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§14.4 ¢¢¢���������ÿÿÿÀÀÀ

�X§14.2!m©J�, AÛþr¢êXéA�ê¶, ¢ê���5�y
éA´�

�N�. 3�!¥·�ïÄ¢ê3AÛþ½5�5�, ùÒ´ÿÀ�c�¿g. ù�!

�NõVg8�¬3êÆ�2����p­#Ñy, Ïd/Ï¢ê, Äkïáåéù


Vg��*@£, ±Bò53�����Æpn)§�.

14.4.1 mmm888���444888

3¢ê�R¥, Ø�ªa < b¡�î�Ø�ª, a 6 b¡�Øî�Ø�ª. 3þãk'

¢ê�EÚ4��?Ø¥, �õê�ÿØ\«©î�Ø�ªÚØî�Ø�ª, Ø¬E¤

���«O. 'X34��½Âp, ·��±�¦|xk − x| < ε, ��±�¦|xk − x| 6 ε.

�´, 3,�
�/§��«O´��5�, 'X�4��±Øî�Ø�ª, �Ø�±î

�Ø�ª.

�½ü�¢êa < b, dî��Ø�ªa < x < bû½�8Ü´m«m (a, b)¶

dØî��Ø�ªa 6 x 6 bû½�8Ü´4«m[a, b]. éum«m, ·��#

Na = −∞½b = +∞. m«m�4«m���ØÓ3um«m¥�z�:Ñ�m«m

¥�Ù¦:��, 
4«m�à:Øäkù�5�. m«mÚ4«m�ØÓ:§3R�
�f8Üþ��N, Ò´e¡�0��Vgµm8�48.

½½½ÂÂÂ 14.4.1 ¢êR¥���f8ÜA¡�´m8,XJA÷vXe5�µ ∀x ∈ A,

�3m«m (a, b) ¦�x ∈ (a, b) ⊂ A.

m«m´m8, 4«m[a, b]Ø´m8, Ï�aØ3?Û�¹u4«m�m«m¥. �

8´m8, Ï�§p¡vk?Û:. k�½öÃ��m«m�¿8�´m8, Ï�¿8

p�?¿:Ñáu,�m«m. ¤±ém8
ó, 38Ü�/¿0Ú/�0ü�Ä�$

�ek

555��� 14.4.2

1. ?¿�m8�¿8´m8, l
Ã��m8�¿�´m8.

2. ü�m8��8´m8, l
k��m8��8´m8.

yyy²²² �ìm8�½Â, 5�1´w,�.

�A, B�m8, �A ∩ B 6= ∅. �½x ∈ A ∩ B, �3¹x�m«m(a, b), (a′, b′), §�

©O�¹uA, B. @ox3m«m(a, b) ∩ (a′, b′) p, d«m�¹uA ∩B. �

I�5¿�´, Ã�õ�m8���±Ø´m8, ~X

∞⋂
n=1

(
− 1

n
,

1

n

)
= {0},

∞⋂
n=1

(
0,

1

n

)
= ∅.
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·��±y²z�m8Ñ�±�¤�xm«m�¿8. ¯¢þXJA´m8, @o

?¿x ∈ A, �3��m«mIx¦�x ∈ Ix ⊂ A, l


A =
⋃
x∈A

Ix.

eã½n£ã
¢ê�m8�(�.

½½½nnn 14.4.3 £m8�(�½n¤ R�z�m8Ñ�±L«¤�õ�ê�üüØ
��m«m�¿, 
��¤Tm8�ù
m«m, 3Ø�ÄgS�¿Âe��.

yyy²²² Äk5¿��¯¢, ü�k��m«m, §��¿8�´m«m. �A´m

8, ��m«m(a, b)¡�´A�4�«m´�: (a, b) ⊂ A, Ó�, ?Û�¹uA¥�m«

m, XJ�(a, b)k�, @o�½�¹u(a, b). ½ö`(a, b)´4�m«m��=�Ø�

3±§�ýf8�m«m�¹uA.

é?¿x ∈ A, �3m«mIx ⊂ A�x ∈ Ix, ù��m«mIxØ��. ò�¹uA¥!

��¹:x�m«m�NÜ¿, §��¿8P�

Jx =
⋃

x∈Ix⊂A
Ix.

�±y² Jx´��«m(SK), ¿�´A��¹:x�4�m«m. 
�, �x 6= y�,

Jx�Jy�o��!�oÃ�. Ï�?¿ü�4�m«mvk�, ¤±A �±L«��x

üüØ��m«m�¿.

üüØ�m«m�U´k��, ½�U´Ã��. 'X8Ü(1/2, 1) ∪ (1/4, 1/2) ∪
(1/8, 1/4) ∪ · · · . �´üüØ��m«m�¤8Ü�Äê�õ��êÃ�. Ï�lz�

m«m¥�±���knê, Ò��
��T8Ü�Q��f8���éA. �

�¹:x�m8¡�:x���. :x��{ü���´ (x− ε, x+ ε). |^��, �

±­#½Âê�4�Xe.

½½½ÂÂÂ 14.4.4 ¡ê�{xn}Âñ�¢êx, XJéx�?¿��A, �3��êN¦�

é?¿n > N , xn ∈ A.

N´�y, T½ÂÚ�54��½Â´�d�, ù´Ï�

lim
j→∞

xj = x

�du é?¿ε > 0, �3��êN¦�éj > N , xj ∈ (x− ε, x+ ε). �­��´, ^m

8½Â4�ØI�¢êål�Vg, §äk�ÊH�¿Â. ��·��ò^m8½Â¼

ê�ëY5.

e¡·�?Ø48�Vg. 48�”4”i¿�Xù�8Üäk,«µ45. �*�

`, 48¥Âñê��4��,3T8Ü¥. ��Ð/n)48, ·�kÚ?8Üà:

�Vg, §�ê��4�:kX�©�ØÓ.
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½½½ÂÂÂ 14.4.5 �B´��R�f8. ¢êx¡�B�à:, ´�z�x���¥¹

kB¥Ã�õ�:.

ùp·�Ø�Ä±∞��8Ü�à:. eã·K, �Ñ
à:��
�d£ã.

555��� 14.4.6 �B ⊂ R, x ∈ R, Ke�^��dµ

1. x´B�à:;

2. x�?¿m��Ñ�¹kB�ØÓux�:;

3. 8ÜB¥k��ê�{xn}, xn 6= x (∀n), � lim
n→∞

xn = x.

yyy²²² �ìà:�½Â, 1⇒ 2Ú3⇒ 1w,, ·��Iy²2⇒ 3.

�x1 ∈ B´�� (x− 1, x+ 1)¥Éux�:, x2 ∈ B´��(x− δ2, x+ δ2)¥Éux�

:, Ù¥δ2 = min{1
2 , |x− x1|}, n > 3�, 8B½Â:xn, xn ∈ B´��(x− δn, x+ δn) ¥

Éux�:, Ù¥

δn = min{ 1

n
, |x− xn−1|}.

Kê� {xn}÷v: xn 6= x , �

|x− xn| <
1

n

é?Û n ¤á, ¤± lim
n→∞

xn = x. �

��8Ü�à:, �±´g��:, ��±Ø´g��:. ~Xk�m«m(a, b),

§�à:8Ü´4«m[a, b]; 8Ü{1, 1/2, 1/3, · · · } �kà:0. �ê8ÜZ vkà:.

�Ä��ê�{xn}Ú§�Ná8Ü{x1, x2, · · · }. ê��4�:��ØÓuNá
8Ü�à:. �{ü�~f´~ê�, §k��4�:, �´§�Ná8Ü´Õ:

8, vkà:; �´Ná8Ü�à:�½´�ê��4�:, ù´Ï�, XJx´8

Ü{x1, x2, · · · }�à:, @oé?¿k ∈ N, ��(x− 1/k, x+ 1/k)¥�3�:xnk , dd�

±��ê�{xn}���f�Âñ�x.

½½½ÂÂÂ 14.4.7 ¡��8Ü�48, ´�§¹kg�¤k�à:.

vkà:�8Ü, X�8∅½k�8Ü, gÄ¤�48. 4«m[a, b]´48, ���

m«m(a, b)�a½b�¢ê�Ø´48, Ï�à:´à:. �´, ¢��R = (−∞, +∞),

±9(−∞, a]Ú[b, +∞)Ñ´48.

XJB�R�f8, PBc = {x ∈ R : x /∈ B}�B�{8. �õê¢ê�f8, '

X[0, 1)Ú{0} ∪ (1, 2), QØ´m8�Ø´48. m8�48�'X�Xe½n.

½½½nnn 14.4.8 ��8ÜB�48��=�§�{8Bc�m8.

yyy²²² d5�14.4.6��, x ∈ RØ´8ÜB�à:��=��3x���m�
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�Ax÷v (
Ax \ {x}

)⋂
B = ∅.

XJB´48, ∀x ∈ Bc, �3§�m��Ax�BÃ�, =Ax ⊂ Bc, ù`²Bc´m8.

��, XJBc´m8, ∀x ∈ Bc, �3§���m��Ax ⊂ Bc, dAx�BÃ���,

xØ´B�à:, ù`²B�¤kà:ÑáuB, ¤±B´48. �

555��� 14.4.9 k��48�¿8´48; ?¿�48��8´48.

yyy²²² ù´8Ü$��de Morgan½Æ

⋂
i∈I

Aci =

(⋃
i∈I

Ai

)c
,
⋃
i∈I

Ac =

(⋂
i∈I

Ai

)c
���íØ. �

~~~ 14.4.1 �A, B´ü�¢ê8Ü, ½Â8Ü��

B\A = {x ∈ B | x /∈ A}.

y²µXJB´48, A´m8, KB\A´48.

yyy²²² �x´B\A�à:, K§�½´B�à:, ¤±x ∈ B. XJx ∈ A, K�3§

�����Ax ⊂ A, ùíÑAx ∩ (B\A) = ∅, �x´B\A�à:gñ. ù`²x /∈ A, Ï

dx ∈ B\A.

m8�48g,ÚÑXeü�Vg.

:x¡�8ÜA�S:, ´�A�¹��x���. AS:�8Ü¡�A� SÜ, P

�A◦. 8ÜA�4�½Â�A�§�à:8�¿, P�A. ~X, A = [a, b) (a, b ∈ R),

KA◦ = (a, b), A = [a, b].

555��� 14.4.10 �A´R�f8Ü.

1. A◦´m8, 
�´�¹uA���m8;

2. A´48, 
�´�¹A���48.

yyy²²² 1. ¯¢þ, ∀x ∈ A◦, �3 x�m�� Ux ⊂ A. ù�Uxp�z:Ñäk�x�

Ó�5�, =Ux ⊂ A◦. ¤±

A◦ =
⋃
x∈A◦

Ux,

ù`²A◦´m8. qÏ�m8�SÜ´§g�, ¤±?¿�¹uA�m8Ñ´A◦�f8.

2. �y²A´48, ·��I�y², rA�à:V?A��, Ø¬�)#�à:.

�x´A�à:, �y²§�´A�à:. A¥�3:�{xn} (xn 6= x, ∀n)Âñ�x, Ï

dεn = |xn − x|ªu0.
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·��E��A¥�ê�{x′n}XeµXJxn ∈ A, -x′n = xn¶XJxn ∈ A\A, Ï�

��(xn − εn, xn + εn)¥�½kA�Ã�õ:, ¤±��x′n ∈ A∩ (xn − εn, xn + εn). #

ê�{x′n}÷v

|x′n − x| 6 |x′n − xn|+ |xn − x| < 2εn,

ù`²A¥�ê�{x′n}(x′n 6= x)Âñ�x, ¤±§�´A�à:.

XJB´�¹A�48, KB�¹
A�¤kà:, ¤±B�¹A, ù`²A´�¹A�

��48. �

�ê8ZÚknê8QØ�¹?Û«m, ¤±§��S:8Q◦ = Z◦ = ∅; qÏ�Q´
R�È�f8, ¤±(Qc)◦ = ∅. |^4�, ·���±­#£ãÈ��Vg. �8ÜB´

8ÜA�f8, ¡B3A¥È�, ´�A ⊂ B, ½ö`, Ap�:½¹uB, ½´B�à:.

~X, Q = R; A = (0, 1), B = (0, 1) ∩Q, B = [0, 1] ⊃ A.

~~~ 14.4.2 ¦y: XJA�f8ÜB´È�f8, KsupA = supB.

yyy²²² ·��y²supA < +∞��/. w,supB 6 supA. �a = supA, é?

¿ε > 0, �3aε ∈ A, aε > a − ε/2. db�^�, aε½ö´B¥�:!½ö´B�à:,

¤±��(aε − ε/2, aε + ε/2)7¥kB�:bε. K

bε > aε −
ε

2
> a− ε,

¤±supB = a. �

~~~ 14.4.3 ·�5�E��'�E,�48, ¡�Cantor8, §´Nõ���8Ü

��..

Cantor8�E�{´l4«m[0, 1]m©, Åg�K4«m¥m�1/3�Ý�m«m.

1�Ú, ·��K(1
3 ,

2
3), 3e�´[0, 1/3] Ú [2/3, 3/3]. 1�Ú, ·�2©O�Kz�4

«m�¥m1/3�Ý�m«m(1
9 ,

2
9)�(7

9 ,
8
9),�eo�4«m [0, 1

9 ]∪[2
9 ,

1
3 ]∪[2

3 ,
7
9 ]∪[8

9 , 1],

Xeã¤«.

Xd­E, 1nÚ�, 3{e�2n−1��Ý�1/3n−1�«m¥, �K¥Ü�Ý�

1/3n�m«m. Ã�g­Ee�, Ò�� Cantor 8C.

P1nÚ�K�k��m«m�¿�Jn, J1 = (1
2 ,

2
3), J2 = (1

9 ,
2
9) ∪ (7

9 ,
8
9), · · · , �
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�. -

J =
∞⋃
n=1

Jn

8ÜC = [0, 1]\J¡�Cantor8, §´l«m[0, 1]�K�ê�m«m, Ïd§´48. 


�, N´uyC¥Ø�¹?Û«m, ù`²é?¿x ∈ C, x�?Û���m8Jk�, ¤

±J3«m[0, 1]È�.

14.4.2 ;;;���888ÜÜÜ

3¢¶�f8Üp, k.4«mkAÏ�5�, 'X4«mS�?¿:��½kf

�Âñ�«m¥�:!4«mþ�ëY¼ê��ëY, ��. e¡·��0��;�8

Ü, �kXaq�5�.

¢ê8ÜB���mCXA´�µA´�xm8�8Ü, §¤k���¿8�¹B,

=

B ⊂
⋃
A∈A

A.

A���fCXA′´�: A′´A �f8, ¿�A′�´B���mCX. XJA�k�ê�
��, ¡§´�êCX, XJ§�kk����, K¡�k�CX.

~X,

A = {
(

1

n+ 1
,

2

n+ 1

)
| n = 2, 3, · · · }

´«m(0, 1/2]�mCX, §vkk�fCX; XJ3AV\���¹:0�?¿m8, Ò

��4«m[0, 1/2]���mCX, �±y²§kk�fCX.

½½½ÂÂÂ 14.4.11 ��¢ê8ÜB¡�;�8£{¡/;80¤, XJ§�?¿mC

Xkk�fCX.

Ï~, ?¿mCXkk�fCX�¡�Heine-Borel5�. eã½n�Ñ
;���

d£ã.

½½½nnn 14.4.12 �B´��¢ê8Ü, Ke�n�^��dµ

1. B´;�8Ü;

2. B´k.48;

3. B¥?¿:�kf�Âñ�B¥�:.

{
ó�, 8Ü B ´;��!k.4�!�;�n�^�*d�d.

yyy²²² ·�òU±e^Sy²½n, 1⇒ 2⇒ 3⇒ 1.

�8ÜB´;�8Ü, ·�y²§´k.48. m«mx{(−n, n) : n ∈ N}CX�
�R, �CX
8ÜB, Ù¥�k��m«mUCXB, ù`²Bk.. �y´B�à:. �
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yy ∈ B. b�Ø¤á, ·��±�E��B�mCX, §vkk�fCX. ¯¢þ, �

A = {
(
−∞, y − 1

n

)
∪
(
y +

1

n
, ∞

)
| n ∈ N}.

KACXR\{y}, �CXB. �b�§kk�fCX, @o�3��üÕ�m8, ��(
−∞, y − 1

n0

)⋃(
y +

1

n0
, ∞

)
,

§�¹B. u´, y��� (
y − 1

n0
, y +

1

n0

)
Ø¹kB�?Û:, ù�y´B�à:�gñ.

XJB´k.48, @o��B¥�?¿:�´k.�, �â½n14.3.9§kÂñf

�. XJÂñf�,���´~ê�, §�4�3B¥, ÄK, Tf��4�´B�à:,

�½áuB. Ïd(Ø3¤á.

��·�I�y²�^� 3 ¤á�, B´;�8Ü. �A´B���mCX, |^k

nê�È�5, ·�Äky²Ak�êfCXA′.

òà:Ñ´knê�m«mP�I1, I2, · · · , -

Ak = {A ∈ A | A ⊃ Ik}, k ∈ N.

�,,
Ak�U´�8, �duz�m8�½�¹��knêà:�m«m, ¤±⋃
k

Ak = A.

lz�Ak£XJ��¤¥À���m8Ak, �¤A��êf8A′ = {Ak | k ∈ N}, §
´B�mCX. ¯¢þ, ?� B¥�:x, A¥�3��m8Ax�¹§. |^knê�È

�5��, �3��knà:�m«mIx÷vx ∈ Ix ⊂ Ax. ÏddA′��E�{��,

A′¥k��m8�¹Ix.

�e5·��y²A′kk�fCX, ù�AÒkk�fCX. XJA′´k�8
Ü, (Ø¤á. � A′ = {A1, A2, · · · }´�êÃ�8Ü, e(ØØ¤á, Ké?¿n,

A1 ∪ A2 ∪ · · · ∪ AnÑØCXB, À�

xn ∈ B\
n⋃
k=1

Ak, n = 1, 2, · · · ,

Ò��B¥���:�x1, x2, x3, · · · , §k4�:x ∈ B. :x�½�¹uA′¥�,�m
8AN , �d:��ÀJ�ª�� xN+1, xN+2, · · ·ÑØáum8AN , gñ. �

�âþã½n, k�:8Úk.4«m´;8�ü�{ü~f. ���/�±y²:

XJB´;8, K�3k�4«m[a, b]Úm8 A¦�B = [a, b]\A(SK).
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