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�'ucüþ?Ø�ëY¼êÚ?ê, 3�Ù¥, ·�òl#��Ý#"À½Â

3��8Üþ, AO´;�8Üþ¼ê�ëY5!��ëY5ÚëY¼ê*Ü, ±9¼

ê����Âñ5�SN. ù
SN¬�9�þ�Ù?ØL�¢¶�ÿÀ. ÏL�Ù�

?Ø, \�éëY5ÚÂñ5�?�Ún).

§15.1 ëëëYYY¼¼¼êêê

31�þ¥, ·�XÚ?Ø
½Â3«mþ�ëY¼ê. �ïÄ½Â3��8Üþ

�ëY¼ê, ·�{�£�¼ê�½Â.

��¼ê fd½Â� D, �� R (R, DÑ�R���f8), Ú��éA x 7→ f(x)|

¤, x�HD¥¤k�:�, f(x) ∈ R. ¡

f(D) = {f(x) | x ∈ D}

�¼ê��, §´���f8. ¡¼êf�÷�, ´�f(D) = R; ¡¼êf�ü�, ´�é

?¿x1, x2 ∈ D, x1 6= x2�kf(x1) 6= f(x2).

��Bå�, Ï~·�������¢ê�R. ·�Ø«©==��ØÓ�¼

ê. 'X, ½Â��R, ���R �¼ê f(x) = x2 Ú½Â��R, ���[0, ∞)�¼

êg(x) = x2w¤�Ó�¼ê. �´·�7L«©éA5K�Ó�´½Â�ØÓ�¼ê.

'X, ½Â�� R�¼êf(x) = x2Ú½Â��[0, 1]�¼êg(x) = x2´ØÓ�¼ê.

½½½ÂÂÂ 15.1.1 �D´R���f8, f´½Â3Dþ�¼ê, x0 ∈ D. ¡f3:x0ë

Y, ´�é?¿ε > 0, �3δ > 0, ¦�éD¥÷v|x− x0| < δ�?¿x, Ñk

|f(x)− f(x0)| < ε.

¡f 3 D ¥ëY£½{¡ëY¤, ´�f3D¥�z:ëY.

l½Â�±wÑ, f3:x0ëY, x0NC�x�¼ê�f(x)�±?¿%Cf(x0). ùL

²¼ê�ëY5�4��m�3��'X.

½½½ÂÂÂ 15.1.2 �f´Dþ�¼ê, x0´D�à:. ¡f3x0?k4�, ´��3��

¢êa, é?¿ε > 0, �3δ, ¦�éD¥÷v0 < |x− x0| < δ �?¿x, Ñk

|f(x)− a| < ε.

d�¡a�f3x0?�4�, P� lim
x→x0

f(x) = a.
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�½Â, XJx0 ∈ D´8ÜD�à:, K f3:x0ëY��=� lim
x→x0

f(x) = f(x0).

XJx0 ∈ DØ´8ÜD�à:, @o�3x0�����A0 = (x0 − ε0, x0 + ε0)÷

vD ∩ A0 = {x0}, ù��:¡�8ÜD��á:. ¼ê3�á:gÄëY.

15.1.1 ëëëYYY������ddd^̂̂���

·�Äk?ØëY5�ê�4��'X.

555��� 15.1.3 �x0�¼êf�½Â�D�à:. 4� lim
x→x0

f(x)�3�¿©7�^�

´éD¥Âñux0�?¿:�{xn} £xn 6= x0,∀n¤, ê�{f(xn)}Âñ.

yyy²²² d¼ê4�½Â, 7�5w,.

�y²¿©5, ·�Äky²µ ¤kê�{f(xn)}äk�Ó�4�, ¿�d4��a.

�{xn}�{yn}´D¥Âñux0�ü�ê�, {f(xn)}Âñua, {f(yn)}Âñub. du
·Üê�x1, y1, x2, y2, · · ·E,k4�x0, §3fe���¤�ê�

f(x1), f(y1), f(x2), f(y2), · · ·

�Âñ, ¤±a = b.

b� lim
x→x0

f(x) = aØ¤á. @o�â4�½Â�Ä·KÒk: �3ε0 > 0, ¦�é?

¿ 1/n, �3�:zn ∈ D, 0 < |zn − x0| < 1/n �

|f(zn)− a| > ε0.

ù¿�Xê�{zn}Âñux, �ê�{f(zn)}ØÂñua, gñ. �

½½½nnn 15.1.4 �f´Dþ�¼ê. @ofëY��=�éD¥�?¿Âñê�{xn},
�4� lim

n→∞
xn = x ∈ D, ê�{f(xn)}�Âñ.

yyy²²² ½n�7�5w,, ù´Ï�XJx0 ∈ D´8ÜD���à:, @o¼

êf3x0ëY�du lim
x→x0

f(x) = f(x0).

�y²¿©5, 3D¥��:x0, �â·Üê��y{, ·�U��éu¤kÂ

ñux0�ê�{xn}, ê�{f(xn)}k�Ó�4�; qÏ�~ê�f(x0), f(x0), · · ·�4�
´f(x0), ¤±ú��4�´f(x0). XJx0Ø´D�à:, ØL?ÛØy. ex0´à:, d

þ��5�� lim
x→x0

f(x)�3��uú�4�f(x0). �

e¡·�lÿÀ��Ý�	¼ê�ëY5.

�f´½Â3Dþ�¼ê, ���R, �M ⊂ D!N ⊂ R©O´½Â�Ú���f8

Ü. ½ÂN'u¼êf���Xeµ

f−1(N) = {x ∈ D | f(x) ∈ N}.
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XJé∀x ∈ M , f(x) ∈ N , Ò¡frMN�N . ¼êfrMN�N�duM ⊂ f−1(N). ~

X¼ê f : R→ R, f(x) = sinx, K

f−1
(
(0, +∞)

)
=
⋃
n∈Z

(2n�, (2n+ 1)�),

f−1
(
[1, +∞)

)
= {2n�+

�

2
| n ∈ Z}.

XJ¼êf´½Â3��¢��Rþ, f3:x0ëY�duµé?¿ ε > 0,�3δ > 0

¦�

f((x0 − δ, x0 + δ)) ⊂
(
f(x0)− ε, f(x0 + ε)

)
.

^���Vg, ù�du éuf(x0)�z���V , �3��x0���U , ¦�f(U) ⊂ V .

½ö`, ¼êf3:x0ëY�duf(x0)�?¿������¹x0 �����.

�´��5`x0���3ëY¼êe��Ø¬�¹f(x0)���. ~X, ~�¼ê´

ëY¼ê, �§���k��:. éu½Â3m8þ�¼ê, ·�kXe��{'�ë

Y5£ã.

½½½nnn 15.1.5 �f´½Â3m8Dþ�¼ê. @ofëY��=�z�m8���

´m8.

yyy²²² �fëY, A´m8, Lyf−1(A)´m8. �x0 ∈ f−1(A), ù¿�X x0 ∈ D,

�f(x0) ∈ A. Ï�A´m8, ∃ ε > 0 ¦�(
f(x0)− ε, f(x0) + ε

)
⊂ A.

df�ëY5, ∃ δ÷v

f
(
(x0 − δ, x0 + δ) ∩D

)
⊂
(
f(x0)− ε, f(x0) + ε

)
⊂ A.

Ï�D´m8, �±�δ¿©��±¦(x0 − δ, x0 + δ) ⊂ D, l

(x0 − δ, x0 + δ) ⊂ f−1(A),

¤±f−1(A)´m8.

��, �éuz�m8A, f−1(A)´m8. �x0 ∈ D, é∀ε > 0, �

A =
(
f(x0)− ε, f(x0) + ε

)
.

Ï�f−1(A)´�¹x0 �m8, ¤±�3x0���(x0 − δ, x0 + δ) ⊂ f−1(A). ù¿�X

|x− x0| < δíÑ f(x) ∈ A. �

5Pµ½n15.1.5¿�X½ÂëY�I�m8, ØI�^�ål. ù3�Y�§/ÿ

ÀÆ0¥¬c[?Ø.
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�?ØØëY¼ê�mä5, ·�Äk£�¼ê�m4��Vg.

�x0´D�à:. ¡f3x0 k�4� (m4�)´��3¢êa÷vµé?¿ε > 0, �

3δ > 0 ¦�é?¿x ∈ D, � x0 − δ < x < x0 (x0 < x < x0 + δ) �

|f(x)− a| < ε.

d�¡a�f3x0 ?��(m)4�, ©OP�

a = f(x0 − 0) = lim
x→x−0

f(x), a = f(x0 + 0) = lim
x→x+0

f(x).

w,, f3x0k4�a��=�f3x0��m4�þ�a.

aq/, ¡f3x0 �ëY (mëY) ´�éu?¿ε > 0, �3δ > 0¦�éu?

¿x ∈ D ∩ (x0 − δ, x0] (x ∈ D ∩ [x0, x0 + δ)), ¤á

|f(x)− f(x0)| < ε.

f3x0ëYy��=�f3x0Q�ëYqmëY.

|^�m4�, ·��±©Û½Â3��8Üþ¼ê�ØëY5. �1�þaq,

�±½Â¼ê���mä:!1�amä:Ú1�amä:�, ùpØ2E.

~~~ 15.1.1 Dirichlet¼ê

D(x) =

{
1, ex ´knê,

0, ex´Ãnê.

òD(x)À�Rþ�¼ê, dknê�È�5�±uy, §3?¿�:��m4�ÑØ�

3, ¤±½Â��z�:Ñ´Dirichlet¼ê�1�amä:. �´, XJD(x)��3kn

ê8Qþ, §´~�¼ê, �,´ëY¼ê.

¼ê3�:�ëY��±k�°(�½þ�x. �f´½Â38ÜDþ�¼ê, éu

?¿�δ > 0, ½Âωf (x0, δ)Xeµ

ωf (x0, δ) = sup{|f(x)− f(y)|
∣∣∣ x, y ∈ D, |x− x0| < δ, |y − x0| < δ}.

l½Â�±wÑ, ωf (x0, δ)´¼êf38ÜD∩(x0−δ, x0+δ)��Ì.�,� δ2 > δ1 > 0

�, Ï�

D ∩ (x0 − δ1, x0 + δ1) ⊂ D ∩ (x0 − δ2, x0 + δ2),

¤±lþ(.�½ÂÒíÑ

ωf (x0, δ2) > ωf (x0, δ1),

½ö` ωf (x0, δ)'uδüNO\, düN5��, 4�

ωf (x0) = lim
δ→0+

ωf (x0, δ)

�3. ωf (x0)Ýþ
3x0NCf�¼ê��CzÌÝ, ¡�¼êf3:x0��Ì.
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555��� 15.1.6 ¼ê f 3�: x0 ëY, ��=� f 3 x0 ��Ì�"

ωf (x0) = lim
δ→0+

ωf (x0, δ) = 0.

yyy²²² ¼êf3:x0ëY�du

lim
δ→0+

sup{|f(x)− f(x0)|
∣∣∣ |x− x0| < δ} = 0.

XJωf (x0) = 0, Ø�ª

sup{|f(x)− f(x0)|
∣∣∣ |x− x0| < δ} 6 ωf (x0, δ)

á=íÑf3x0ëY.

��, XJf3x0ëY, é?¿δ > 0, �x, y ∈ D, �|x− x0| < δ, |y − x0| < δ, d

|f(x)− f(y)| 6 |f(x)− f(x0)|+ |f(y)− f(x0)|

��

ωf (x0, δ) 6 2 sup{|f(x)− f(x0)|
∣∣∣ |x− x0| < δ}.

þª¥-δ → 0, Òy²
ωf (x0) = 0. �

~~~ 15.1.2 �¼ê

f(x) =

cos 1
x , x 6= 0,

0, x = 0,

§3x = 0?ØëY.ê�{1/2nπ}Úê�{1/(2n+1)π}Ñªu0§� f(1/2nπ)−f(1/(2n+

1)π = 2, dd�±íÑωf (0, δ) = 2, ∀δ > 0, ¤±ωf (0) = 2.

15.1.2 ¼¼¼êêê���������ëëëYYY555

k'ëY5�,���Vg´��ëY.

½½½ÂÂÂ 15.1.7 �f´½Â38ÜDþ�¼ê, ¡f��ëY´�µé?¿ε > 0, �

3��δ = δ(ε) > 0, é?¿x, y ∈ D, � |x− y| < δ�

|f(x)− f(y)| < ε.

��ëY¼ê�½´ëY�, ���Ø�½¤á. Ù��~ff(x) = 1/x (x ∈
(0, 1))Ò´ëY�Ø��ëY�.

c¡(½n15.1.4)·�®²y²
, ëY¼êr½Â��Âñê�N����Âñ

ê�. 'u¼ê���ëY5�kaq�(Ø, §�±^Cauchy��x.
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½½½nnn 15.1.8 �f´½Â38ÜDþ���ëY¼ê, XJ {xn} ⊂ D´Cauchy�,

@o {f(xn)}�´Cauchy�. ��, � f ´½Â3k.8ÜDþ�¼ê, XJ f

rCauchy�N�Cauchy�, @o f 3 D þ��ëY.

yyy²²² Äk, �f3Dþ��ëY, {xn}´DS�Cauchy�. Ïd, é?¿ε > 0, �

3δ > 0, �x, y ∈ D�|x− y| < δ�,

|f(x)− f(y)| < ε.

éu�êδ, �3N , �k, j > N�|xk − xj| < δ, Ïd

|f(xk)− f(xj)| < ε,

ù`² {f(xn)}´Cauchy�.

Ùg, �¼êf rk.8ÜDS�?¿Cauchy� {xn} N�Cauchy� {f(xn)}. b�
f 3DþØ��ëY,K�3ε0 > 0,éu?¿�n ∈ N,Ñkxn, yn ∈ D, |xn−yn| < 1/n,

�

|f(xn)− f(yn)| > ε0.

Ï� D k., ¤±ê�{xn} ⊂ D kÂñf�{xnk}, PTf�Âñ��:x0(Ø�½á

uD). w,, �A�f�{ynk}�Âñ�x0. ùü�f��·Üê�

xn1 , yn1 , xn2 , yn2 , · · ·

Âñ, ¤±´Cauchy�. ��b�, ê�

f(xn1), f(yn1), f(xn2), f(yn2), · · ·

Ø´Cauchy�, Ï�|f(xnk)− f(ynk)| > ε0, �½n^��gñ. �

e¡0��ü�Vg, ½þ£ã
¼ê���ëY5.

�f´½Â38ÜDþ�¼ê, ¡¼êf÷vLipschitz ^�, ´��3�~êM , é

¤k½Â�p�x, yk

|f(x)− f(y)| 6M |x− y|.

�0 < α < 1, ¡¼êf÷vα�� Hölder ^�, ´��3�~êM , é¤k½Â�p

�x, yk

|f(x)− f(y)| 6M |x− y|α.

ëY¼ê���é2. �±`, ÷v?ÛÜn^��ëY¼êÑ�±�EÑ5.

~~~ 15.1.3 �E��¢��þ�ëY¼êf(x), §TÐ3�½�48Aþ�u0.
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Ï�½Â3Rþ!÷vf(x) = 0�x�N´48, ¤±7L�¦8ÜA´48. A�{

8Ac´m8. �âm8�(�½n(½n14.4.3), Ac´�õ�ê�üüØ��m«m�¿

8. dd�±{ü/�E��¼ê÷v�¦.

¼êf3Aþ�u0, `²f3Ac�z�m«mà:�u0. 3z�k�m«mþ·�

�±���7i©/¼ê(ëweã ),

a                              b

§l�à±�Ç1þ,�¥:�3±�Ç−1eü�,�à. éuÃ��m«m(º

õkü�, (−∞, a)Ú(b, +∞)), ·�©O©ª�±�Ç−1Ú+1. ��ã/�eã. d�

E�{����¼êfTÐ3Aþ�0.

 

�±y², f÷v Lipschitz ^�

|f(x)− f(y)| 6 |x− y|.

ù%¹ëY5.

15.1.3 ëëëYYY¼¼¼êêê���555���

¼ê�mk\{!ê¦�$�. 5¿�¼êëY5�durÂñê�N�Âñê

�(½n15.1.4), ddN´y²µXJf, g�Dþ�ëY¼ê, a ∈ R �~ê, KDþ�¼

êf±g, a·fÚf ·gÑëY.¿�,3g 6= 0�/�,·�U½Âf/g,§3D\{x | g(x) = 0}þ
ëY.

éu¼ê�EÜ, ·�k
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½½½nnn 15.1.9 �g�Eþ�ëY¼ê, f�Dþ�ëY¼ê, �f(D) ⊂ E. @oEÜ

¼ê

(g ◦ f)(x) := g
(
f(x)

)
�Dþ�ëY¼ê.

yyy²²² �?¿D¥�:�x1, x2, x3, · · · ,�§Âñux ∈ D. �â½n15.1.4,dufë

Y, E¥�:�f(x1), f(x2), · · ·Âñu f(x) ∈ E. qdugëY,

lim
n→∞

g
(
f(xn)

)
= g
(
f(x)

)
= g ◦ f(x).

2d½n15.1.4�f ◦ g ëY. �

~~~ 15.1.4 �f, g�Dþ�ëY¼ê. ½ÂDþ�¼êmax (f, g)�: �f(x) >

g(x)���f(x), ÄK��g(x). aq½Âmin (f, g). @omax (f, g)Úmin (f, g)ëY.

yyy²²² ¼ê|f |(x) := |f(x)|3DþëY, Ï�§´ýé�¼ê�f�EÜ. A^e¡

��ª

max (f, g) =
f + g + |f − g|

2
,

min (f, g) =
f + g − |f − g|

2
,

±9ýé�¼ê�ëY5, =�(Ø¤á. �

1�þ·�Q²?ØLk.4«mþëY¼ê�5�, Ù¥0�½nÚ�����

½n`², ½Â34«mþ�ëY¼ê, Ù���´4«m, ½ö`ëY¼êr4«mN

�4«m. ùpò·�?Ø½Â3;�8ÜþëY¼ê�aq5�.

555��� 15.1.10 �f´½Â3;�8ÜEþ�ëY¼ê, K§���f(E)�´;�

8Ü.

yyy²²² �â;�8Ü��d^�£�½n14.4.12¤, ·���y²f(E)´k.48

=�. df�ëY5, éuε = 1, x ∈ E, �3x���m��Ux¦�é?¿ x′ ∈ E ∩ Ux,
Ñk|f(x′)− f(x)| < 1, Ïd|f(x′)| < |f(x)|+ 1, ½ö`|f |3E ∩ UxSkþ.|f(x)|+ 1.

m8x{Ux | x ∈ E}�¤
E���mCX, §kk�fCX{Ux1 , · · · , UxN}, K M =

1 + max{|f(x1)|, · · · , |f(xn)|}´|f |�þ..

�y²E´48, �a´f(E)�à:, K�3ê�{yn} ⊂ f(E), lim yn = a. �yn =

f(xn), xn ∈ E, n = 1, 2, · · · , Kê�{xn}kÂñf�{xnk}Âñ�E¥�:x0. df�ë

Y5,

a = lim
k→∞

ynk = lim
k→∞

f(xnk) = f(x0).

¤±a ∈ f(E). �

íííØØØ 15.1.11 �f´;�8ÜEþ�ëY¼ê, Kf3E�����Ú���.
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yyy²²² �a = sup f(E), Ï�f(E)´;8, �,´k.48, Kak��a ∈ f(E), ù

`²�3 x0 ∈ E, ¦� f(x0) = a, = f 3 E þ�����a. �

�,;�8Üþ�ëY¼ê�±�������, �0�½nØ�½¤á, Ï�½

Â�EØ�½´ëÏ8Ü. éuëÏ�;�8Ü, X4«mþëY¼ê, 0�5´¤á�.

½½½nnn 15.1.12 (0�½n) �f�½Â3«m[a, b]þ�ëY¼ê, �÷v

f(a) < f(b),

@oéu?¿c ∈
(
f(a), f(b)

)
, Ñ�3x0 ∈ (a, b)¦�f(x0) = y.

T½n®3�Ö1�þ^�©{�Ñ
y², ùp·�|^(.�n�Ñ,��y

².

yyy²²² �

E = {x ∈ [a, b]
∣∣∣ f(x) < c},

d½n^�§´4«m[a, b]���f8. �x0 = supE, Kx0 ∈ (a, b). e¡y

²f(x0) = c.

�3E¥�:�{xn}Âñux0, ¤±d f(xn) < c��f(x0) 6 c. XJf(x0) < c,

df�ëY5,�3δ > 0,¼êf3«m(x0− δ, x0 + δ)S��þ�uc,@ox0 + δ/2 ∈ E,

ù�x0 = supEgñ. ¤±f(x0) = c. �

eã��ëY5½n, ´½Â3k.4«mþëY¼ê��ëY5�í2.

½½½nnn 15.1.13 £��ëY5½n¤�f�;8Eþ�ëY¼ê. @o§��ëY.

yyy²²² ½n�±^�y{½öHeine-Borel5�5y². ùp·�Ú\Lebesgue ê

�Vg5y²½n.

dufëY, é?¿ε > 0±9?¿�x ∈ E, o�3�¹x�m��Ux, ¦�

|f(y)− f(z)| < ε

é¤ky, z ∈ Ux ∩ E¤á, l{Ux : x ∈ E}´E���mCX.

·�òy²�3����εk'��êδ, ¦�é?¿y, z ∈ E, �|y − z| < δ�Ò�

3þã,�Ux�¹y, z. Ïd, �|y − z| < δ�,

|f(y)− f(z)| 6 |f(y)− f(x)|+ |f(x)− f(z)| < 2ε,

ù`²f��ëY.

�ê δ ¡�E �mCX{Ux : x ∈ E} � Lebesgue ê. b�Ø�3ù�� Lebesgue

ê δ > 0, @o, é?¿ 1/n, �3 xn, yn ∈ E, ÷v |xn− yn| < 1/n�þãmCX¥vk

?Û��m8Ó��¹ xn Ú yn. duE´;8, �3{xk}��f�{x′k}Âñux ∈ E,
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l{yk}��Af�{y′k}�Âñux. 3mCX¥����¹x ∈ E�m8U , �k¿©�

�, x′k, y
′
k Ñá3U¥. gñ. �

����ëYVg���A^, ·�òy²Xe*Ü½n. §L², ����ëY

¼ê, �±g,*¿�½Â��4�þ, ¿��±��ëY5.

½½½nnn 15.1.14 £ëY*Ü½n¤�f´½Â38ÜDþ���ëY¼ê, K3D�

4�Dþ�3�����ëY¼ê F÷vF (x) = f(x) (∀x ∈ D). F¡�f�ëY*Ü¼

ê.

yyy²²² �x ´8ÜD�à:, K�3DS�ê�{xn} (xn 6= x)Âñ�x, XJ*Ü¼

êF�3, K F (x) = limF (xn) = lim f(xn). �±wÑ, F (x)´Âñê�{f(xn)}�4�.

Ïd�±ÏL4�½Â*Ü¼êF , ¿�ù��¼ê��.

�x ∈ D\D, ê�{xn} ⊂ DÂñ�x, �ì½n15.1.8, {f(xn)}´Cauchy�, Ïd½

Â

F (x) = lim
n→∞

f(xn).

��y½Â�Ün5, �I`², XJDS�3,��ê�{x′n}�Âñ�x, Ó

n{f(x′n)} �´Cauchy�, ù�·���y²

lim f(xn) = lim f(x′n)

Ò`²
 F (x) ½Â�Ün5.

�â f���ëY5, é?¿ε > 0, �3δ > 0, �x, y ∈ D�|x − y| < δ�,

|f(x)− f(y)| < ε; duê�{xn}Ú{x′n}ÑÂñ�x, ¤±�n¿©��|xn− x′n| < δ, ùí

Ñ

|f(xn)− f(x′n)| < ε,

Ïdü�Cauchy�k�Ó4�. ù�Òy²
F (x) ½Â�Ün5.

e¡y²¼êF3D þ��ëY.

?� ε > 0, �3δ1 > 0, �x′, y′ ∈ D�|x′ − y′| < δ1�,

|f(x′)− f(y′)| < ε

3
.

� δ = δ1/3, Ké?¿� x, y ∈ D, � |x − y| < δ �, �â F �½Â, �3x′ ∈
D, |x− x′| < δ, ¦�

|F (x)− f(x′)| < ε

3
.

Ó��3 y′ ∈ D, |y − y′| < δ, ¦�

|F (y)− f(y′)| < ε

3
.
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|x′ − y′| 6 |x′ − x|+ |x− y|+ |y − y′| < 3δ = δ1,

�� |f(x′)− f(y′)| < ε/3, ¤±

|F (x)− F (y)| 6 |F (x)− f(x′)|+ |f(x′)− f(y′)|+ |F (y)− f(y′)| < ε.

ùÒy²
F���ëY5. �

ëY*Ü½n���{üA^´e¡�ê¼ê½Â�~f.

~~~ 15.1.5 �a > 0, �x ∈ Q�, �ê¼ê

f(x) = ax

�±^Ð��{½Â.

�I´?¿��k.4«m, N´�y, f(x)3I ∩ Q��ëY, ¤±§3Iþk��

�ëY*Ü, ù�Ò½Â
f(x) = ax 3 I þ��.

éu?¿x ∈ R, ���«mI�¹x¦Ù¤�S:, Ò�Ñ
�ê¼êf(x) = ax

3R þ�½Â, �T½Â�«mÀ�Ã'.

15.1.4 üüüNNN¼¼¼êêê

¡Dþ�¼êfüNO(~)´�é?¿x, y ∈ D, �x < y�, kf(x) 6 f(y) (f(x) >

f(y)). üNOÚüN~¼êÚ¡�üN¼ê. e¡·�r?Ø��3¼ê�½Â��«

m��/.

·���üN¼êØ�½ëY, �´üN¼ê��m4��½�3, lk.�ü

N¼ê�õ�k1�amä:£a�:¤.

½½½nnn 15.1.15 �f�«mþ�üNO¼ê. x0´«m�S:,Km4� f(x0+0) =

lim
x→x+0

f(x)Ú�4�f(x0 − 0) = lim
x→x−0

f(x)Ñ�3, ¿�

f(x0 − 0) 6 f(x0) 6 f(x0 + 0).

é«mþüN~¼ê�kaq(J. äNy²��Ö1�þ §1.3.

ùp,l�Ì��Ý, ·��±wÑüN¼ê f 3:x��Ì ωf (x) �u f 3T:�

m4���ýé�. XJ: x0 ´a�:, @o�ÌÒ´/a�Ý0.

íííØØØ 15.1.16 �f´½Â3m«m(a, b)þ�üN¼ê, é?¿x0 ∈ (a, b),

ωf (x0) = |f(x0 + 0)− f(x0 − 0)|.

e¡�½n, £ã
üN¼êmä:��ê.
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½½½nnn 15.1.17 �f�m«mIþ�üN¼ê. @oØ�«m¥��õ�ê�:,

f3Ù§�:ëY. ½ö`m«mþüN¼ê�ØëY:�õ�k�ê�.

yyy²²² Ø�� f üNO, ·�^ü«�{y².

y{�: dum«mI´�ê�;�«m�¿8. 'X� a < b�¢ê�,

(a, b) =
⋃

n>2/(b−a)

[a+ 1/n, b− 1/n].

�Ly²f��3I�z�;f«m[c, d]þ·K¤á. ·�òy²é?¿m ∈ N, ¼êf

3[c, d] þ�Ì�L1/m�:��êk�, ù� f�ØëY:8Ü�±L«��ê��¹

k��ØëY:8Ü�¿

{x ∈ [c, d] : ωf (x) > 0} =
∞⋃
m=1

{
x ∈ [c, d] : ωf (x) >

1

m

}
,

¤±§´���õ�ê8Ü.

�x1, x2, · · · , xk ∈ [c, d]´�Ì�u1/m�:, x1 < x2 < · · · < xk. ·�k

f(xi + 0)− f(xi − 0) >
1

m
, i = 1, 2, · · · , k.

éþª¦Ú, |^f(xi + 0)− f(xi+1 − 0) 6 0��

f(d)− f(c) > f(xk + 0)− f(x0 − 0) >
k

m
.

ù`²�Ì�u1/m�:��êkk�.

y{�: PD(f)�f�ØëY:8Ü. éu?¿x ∈ D(f), ½Â��m«mXe

Jx =
(
f(x− 0), f(x+ 0)

)
.

éuD(f) ¥?¿Ø��ü: x, y, Ø��x < y, @oéu?¿z ∈ (x, y), k

f(x+ 0) 6 f(z) 6 f(y − 0). Ïd Jx ∩ Jy = ∅.

éuz�� x ∈ D(f), �âknê�È�5, �±lm«mJx¥�Ñ��knêrx,

@oD(f)�Q�f8 {rx : x ∈ D(f)} k��éA, lD(f)��õ�ê8Ü. �

SSSKKK15.1

1. �f�½Â3��48þ�¼ê. y²: fëY��=�z�48����48.

2. �f1, · · · , fn�Rþ�ëY¼ê, A´dØ�ªf1(x) > 0, · · · , fn(x) > 0½Â�8Ü

A = {x ∈ R : f1(x) > 0, f2(x) > 0, · · · , fn(x) > 0},
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