 2

n

)
· · ·
(

1− k − 1

n

)
Ï� (

1− 1

n

)(
1− 2

n

)
· · ·
(

1− k − 1

n

)
> 1−

k−1∑
j=1

j

n
= 1− k(k − 1)

2n

Ïdk

0 < sn − en 6
1

2n

n∑
k=2

1

(k − 2)!
6

3

2n

é?¿� n, � N > 3
2n, K� k > N �, k

|sk − ek| <
1

n

¤±üöp��d. �

14.2.2 ¢¢¢êêê������âââ

e¡·�I�rQþ��â*¿�½Â14.2.5 ¥½Â�8Ü Rþ, �Ò´��y R
÷v¢êúnXÚ¥�\{ún!¦{únÚSún. äN�{´éknê Cauchy �

�z��©O½Â�A�$�, ¿c[�yù
½ÂÑk¿Â.

ÚÚÚnnn 14.2.6 �x, y ∈ R, �x ∼ {xn}, y ∼ {yn}

1. knê�{xn + yn}Ú{xn · yn}Ñ´Cauchy�;

2. XJknê�{x′n}�{xn}�d, {y′n}�{yn}�d, @o {x′n + y′n}�{xn + yn}�
d, {x′n · y′n}�{xn · yn}�d.

yyy²²² Ï�{xn}Ú{yn}´ Cauchy�, ¤± ∀ n, �3N1¦�é?¿j, k > N1 k|xj −
xk| < 1/2n¶�3N2¦�é?¿ j, k > N2k |yj − yk| < 1/2n.

�N = max(N1, N2),@oé?¿j, k > N , Ñk

|(xj + yj)− (xk + yk)| = |(xj − xk) + (yj − yk)|

6 |xj − xk|+ |yj − yk|

<
1

2n
+

1

2n
=

1

n
,

¤±{xn + yn}´Cauchy�.

2db���d5k, ∀ 1/n, �3N1¦�é?¿ k > N1k |xk − x′k| < 1/2n ¶�

3N2¦�é?¿k > N2k |yk − y′k| < 1/2n.
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�N = max(N1, N2)Ò�±��é?¿k > N ,

|(xk + yk)− (x′k + y′k)| = |(xk − x′k) + (yk − y′k)|

6 |xk − x′k|+ |yk − y′k|

<
1

2n
+

1

2n
=

1

n
,

Ïd{xn + yn} ∼ {x′n + y′n}.

k'¦{$���A(Ø�±aq/y², �I�^� Cauchy ��k.5£=5

�14.2.2¤, �Öög1�¤. �

Ún14.2.6�y
Xe½Â�Ün5.

½½½ÂÂÂ 14.2.7 �¢êx, y��L�©O�knê Cauchy �{xn}�{yn}, @o
¢ê x + y½Â�knê Cauchy �{xn + yn}�L��da, ¢êx · y½Â�kn
êCauchy�{xn · yn}�L��da.

½½½nnn 14.2.8 3þã½Â�\{Ú¦{�e, ¢ê8ÜR¤����.

w,, \{0��´ê�0, 0, 0, · · ·��da, ¦{ü ��1´ê�1, 1, 1, · · ·��d
a. XJ¢êx��L�´{xn}, K§�\{_�−x��L�´{−xn}. Ïdk'��ú
n£½Â14.1.10¤ÑN´�y, Ø
'u_��k'únÿ�y².

·�I�y²µ/z��"¢êxÑk¦{_�x−1, ¦�x−1 · x = 10. �dÄkL

y²

ÚÚÚnnn 14.2.9 �x´�"¢ê. @o�3n0 ∈ N÷v: é�Lx�?¿ Cauchy

�{xn}, Ñ�3N¦�é?¿k > N , |xk| > 1/n0.ùp�N�6u�½� Cauchy �, 


e.1/n0��6ux, Ø�6u�½� Cauchy �.

yyy²²² � {xn} ´�Lx���knêCauchy �.

·K/{xn}�duê�{0, 0, 0, · · · }0�¤þc�/ª�:

∀n, ∃N¦�∀j > NÑk

|xj| <
1

n
.

§�Ä½·K/{xn}Ø�duê�{0, 0, 0, · · · }0�±Lã�:

∃n1¦�∀N ∈ N, ∃ j > N , ÷v

|xj| >
1

n1
.

½ö`, XJknê�{xn}�L�"¢êx, KkÃ��j¦�|xj| > 1/n1¤á. �´,

{xn} ´ Cauchy �, ¤±éØ�1/2n1, �3N ¦�é¤k j, k > N , e�Ø�ª¤á

|xj − xk| <
1

2n1
.
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À½��j > N÷v|xj| > 1/n1, Ké?¿ k > N ,

|xk| > |xj| − |xj − xk| >
1

n1
− 1

2n1
=

1

2n1
>

1

n0
.

ùp n0 = 4n1. � {x′n} ´?¿���{xn}�d� Cauchy �. éØ�1/4n1A^

Cauchy ��d�½Â, �3 N ′(> N) ¦�

|xk − x′k| 6
1

4n0

é¤k k > N ′¤á. Ïd, é?¿ k > N ′,k

|x′j| > |xj| − |xj − x′j| >
1

2n1
− 1

4n1
=

1

4n1
=

1

n0
.

�,é {xn}, �k|xk| > 1/n0, é k > N ′ > N ¤á. �

½½½nnn14.2.8���yyy²²² �{xn}�Lx 6= 0. �âþãÚn, Tê�¥�õk���", r

@
�"��^1�O�����Ú�ê��d� Cauchy �, ò#ê�E,P�{xn}.
ÏLéTê��z���_, ��#�knê�{1/xn}, dÚn���3N , ∀j > N ,

|xj| > 1/n0, ¤±�k, l > N�k∣∣∣ 1

xk
− 1

xl

∣∣∣ =
|xk − xl|
|xk · xl|

6 |xk − xl|n2
0

ddN´wÑ§´ Cauchy �. -x−1�ê�{1/xn}�L�¢ê, @ox−1 · x ����L
�´ê�1, 1, 1, · · · , = x−1 · x = 1. �

e¡·�?Ø¢ê�S. þ�Ù·�ÏL�ê, 3knê�Qþ½ÂS, �
3Rþ
½ÂS, Äk�ÑRþ�ê�½Â.

½½½ÂÂÂ 14.2.10 ��¢ê x ¡�´��, P�x > 0, XJéx����L� {xn},
�3 m, N ∈ N, ¦�é¤k j > NÑk xj > 1/m.

dÚn14.2.9��¢ê´/��0�½Â��L�À�Ã'. XJ −x´��, K¡

¢êx¡�´K�, P� x < 0¶XJx ∈ Q, @o�âknê�Archimedesún, ù
½

Â�knê��A½Â��.

�x´���"¢ê, dÚn14.2.9, �3g,êm, ¦�éx�?¿�L�{xn},
�j¿©��Ñk|xj| > 1/m. �ù
knê�ÎÒØ�U��3C, Ï�zgU

CÎÒ¬E¤§��m���2/m��O, �CauchyOK��. ù¿�Xj¿©�

�xj > 1/m½xj 6 −1/müö��ð¤á. dd��

½½½nnn 14.2.11 ?¿¢ê½��, ½�K, ½�". ü��¢ê�Ú�Èþ´�¢

ê.

yyy²²² �ì½Â, ��knêCauchy~{xn}XJ´�¢ê½öK¢ê��L�, @

o§Ø�~ê�0, 0, · · ·�d. ��,XJ{xn}� 0, 0, · · ·�d,�½Â��,é?¿n ∈ N,
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�3g,êN¦�é?¿k > N , |xk| < 1/n¤á, ù`²{xn}QØ´�¢ê�Ø´K¢
ê��L�. ùÒy²
½n�1��(Ø. ,	, N´�yü��ê�ÚÈþ��, Ï

�ü��e.�Ú�È�Ñ#��e.. �

½½½ÂÂÂ 14.2.12 £S�½Â¤�x, y´ü�¢ê, XJ x − y > 0, ¡x > y, ¿�½

Âx�ýé��

|x| =


x x > 0,

0 x = 0,

− x x < 0.

ÚÚÚnnn 14.2.13 �knê Cauchy �{xn}�{yn}©O½Â
¢êx, y. XJ�3

N ∈ N ¦�é?¿ k > NÑkxk 6 yk, @ox 6 y.

yyy²²² (�y) b�x > y, Kx − y��. d�ê�½Â, �3n ∈ N ¦�k¿©��
xk − yk > 1/n, gñ. �

ùpI�J�5¿�´, =¦Ún¥�^��î��Ø�Ò, ·���U��Øî

�Ø�Ò. 'X, 1/n > 0, �´ Cauchy �1, 1/2, 1/3, · · ·�±04�, �´0 > 0Ø¤á.

e¡·�?Øknê3¢ê¥�È�5, =; é?¿¢êx, 3§�?¿���S,

Ñk��knê.

½½½nnn 14.2.14 £knê�È�5¤é?¿¢êx±9?¿�½�Ø�1/n (n ∈ N),

�3��knêr÷v

|x− r| 6 1

n
.

yyy²²² �knêCauchy�{xn}´¢êx��L�. éu�½�1/n, d Cauchy OK,

�3 N ¦�� j, k > N�|xk − xj| < 1/n. �r = xN , Ké ∀k > N , k

|xk − r| <
1

n
, ½ − 1

n
< xk − r <

1

n
.

w,, knêCauchy � {xn − r} ´ x − r ��L�, �knêCauchy �{yn} ©O�
yn = 1/n Ú yn = −1/n, K§�©O´ 1/n Ú −1/n ��L�. dÚn14.2.13�

− 1

n
6 x− r 6 1

n
.

�

'uÈ�5k����½Â: �B´¢ê8ÜA�f8. ¡B3A¥È�, ´�?

�a ∈ A, ?�Ø�1/n, �3b ∈ B¦�|a− b| < 1/n.

~~~ 14.2.3 �λ´Ãnê, y²8ÜA = {m+ nλ | m,n ∈ Z}3¢ê8RÈ�.

yyy²²² 8ÜAkXe5�: é?¿�ê l Ú?¿�a, b ∈ A, kla ∈ A, a± b ∈ A.
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P nk = −[kλ], ùp [x] L« x ��êÜ©, Ïd xk = nk + kλ ∈ A L« kλ ��

êÜ©.

?�1/n, n ∈ N, �ÄA�f8Ü

B = {xk = nk + kλ | k = 1, 2, · · · , n+ 1.},

du λ´Ãnê, ¤±B¥���üüØ�,
�xk 6= 0. Ïdk0 < xk < 1, k =

1, · · · , n+ 1. ù�ÒíÑ3ù n+ 1 �ê x1, · · · , xn+1 ¥7kü�, P� xi, xj , ÷v

0 < ξ = xj − xi <
1

n
.

òR©)�Xe��«m�¿,

R =
⋃
m∈Z

[mξ, (m+ 1)ξ],

�±wÑ, ∀x ∈ R, �3m ∈ Z, ÷v|x−mξ| 6 1/n. w, mξ ∈ A, ù�Òy²
 A 3

R ¥�È�5.

�

��·�?Ø�
¢ê�Ø�ª. �Ä��Ø�ª´

½½½nnn 14.2.15 £n�Ø�ª¤é?¿¢ê x Ú yÑk

|x+ y| 6 |x|+ |y|.

yyy²²² Äk5¿��¯¢, XJknêCauchy�{xn}´¢êx��L�, Kdknê

�n�Ø�ª��{|xn|}�´knêCauchy�. ·�Äky², {|xn|}´¢ê|x| ��L
�. XJx > 0, (Øw,¤á; XJx = 0, K{xn} ∼ 0��{|xn|} ∼ 0; XJx < 0, dÚ

n14.2.9, �n¿©��xn < 0, Ïd{|xn|}´−x = |x|��L�.

�{xn}�{yn}©O´�Lx�y�knê Cauchy �. Cauchy �{|xn + yn|}�{|xn|+
|yn|}©O�L|x + y|�|x| + |y|. |^Qþ�n�Ø�ª, |xk + yk| 6 |xk| + |yk|, 2dÚ
n14.2.13, ½n�y. �

½½½nnn 14.2.16 £Archimedesún¤é?¿�¢ê x, �3g,êN÷v x > 1/N .

yyy²²² d½Â, é�L�êx� Cauchy �{xn}, �3N, m ∈ N¦�xj > 1/N é?

¿ j > m¤á. dÚn14.2.13�x > 1/N . �

þãArchimedesún¯¢þ�duXe(Ø, XJ¢êx÷vµé?¿n ∈ N,

|x| < 1/n, Kx = 0.

eãA�~f, Ñ´©Û¥~��Ø�ª.
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§14.5 ¢¢¢êêêXXX���ÙÙÙ§§§���ddd///ªªª∗

�Ù��·�{�0�ü�¢êX��d½Â/ª: Ã��?�êÐm� D-

edekind ©�.

14.5.1 ÃÃÃ������???���êêê

·�k�Ä¢ê�Ã��?�êÐm, {¡Ã��êÐm.

�ê´/X

a = a0.a1a2 · · · an · · ·

= a0 +
a1

10
+

a2

102
+ · · ·+ an

10n
+ · · ·

�ê, Ù¥a0 ∈ Z, ai ∈ {0, 1, 2, · · · , 9} (i > 1). XJ�3N ∈ N¦�i > N�ai = 0,

¡a´k��ê. �ê�À�AÏ�knêCauchy�

xn =
n∑
k=0

ak
10k

, n = 0, 1, 2 · · · ,

¤±§�L
��¢ê, �¡�´¢ê�£Ã�¤�êL«. ¯¢þ, z�¢êÑkÃ

��êL«.

½½½nnn 14.5.1 �x ∈ R, K�3½Âx�knêCauchy�

xn =
n∑
k=0

ak
10k

, n = 0, 1, 2 · · · ,

Ù¥a0 ∈ Z, ai ∈ {0, 1, 2, · · · , 9} (i > 1).

yyy²²² ·��éx > 0y², XJx < 0, d½Â−x(> 0)��?��êCauchy��±

��½Âx��?��êCauchy�.

¼ê[x]½Â�Ø�ux��ê8Ü¥���ê, ¡�x��êÜ©. |^Archimedes

únN´y²[x]�3��. {x} = x− [x]¡�x��êÜ©, §÷v0 6 {x} < 1.

éu?¿�¢êx, ½Â

xn =
[10nx]

10n
, n = 0, 1, 2, · · · .

�n > 1�, Ï�

0 6 10nx− [10nx] < 1,

¤±

0 6 10n+1x− 10 [10nx] < 10,

ù¿�X

0 6 [10n+1x]− 10 [10nx] < 10.
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Ïd�êan+1 = [10n+1x]− 10 [10nx] ∈ {0, 1, · · · , 9}. dd��

xn+1 = xn +
[10n+1x]− 10 [10nx]

10n+1
= xn +

an+1

10n+1
.

dþã4í'X�

xn =
[10nx]

10n
= x0 +

a1

10
+ · · ·+ an

10n
, n = 0, 1, · · · ,

w,

|xn+p − xn| 6
1

10n+1

0 6 x− xn <
1

10n
,

Ïd {xn}´Cauchy�, ¿� {xn}�4�´x. �

·�®²y², ?¿¢êÑk�êL«. ¯¢þ?¿knê�±L«�k��ê½

öÃ�Ì��ê£öS¤, Ãnê´�Ã�ØÌ��ê. ^Ã��ê½Â¢ê�Ã?´

��*��, ´un). §�(J�?3uXÛ3Ã��êXÚþ½Â�âÚS, Ï�

I�?nÃ��5�(J. Öö�±rù
��öSc[ïÄ.

,	, ��±òk��êL«�Ã��ê, ~Xµ1 = 0.99 · · · , 0.315 = 0.31499 · · · .
�±y², 3þã½ny²¥�E�ê�, Ø¬Ñy,����ai�Ü�u9��/.

14.5.2 Dedekind ©©©���

Dedekind©�´DedekindJÑ�¢ê½Â��{. §^knê8�©�½Â¢ê.

Dedekind ©����6uknêþ�^S. §�Ì�g�´��¢êxrknê©¤ü

Ü©: �ux�Ü©Ú�ux�Ü©, ^�ux�Ü©5½Â¢êx.

½½½ÂÂÂ 14.5.2 ¡knê8α´��©�, XJ§÷v

1. α��, ¿�α 6= Q;

2. eknêa ∈ α, knêb < a, Kb ∈ α;

3. αSvk���knê, QµXJa ∈ α, K�3knêb > a, b ∈ α.

ü�©�¡���, XJéA�knê8��. XJa´��knê, §�±½Â�

�©� a∗ = {b ∈ Q | b < a}, ù��©�q¡�kn©�.

555PPP ���knêp /∈ α, XJknêq > p, Kq /∈ α. ©�α{8αc = Q\α¥�k
nê�¡�©�α �þê. ù´Ï�e p ∈ αc, Kp > a, ∀a ∈ α.

ò©���NP�R, ·��3§þ¡½Â�âÚS, ¿`²§Ú¢êXR��.

eá·K½Â
©��\{, y²3�öS.

555��� 14.5.3 �α, β´ü�©�,
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1. knê8{a+ b | a ∈ α, b ∈ β}´��©�, ½Â�α�β�Ú, P� α + β;

2. 0∗´©�\{�0�, Qα + 0∗ = α;

3. ©��\{÷v(ÜÆ.

�αÚβ´ü�©�, XJα´β�f8, ¡©�β�u½�uα, P� α 6 β¶X

Jα´β�ýf8, ¡β�uα, P�α < β. ©�α¡���£�K�¤, XJα > 0∗( α >

0∗).

555��� 14.5.4 �α, β´ü�©�, Kα < β, α > β, α = β nö��¤á.

yyy²²² α = β�duµ∀a ∈ α, a ∈ β, Ó�∀b ∈ β, b ∈ α. Ïd, eα 6= β, �3α¥

�knêaØáuβ, ½öβ¥�knêbØáu α, ù�duα > β, ½öβ > α.

eá·K½Â
©��\{_�.

555��� 14.5.5 �α´��©�, ½Âβ = {−b | �3c ∈ αc = Q\α, b > c}, Kβ´�
�©�, �α + β = 0∗. Pβ = −α.

yyy²²² Äk, α´Q�ýf8íÑβ��!�´Q�ýf8. dβ�½Â�±wÑ, X

Jb ∈ β, b1 < b, K−b1 > −b ∈ αc, ù`²b ∈ β. βSvk��knê��±Ó��y.

e¡�yα + β = 0∗. �c = a + b ∈ α + β, Ù¥a ∈ α, b ∈ β. 5¿� αc = {x ∈
Q | x > a, ∀a ∈ α}, Ï�−b ∈ αc, ¤±c = a + b < 0. ùíÑα + β 6 0∗. d	, ?

���d ∈ 0∗, K−d > 0. �a ∈ α, ê�a, a − d, a − 2d, · · ·¥, 7k��a − Nd÷
vµa − Nd ∈ α, a − (N + 1)d ∈ αc. ÏdØ��a − d ∈ αc, 2�a′ ∈ α, a′ > a,

Ka′ − d > a− d, ¤±−(a′ − d) ∈ β, dd��

a′ + [−(a′ − d)] = d ∈ α + β,

ù¿�X0∗ 6 α + β. ¤±α + β = 0∗. �

½½½ÂÂÂ 14.5.6 ©�α�ýé�|α|½Â�

|α| =
{

α, eα > 0;

−α, eα < 0.

w,|α| > 0, ¿�|α| = 0��=�α = 0.

·��X?Ø©��¦{$�.

555��� 14.5.7 �©�α > 0, β > 0, ½Âknê8

γ = {r ∈ Q | r < 0, ½ö�3a ∈ α, b ∈ β, a, b > 0 � r = ab}.

Kγ´��©�, P�γ = αβ.
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·K�y²3�SK. dd�±½Â?¿ü�©��¦{.

½½½ÂÂÂ 14.5.8 �α, β´ü�©�, §��Èαβ½Â�µ

αβ =


−|α||β|, e α > 0, β 6 0,

−|α||β|, e α 6 0, β > 0,

|α||β|, e α < 0, β < 0.

eã·K½Â
¦{�_�.

555��� 14.5.9 �©�α > 0, ½Âknê8

β = {b ∈ Q | b 6 0, ½ö�3 c ∈ αc, 1

b
> c},

Kβ´��©�, β > 0�αβ = 1∗. β¡�α �_, P�β = α−1.

XJα < 0, §�_½Â�−(−α)−1. �d, ·�®²3©�8ÜRþ½Â
S!\
{Ú¦{$�, ½Â
0�Ú_�. �±�y, 1∗´¦{�ü �, R÷vk'�½Â�¤
kún, §´��kS�.

±e·�?ØR�|^knCauchy��da½Â�¢êXR���5. éuα ∈ R,

éA

α→ xα = sup{a | a ∈ α} = supα

´R�R�ü�, §k_N�

R 3 x→ αx = {a ∈ Q | a < x} ∈ R.

ùp�I��y, αx´��©�.

þã��éA, �±��ún£½¡���Ó�¤. ·��y²Xeü^Ä�5�,

{e�3�öS.

½½½nnn 14.5.10 �α, β´ü�©�, K

1. sup(α + β) = supα + sup β,

2. sup(αβ) = supα sup β.

yyy²²² 1. d©�\{�½ÂN´wÑ, sup(α+ β) 6 supα+ sup β. ?¿�½b ∈ β,

K

sup(α + β) > sup{a+ b |a ∈ α} = sup(α + b) = supα + b.

db�?¿5��sup(α + β) = supα + sup β.

2. �â©�¦{�½Â, �Iéα, β > 0y²(Ø. w,

sup(αβ) = sup{ab | a ∈ α, b ∈ β� a > 0, b > 0}.
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Ïdsup(αβ) 6 supα sup β. �½b ∈ β, b > 0, K

sup(αβ) > sup{ab | a ∈ α, a > 0} = b sup{a ∈ α | a > 0} = b supα.

db�?¿5��, sup(αβ) > supα sup β. �

Dedekind ©��Ñ
¢êX�1n«�d/ª. §�`:3u^��8ÜnØ'

��, §��9�knê8ÜÚ§�f8. �'�
ó, knêCauchy ��z��{�

?nCauchy ���da�8Ü, �
½Â��¢êÒ�^�knê�8Ü�8Ü. ^

Cauchy ��z��ª½Â¢êX, `:3u§äkÊH5, 3?�ÚÆS©ÛÆ�L§

¥, ù«`�5ò¬ÅÚwy.

SSSKKK14.5

1. ���knêaØUL«�k��ê, y²§�Ã��êL«�½´Ì��, =

a = a.a1 · · · aNaN+1 · · · aN+kaN+1 · · · aN+k · · · .

2. y²5�14.5.3.

3. y²5�14.5.7.

4. y²5�14.5.9.

5. y²µé?¿©�α, α1∗ = α.

6. �A´R�f8, αx´A¥z���xéA� Dedekind ©�. y²ù
αx�¿8´

�� Dedekind ©�½ö´��knê8ÜQ.

7. �x, y´�¢ê. y²αxy´¤k��knêÚ¤k/Xab�ê�8Ü, Ù¥

0 < a ∈ αx, 0 < b ∈ αy.
8. �x, y´¢ê. y²x 6 y��=�αx ⊂ αy.

9. ¡¢êx´�êê, ´�§´,��Xêõ�ª�§�). e¢êyØ´�êê, K

¡����ê. y²Xe·K.

a. �x0´��Ãnê�êê, ¿�P (x)´÷vP (x0) = 0, �äk�$gê��Xê

õ�ª, �Ùgê�n. �3�êA, éu«m[x0 − 1, x0 + 1]¥�?¿knêp/q, Ù

¥p ��ê, q���ê, ¤á Louville Ø�ª∣∣∣∣pq − x0

∣∣∣∣ > A

qn
.

b. y²
∞∑
k=1

1

10k!
´��ê.

c. y²¤k��êê�¤�ê8Ü, l
¤k��ê�8ÜØ�ê.
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