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Chapter 1 #HFMEILHITAZFIR

1.1 @=EMA

(] B AR PESR BRI T A S AT FUR Bz —, NI RATI e D 1 B A A SR AR,
B AT N S 1A A AR

Definition 1.1

—ANBdh A B Loy A F - ES BA4T

(1) —ANdsitzia B, 4% ¢ HL5E

(2) —A&E4MH . F— B, RAKE

(3) —ANdsitz il F, #%54%
BT F =it L FERBENME 69 54, Bp

Vb e B, BEDMAR UG R U TUBRAEANRZE B, MWk AF L) Fo—
AR hy U X F— o YU), %353 U $EE—ANc, Ao hyle,r) BT F 54

%l (c) (AR H FL(6) ZiaedRH.

R F A nfF@e R, WA ALEEN (RMFAH R L) .

Definition 1.2

Fl—ANARZHE L6 mEA ¢ 5 R, RIEAE f: E(€) — E@n) & & 89F— /4
Fy(€) AR Bl e 4 20 5 5 69 4F 4 Fy(n) &, JLBFIRAE €~

SHAE T BB € Aoy, AR € B o) 60 MBRET R 45— Ak Skt g E(6) = E(n), 1

B — At Fy(€) AR B MBS B 3k —AN ) 0947 % Fy ().

AU AR



1.1 &M

Example 1.1 RERITIM . SHEZE —NRIE M, 7y BRI M, 2208 TM = {(2,v) :
v € MuveT,M}, F—5REMBEERNMNEGYE. AHERELF4E T 1) & 251 LR #F )L
YR 7y 2P LR, WRRIRTE M2 AT TRRY.

Example 1.2 FIEHIEM v, BARTTE S EHIZREL

Example 1.3 RP" _FRJHTELZEM L 22508 E()) = {({£2},v) € RP* xR : v = kx(k € R)}
(X BFAHE RP™ M 5™ _EXAZR SO RS, 58— BRI EU N N85, AT 4E

ATDAAE Ny R rpgead w8 o B EZR, UL B AR 1 4EmES. B REF AT U
hy 1 U xR = 774 (U)

({£x},t) = ({£a}, tx)

Definition 1.3
SEmEAE —ANEE A NELERM s B F, #£F 1o0s=1d &’

AT, TR A AR S TP AR T CRARIEIIE L&)

Proposition 1.1

—AnEFEELLRFALNS AREEEn NMELEERXGEE s1,..., s, o ’

Example 1.4 S® ZA[FATAGR). & YT =R T: ¥ S HARBRAR R, WXHEE
x = (21, T, T3, 74) € S & si(x) = (x,t;(x)) (1 = 1,2,3), Hrh
t1(x) = (—xa, k1, —4, X3)
ta(x) = (—x3, x4, 1, —T2)
ts(x) = (—xy, —x3, T, 1)
AT PABGIEIX 45 1 =AM TS R, W 7es 2T ML
X BIRATET 8 ) LA A E A 1) 5 A2 H B B4 ) B A g 3 75 7.



1.1 &M

—. RI[EIMA
SHERREMN &(B, E, 7, h) =6 By, Uk—"E f: B, — B, 7F By b X
CIENYAF IR
S E XN EL = {(be) € By x E: f(b) =n(e)}, H—EIABTL NN, Xt € 11—
AP AR U, 72 fH(U) B S 6 WRERSE UL by
hy : Uy x R* = 77 (Uy)
(b, ) = (b, h(f(b), x))
. HFRR
ST &(By, By, mi hi)(i = 1,2), 1€ By x By EATLUE CEATE KR € x &,
TN By X By M 711 x .
=. Whitney
CH B EHEBAEEM &6, d: B — Bx B,bw— (b,b) AR, WE X & &
Whitney f1 & @ & AFLFEIM d* (& x &).
V. E3ZHM
SRR RN & C o, X Fy(EY) N Fy(€) 15 Fy(n) HIIESR AN, 34 E(EL) AFTH Fy(¢)
(. =AU, IR &y OFRAE IEASHRIINEE 51, ..., 5,00 FE TN ]y L AOFRHE IEAC AL
s, sne WIE SURERF AL ITT
h:UxR"™™— E(¢H)

(b, ) = 218m41(D) + -+ - + Zn—msn(b)

A DABAIE G Bt T AN EMM ¢, B n~ et



1.2 FEA[A L

1.2 EK[EEZE

N T IiE)E ST, X EIHE AR 1€ R P BA 5B A AR R 2K
M 7 —ANVEER n 4E500E, JFHZ R-rDERM, MIRATH {pe|z € M} 3 M —4H
SE ). TR A [F) TR Sl A2 REAE B — il AL I BR 185 12 U AR IR 58 R AR R R 2R, T e k™

Fe s th 52 SURE NI S AEDE.

HAEZTW R-ITEmnH M EERTE K ¢ M, #AELEE—WRARAEL ux €

H,(M|K;R), #38RRAS p, : H(M|K;R) — Hy(M|z;R) # 2 po(ux) = pe(Va €
K).

A A, e R M ERFEE, WAR py £ M HEREFZE.

WA FRATE SR E A5 2, X BN E AR

%AMW; R)=0%HRY p,(a) =0 € H,(M|z; R)(Vx € K). Q

FEXA G BERISEAL b, R AR ARIIE W] 3 2 B

F—H: K BEEEE— SRR/ NS, TRl e m e 7RIS 245 1.
FTH: BT K250, WMRFUEHMRES K 1K, 258 1E, WX K = K, UK, 4518 1E
W, 4% i Mayer-Vietoris J#41, H1E&7%1

i 0= Hy(M|K;R) L H,(M|K\; R) ® H,(M|Ky; R) % H,(M|K, N Ks;R) — ...
H f(a) = pr, (@) @ pr, (), 9(B © ) = prinis (B) — prania (V)s pry AN H,(M|K; R) 2
H,(M|Ky; R) FIERFZR, pr, M pr,nx, [FIEE

MFHMERER 2 € KiN Koy pe(g(iir, © fir,)) = pafl, — Palli, = He — He = 0, WG,

g(pire, ® piry) = 0, HAFAEME—H o € Ho(M|K; R), #13 f(o) = g, ® pory, M o 5L FRATTAR



1.2 FEA[A L

B e, TASHIE. O
XF T AR AR AT LLsE SCREAR RS R ] DRI E R R 78 K ¢ M, fE{EME
— MR ux € Ho (M, (M — K)UOM; R) 1§15 p,(ux) = p(Vz € KN (M —9M)), NHL

par € Hy(M,0M; R) N M FIFEA R .

I THT B iy ARLE J THIIE B Pontrjagin 2 ¥ A B 5 2 FH 3.

Proposition 1.2

T RAHFRKESIIFAIEZERSO: H,(M,0M;R) — H, 1(0M;R),H O(ur) = pou. o

TEA BN A OM f—ANEDIRARI, W N O o BT, RN OM U (N — N), WA

RS

H,(M,dM; R) s H,(M,0M U (M — N); R)

j*Tz
/

H,_(0M;R) — H,_;(0M U (N — N),N — N; R) «2>— H,(N,0M U (N — N); R)

e M 0, 9 (M,OM) TS FINBERRA, 4 FH 0. NZJ64 (V,0M U (N —
N),N — N) MIEAFIEZ R, A0 5. kE Tk
HEEA R E L, AHER
Ji Mt = PN
R ST N B SG N FIRT OM x I 354 oM A1 N — N 53 BIX L] OM x 0 Hl
OM x 1, JWHIAHX} Kunneth 235X

H,(N,OM U(N — N);R) ~ H,_(dM;R) @ H,(I,I; R)

Bw N (11 R) MAERGE, (M} R 0M 53, Wy = 32 x w CREFEEE o e



1.2 FEA[A L

T v WEEARFEZE, WA 2, xw WL T M; x I (EEAR RIS, W 25 4 H,_, (M;; R)

MIAEpoe, BRI M BIFEARRIRZE, W +£3° 20 = oun 9 OM HIFEAR R O



1.3 Grassmann JiJE A KT8

1.3 Grassmann ;i 2898 <1118

NIRRT R E R S-W RE—FHLA, X B FHEANFE R T Grassmann JHUE A S ER.

Definition 1.4
Grassmann SRFG,, (R & RoPE g 2253 R 569 n 2-F @ M) R 69 5 & s ’

B 5 FATUE B Grassmann Wi JE R S22 — N RLE.

Grassmann #Z75 G, (R"TF) £ —A nk 464 % 3631775 0 ’

WEER ESRIERH G, (R™HF) j&—/ Hausdorff 25 [, [E5€ w € R™F, SHMIE X € G, (R"F), B

X WIIEASHE @y, - 2y BN

pu: Gp(R"™) 5 R X = w-w — Z(w - 1p)?
k=1

W py, NESRE, HIEEN X £Y, MweX Y, A pu(X)#pu(Y), WX5EY
A AL R A B, BRI

AV, (RMHR) Sy RO iy GEbRe (BRI n ANEK A A R P41 MRIE S,
VO(R™F) NFTAIEAS n EFRBEMI ARG, AR ER. XX ¢ « VI(R"™) — G, (R™TF)
bR ZEmCA H K A T2 8], WA g(VO(R™F)) = G, (R™F), # G, (R™TF) NS LR E S b
TR, R

FHEXHER — R Xy € G,(R™™) f£14E Xo WIFEIET R [F AR REE. B IESSHE p -
Xo® Xy — Xo» 1 U NG, (RYF) HETAX p BIEER X, Mok, RIS X 22k {0} 1)
TCRAEWR, WHERY e U, Y o] LI Nk

T(Y): Xog— Xg

MR, WA ——X T U — Hom(Xo, Xg) ~ R,



1.3 Grassmann JiJE A KT8

e Xo M—HEE z1, -+, WAMERY € U, fFEME—MY W—HE g, -y, £

Boly) =z W (yy, - yn) B2y, - 2, EERE. FERDENR
yi = v + T(Y) ()

Ty LR T Y, W T(Y) () LR T Y, W T(Y) EEAAGT Y, BT %L [FH
FRTIAE T tiES:, W T ~FEIE. O

7E G (RMH) b, ATBAGE S/ S A 47 (R H):
B E A R ) o A, R T ) ST IR B
Gt E LN Go(RVF) x R BT, 18— To iR 9 A IHER. SRR Hi Sk 1

WG SERR Sy “ A N7, TR BT a0 B — A i
Proposition 1.3

AT AR REZE B Lo n BB ¢, AAE—ANBBE - R EEDK).

WEER IEHCHRANGEE & B P AR Uy, ... U, B AUEESR A B AR AT DL TE A7 7 T4
Vi,...,V, B BHV, CcU;, FEER W, ..., W, B BHW, C V. 8L\ :B— R NHE
Wreg %, £ W, FEUER 1, Vi BMANEUEA O.
BT &y, 2P, ARG by - 7Y (U;) — R ¥ €|y, RN 4ELR M 3] R, F 2
X b E(E) - RUIF:
hi(e) =0 (7(e) ¢ Vi)
hi(e) = Mi(m(e))hi(e)  (m(e) € Uy)

HESX fEE 5 R™: fe) = (h,(e),...,h.(e)), M LABRAE f Ky—A M. O

X SE ZE R A A], anfis e], FATN A 2558 “ 5T Grassmann St , T ™ #



1.3 Grassmann i /BRI R 1518

Hhze A R E X

R J& A AA IRITASNY Y 0 TE 5 R0 & = (21, 2a, ... ) ITHIERHISE S, TE55 Grass-
mann it ¥ G, = G,(R>) WHEHRZ R™ BIFTA n e 72 Pl SR & . RIRELE G, BT
LLSE SCHLTE A A7,

76 E(y") C Gy x R NFHARI (R ) n 4E 72500, %5 2SmKEE) K —ud

PR SIEE &, S — Ju I BEAREABE. S5t A s fm

Proposition 1.4

=AMy B ey R 28] B Lo n B A &, HAEE—ANABRE E — . o

UEBHEA S amal 13— 20, R 2R A R SR PN R OR35S [ AT P4 b B, IR
RGN, XA B 7RG T AR A7 KRR 4 X S AEZ JFUEY] S-W

RIAFAENE T B A BB

AT IR G, 1 EFRERR MR, X BIRATE %4 Grassmann i % G, (R™) ] CW
Ik

B R FiE T ESREFSI R CR C -+ CR™, HA RPN R G m — k MrEH
N0 IR ) AR R B - B AR n 7 X CR™

0 <dim(X NRY) <dim(X NR?*) <--- <dim(X NR™) =n
I SRR B k- BT fio XNRF 5 RA X NRF! C Kerfy,, NI
dim(X NRF) — dim(X NR* 1) < 1

S~ o € {o = (01,00, ,04) 10, EL1< 0y < 09--- <0, <m}, EX elo) N
A2 dim(X NR%) = i, dim(X NR7-1) =4 — 1(Vi) I n 4672500 X 4R RIS, 8
5 X € G,(R™), X WBIFETHAEM e(o) HI—1.



1.3 Grassmann JiJE A KT8

ESHE ={(&,- ,6,0,--- 00 €RF & >0(1<i<k)}CRF, N X celo) {HLH
X H—HIE zy, 29, 2, 15 2, € HO (VD). WA (o) = VIR™)N(H x -+ x H),e(0) =

VOR™) N (Ho' x -+ x Hon).

€(0) R—ANEHHN d(o) = (01— 1)+ (02 —2)+ -+ (0, —n) B9H A2, BAZH € (0).

Hqg CEXAT) 48 e(0) RIRREERR e(0). #t M e(o) £—ANERH d(o) 89T .

29 BETIE R T FLRISRIE, EHERE. M e(o) FATBES I G (R™) #) CW BIBE5H.

A e(o) (3 (M)A 4di T G (R™) 8 CW BF 4. 4 m — oo BEARIR T A KAk

125] G, = G,(R®) # CW L7 44,

Bon =1 BRFRTE DULAT -

= G1(R®) Z—/NCW &, BdHE—Ar >0, €A Ar-@eelr+1), LA

(r+1) FJET RP".

FE AR EBRATE R Z 18 G (R™) [ AR5 AR5 R0 B B AT K.

Definition 1.5
SF—AEH >0 0RID RIE—ATFEEKMFI 0y, i ABFCNF R rr GPTA

R 5Tk p(r). Iy

M E— 0 = (01,09, ,0,) Hd(o) =r,00, <m, oy —1,00—2.--- 0, —n FMH

TS, WABIIRIE r BRI i1, iy B 1< it <ip--- < iy <m—n,s<n WH
Proposition 1.5
Go(R™) F &y r-mfa S FHr DA ES n ATKT m —n 69 EHHM T k4

Corollary 1.2

Yn>rBAm—n>ri, G,(R™) 8 r-@R2&% =5 T p(r), #‘?5'15’&77’&:005%"@5&.‘1.@

)

10



Chapter 2 [EIEMRY E[E]E

ARERATCAEN (BN B BRI, HESL Thom 51 Buler 28, NJ54: S-W 2K£F
FERFIT RE BE e He . 1X — 3 75 BB M AR r] L5 3% Allen Hatcher AR TN EE =

I E.

2.1 Thom [E#EIE 5 Thom 3£

B e M2 A4 A [F) Leray-Hirsch 5 2.

Theorem 2.1

=TI EF > FES B, o Rk deF &4

(I) H'(F;R) A —AAMRAR B & R-AZ
Q) sHE&H 4 F, #AELELRRAE c; € HY(E; R) 1843 i*(c;) MR T H"(F; R)
—mi, i F » F RO A4

N & : H*(B;R) ®r H*(F;R) — H*(E; R),>.b; ® i*(¢j) — Y_m*(b;) Uc; —/NF
ij i

A ik 5. V)

X BRI TI N Leray-Hirsch & BN LR, ILE S B 5 NE4E XS IR

Definition 2.1

sF—NFAF >ES B, EECER—ATZN, /% 1: F - BLA—AA#K

%, AR HEATER F C F, #8L F L9 E3-FAIKLEL E L& EI-FLILE E

LagrkE, WAR (F F) — (B, E) 5 B 2 —ANFHMNT. s

N THERATTRE FH 48068 T 20 Leray-Hirsch 5E BERAS 2AHX TE U Leray-Hirsch 5€ B, 1XX%113



2.1 Thom [F#)EF 5 Thom &

#| Thom ZE/E A H B Z 1 — .

(F,F') = (E,E') & B =AM R A, do Rk LT K4
(1) H(F,F";R) —Aa & R4, FEMEEW n, H'(F,F;R) 2H FA R
(2) stHE&4 4 (F F'), #AH5AELRBL c; € HY(E, B R) 3 CE (F,F) L
BB MR T HM(F, F'; R) 69— 4.

W H*(E,E;R) A#—/~8W H*(B; R)-#, BXA {c;}.

ATBGIE B & F ki, WA H*(E;R) ~ H*(E, B; R) ® H*(B; R), N T {1
#i X RN Leray-Hirsch 52 ¥, HA1HKE E 445 H*(E, B; R) §85 H*(E, F'; R) # A&,

B E NN 0 B — B MBS M RS B LR RSN B E cEME c M
SRR, WM 7 B — B L4 F o] DAONIEHE CF B F RS E F AR 3010,
E & E — B MRS, E & M — B RIS, Wk bk e 2

H*(E,M;R) ~ H*(E — B,M — B; R) ~ H*(E, E'; R)
W B & M WA SEt%, H*(F,M;R) ~ H*(E, B; R), #h—JFuhrEHIEITG
H*(E;R) ~ H*(E,E';R) ® H*(B; R)

X HEMFEM TS H*(B; R)-HE X R, W4 ¢ € H*(E;R) N c; € H*(E, E'; R) XM
(K12, WA (9 {¢;} A0 EFRIE T H*(F; R) 1415, W45 301 Leray-Hirsch 5 Hi5i 1]
H*(E; R) &—/HWM H*(B; R)-, HIEN {1,6}, # {¢;} WK T H*(B; R)-# H*(E, E'; R)

A —2HEE. 0

X BRATBR R I E NG, Bl F=R" F'=F -{0} ~S"' E'=FE - {0} ()5

HHATEIBAN B = E—{0}), 9 1 i & L3R ARXT Leray-Hirsch & B4, JATRE 4 L



2.1 Thom [F#)E€# 5 Thom 28

[k c € HY(E, E'; R) A EESAF4 (R, ") LRRH#EZ H»(R*, " R) = R ]
AT, X SRR A A 4E M Thom 2. 41 5% Thom KAFAE, W HAHXT Leray-Hirsch

s B AS B0 45

Proposition 2.1

e A (R, S 1) — (E,E') & B A Thom % c, W B4

®: H'(B;R) — H*"(E,E';R),®(b) = 7*(b) U c

HAEZE i >0 AR M EAA H(E,E'; R) =0(i <n). N

T HHEATIE Thom SRAFAE A S dn . 7T LA H Thom JEI5E A5 2 T i il ) HE AR [A] 1
REE SCE —EHRBLZ AL, FATRTUSEN R = Z, B Thom JIALAF(E, 1 R = Z W

E B E k. S SE B st

AT AFR G Zoy B389 Thom % QQ

WERR ATyR A3 DA W Z e B, (O B 25 AR, X T4 i 10— 84075, 7] PAZ% Milnor ) {Char-

acteristic Classes) 25171)
F—F  FHZAEINFELN, WeLHE B W8 B x R, Skl HY(E, E';Z,) = H"(B X

]Rn, B x Sn—l; ZQ)

HI(B;Z5) ~ Hi*"(B x R*, B x S"1; Z,)

WEER FRATHIE n = 1B, HY(R",S" Y Zy) ~ Zy, WIHIEEITLE N !, WFIH Kunneth A5
FMFEE=J0H (Bx R, B x R*, B x R™) MIIIEESI AT LHER y— y x et B T HI(B;Zy)
B HITYB x R, B x R*; Zy) B[R, BRI A5 B8 B IEREZE ] LHIER y — y x e 45

T IRAEER R, Hfer =el xel - xel.

13



2.1 Thom [F#)EF 5 Thom &

FIE e, W R FHERE] HO(B; Zy) HAE B FAMAFIBRHIHEZ FISERIAT, HARt R 2
1, #1 x e 5 H T IRATAEE )24,
FTZHE R B= DB UB,, HW B fl B, &5 R4, WESR B N B, 1

515 4510 BT R R AEXT (1) Mayer-Vietoris J7%1: CN T {8, i E" = Ey N Ey, B™ = B/ N EY)

oo H"YE", B, Zy) — HY(E,E'; Zy) — H'(Ey, E}; Zy)DH (Ey, By, 7y) — H'(E", E"; Zy)

RS, A7 w € H"(By, B3 22) Mouy € H"(Ey, By Zo) A3 EAIAEREAEF4E
BR& AR . B — kA 2 A g i o ME— PR ieiE (E LD, FTRGER] uy A1 uy £
H"(E", E"™; L) PHEMFRME, WEN#HKE T uwe HY(E,E' Z,), HHZ%X Mayer-

Vietoris [751 (FLH j +n =)
o= HITYE™; Zy) — HI(E;Zg) — HY(Ey; Zo) @ HY(Ey; Zo) — HI(E™ Zy) — ...

A B G ERE, TTREY y o y U Bt T M HI(E; Zo) ~ H(E, E; Z,).
EI W B IR A E RO TG, T H AN IR R A
7.

BML RN B, W B R TE C, MW =0 C {#5E B4 10RO, FHAH

AR HE 0 ELAR PR IE AT LAUE I — LA 1 0. 205 7E e A 2. O
X REION Z BTGB, FATTE BE MRS AT, It ZEx A B A AT E A PEREAT RE X
N TAFII R, X ERATRA e S BEH T4 AR RS ER. (a1

2 R EE E AR SRR SO

BELAYEN S - E — B, X B LR —DiER v : [ — B, FE—NFERE g -



2.1 Thom [F#)EF 5 Thom &

Foo) < B g:(Fy0) = 1), WAEBE F g — E &I T —AMETF oo Xl T L4 MR
B RS RTHEIR I, TEAERIBHIRTY 6, 2 Py — E 43 Gu(Fy0) C Fy. $551H, g, 24
T L F) > Foy, JEELATRAER L, BT 42 [ IS, BIER 4 B

Ef AR, WL, AR E B RE ST

Definition 2.2

bo RAHEE B L E y, L, HF0 LRAR IS LZ) L A RS AR ENM, N

e b St — E — B RAIEEM. 3 T34 D" — E — B, A1 A A EE £ 45

HARK S 5 B — BRTRZEH. &

AT @ ey AARH Z 7389 Thom £.

RYE CW i, HAHEHE B & CW BIBRIEN, AR BT 2 i % R a
PR4ER) ERIARE, A5k B 2 A R4 CW 28, JA )G 2k AR SFAF T, PR ]
H(E,E';Z) — H(D?, S"=4 Z) S —AN4F4E Dr fl i < n & [

TEARBEIX A AL I DL R BUE — N 4EXS N [FA HY(E, B Z) ~ H™(D?, S"~ 1 Z)
Z. WIHERR vy, WA o By BIERS +, WSS (D2, S — (E,E') 5R4 18
S (D, Sy — (B E') 5 L, MESZFECK. Wl m ks rf, BATIEHU F
H"(E,E";7) ~ 7 feW REIE &N er 4 L# e o(Dr, S 7) ~ Z, W HY(E, E'; Z) WK
TGt & Thom 28, MR 75 ZEAIE W AT T P 183 B A i el R AT . SREUH 9N ) 772

WX k— 148 CW ZIRE S WML, % B &4 k 45 CW 2, B, C B £ B3
(RIAEAS k- MM — AN P S A B 745 18], By RFTE T k-4 3F, WA B = B, U B,.

[i] FE4 Mayer-Vietoris %)

X By N By ATLABANHG N (k — 1) 4EBRIAIF, & E” "TRL B AEIX e (k — 1) 4EkT

12



2.1 Thom [F#)EF 5 Thom &

R RE. XHIEEME HY(E,E';Z) ~ Kerf.

AN T 50 H(Ey, E}; Z), H*(Ey, B}, Z) f1 H*(ED, BN, Z) ¥1°o8 7 E A, &4
Z X REAH RS L) — AN 43 3.

Kerf "FIIGER (o, B) € H(E, Ey;2) © H'(Es, Ey; Z) 4 H™(ED, B Z) ERIBREIAIE,
WEIERAE o M1 8 72 LR EM iR i Z AAAsAETR]. W) Ker f ~ Z, #H H"(E,E';Z) ~ Z.

L—J7H, Xfi<n, [FF%RE Mayer-Vietoris 551
H'"YE", E™;Z) — H'(E,E', ) — H'(Ey, E{; Z) ® H'(Ey, Ey; Z) — ...
FURASE RAAE (B, B Z) /AR 0, W H(E, B Z) = 0.

4 & Hi(E,E7) ~ H'(D", S"1; 7), 4. 0

x) T

S FiZE HA Lsidl, RIAFAE Z R Thom K5 E [APEEE 4. X F 1 1A & A
AT 8 P ) o — RS i g e W — AT YE F HAFAEXR N pp € H™(F, F', Z) 845 g i

SRR FB AR S A, FLAAR LIS 7R B 0.



2.2 Gysin J7 %15 Euler 28

2.2 Gysin [¥%15 Euler 3£

B dERE B, BRATAT LA 4E N St — E D B @S FTiE R Gysin FE41. % R ML
KM, WHFHN D" — M, 5 B. % Thom 2% ¢ € H"(M,, E; R) 1#4E, WHEEE (@ N

Thom [&]#4))

o —— H{(M,,E;R) —2— Hi(My;R) — H'(E;R) —— H*' (M, E;R) — - --

qﬁ: ET - T _ qﬁz

-« —— H™"(B;R) —*— H{(B;R) —— H!(E;R) —— H"""Y(B;R) — -+

B IR e 5€ SN (7)1 5% (c), BeFRA R R Euler 3. 55— 8 ET7 B2 AT A8 #R 1 -
KT b € H-"(B; R), 5 57°®(b) = j*(7*(b) Uc) = 7 (b) Uj*(c) = m*(b) Ur*(¢) = 7* (b U e).
EJE R, WRASINEER B, MEL Buler 2854 7 R0 I HLAE SbRsn L a1 & A m]
SE PR, 1E1E e(§).

Rid B = E — {0}, WPKHBHIRHE B EE3) o B — B, IATHW T Gysin J7

Theorem 2.5 (Gysin 5%1))
MR n FEEEAL L, AT IELT

o BB Z) %S HY(B;Z) = HY(E',Z) — H"Y(B;Z) — - --

WEER H e AR E B IE S S
- HY(E,E;Z) — H(E;Z) — H(E',Z) > H™(B,E';Z) — -
I Thom 2K w € HY(E, E';Z), AR

Uu: H™(E;Z) — H'(E,E'; Z)

17



2.2 Gysin J7 %15 Euler 28

Zia _HHIEES
-H"™E;z)% H(E;Z) - H(E', Z) — H """ (E;Z) — - --
Hg(z) = (2 Uu)|p = 2 U (ulp).

HH Thom 7% E EWIBRS] u|p € H™(E;Z) XI M. Euler X e € H"(B;Z), ¥ L1 ES 3
t H*(E;Z) 5 H*(B;2) B4 L o A%, Wa

s H(B2) %S Hi(BZ) = HI(E'Z) — H"Y(BZ) — - --

N8 Euler 2E1 A2 M.

Proposition 2.2

(1) CARM®) R f:B— B AAT—AMRERGLBA ¢ = ¢, M e(§) = f*(e(¢))

(2) (REmtt) mF (WAL, N el) AE/FF.

(3) do Bttt n AF 4, Wel) +e€)=0

X USRI A SRR EL A AT 5, FE I

Proposition 2.3
e(&1 @ &) = e(&1) Ue(8a), e(6r x &) = e(&1) X e(&2) .

WERA W& AT & WILERT ) m A n, WU BRI S A 58 ARHIPE BT A2 BN

(1 x &) = (=1)""c(&1) X c(§2)

FEAE SR AP AR F R [ S AR ] €6 x &) = (—1)™e(&r) x e(&). H E— s T
M m B n AR HON S LA e, S T LA, 55 AN LU B = B

AL 58— A5 P i [ IR 6 A RN R 3 [R] 2545 21 O

18



2.2 Gysin J7%5 Euler 28

Euler 7] DL T W g B AN A — S8 A5, A0 S AFAEAR A0 o A AR 2 1
(F7 A5, tBRIRT DALy — R s

Proposition 2.4
&R AL AR R A E, W e(E) LAA 0. N

W s 0 B — BN AER WA, WES B S E — E 5 B EERS

HESFESMES H(B;Z) & HY(E;Z) — HYEZ) <> H(B;Z) RS, f X
7 (e(€)) = c|g, MATHNMEFFEME S e(§) Bk (ce)| e

XWFTEES HYE,E'Z) - H"(E; Z) — H"(E'; Z) AEWYS, TP 5T RS e(€)
Bk 0, M e(€) = s*(0) = 0.

OB € BT T T RS RERELH, W4 ¢ Jofii s SRR LA, WA e(€) = e(e)U

e(et), HeFNW, e(e) =0, NFFIE O

Example 2.1 ¥ M NESEHERE, VIAEH 7, 08 e(r) #0, W+ NEETHLE T REMN:
R FERI TN € 1748, ENTERIR, M e(r) = e(€) Ue(h) & HE B Abel # H™(M;Z) F
Zkrot, FE. AR RE R, WA LB R MO R A U S R 2 N B — R

L.
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Chapter 3 Stiefel-Whitney &

ARFEIRATEEW R S-W 3K, T AT LAZI ) G 57 Ab A A AH 5C I A THT 1 40 Hh B RS 55 1
Thom JEA Euler JEA ], AT R A B E CHTTETIN S-W 3K, HREARMIER & 2 H 1

I IAEME— 1. M7 VETE J5 SEAT 7T MR S N 2% PRk T 3.

3.1 AEBUHENX

Definition 3.1

StE—AAnEGEA AN EE T ERAR wi(€) € H(B(E),Z)(i =0,1,2,---), #&

A € dyStiefel-Whitney 28, HF w;()(i =0,1,2,--) #HZ AT A IE:

(1) wol&) = 1 € HAB(E), Za), B wi(¢) = 0(i > )
(2) £ B(E) — Bly) & & FABA ¢ -y, M wi(e) = f*(wi(n))

(3) H A ARG RSN, N

k

wi(§ ®n) = Zwi(f) U wg—i(n)

1=0

(4) 3+ RP' E&#EEZA AL, A wi(y)) £0.

L3

FESR N ORBAVA S BBt a2 an EVY S A BRI RAAAE R, T H X DY 26 2 BEAERS 2100 R
) — e

Proposition 3.1

(1) E¢5nRHM, M wE)=win) (Vi)

(2) % e A-FIA, W w(e) =03 > 0).

(3) & e A-FLA, W wi(edn) =win).




3.1 NELE X

(4) FERAANARTRRAEY n @ AELH EARLEELXGRE, W w() =

On—k+1<i<n) 3, #&HE-ANARLERER, W w,() =0.

2 E@n AP AR, B wi(6) + wi(n) = 0,w2(8) + wi(§wi(n) + wa(§) = 0 FF K
FIRZA, W w;(n) "TLATE 4l € 1) S-W KR Z TR R, N 7718, JATFIAE S-W K

i,

Definition 3.2

HI(B;Z,) R A2 KHXALF FFa=atag+--- BREIK, L ¥ o, € H(B; Zy), £ F

/?{:\“h (a0+a1 +CL2—|—' 0o )(b0+b1 —f—bg—f- ° ) = (a0b0)+(a1b0—|—a0b1)+(agbo+a1b2—|—a0b2)+

o)

¢ %92 Stiefel-Whitney 2 Z X A ZAFF I LE w(f) =14+ wi(§) + wa(§) + -+ -

&

AHMEF AL S-W RHIL ST, ABMPE =4 DB ETSN wE o n) = w(w(n). &
S-W EHH — IR N 1, AERAEFTA E A 1 TR AR P EME— /I, 77 fd

iw !t =@ WA @y AT, wEen) =0, HEwn) =w(E).

Corollary 3.1 (Whitney {8 EIE)

T AR M &k, v REL, W ow(v) =wi(ry).

Example 3.1 XHE M, BAEER] w(M) A4 w(rar). XTERI S™ 5 RS HARHER A S C R,

BN v BN, Blw(v) =1, MH ERHER w(S") = w(rs) = 1.
B R ORIATAARTHS RP™ 1 S-W 2K, N HIE] 3.2 A5 HE 3.1 B 5 B FA T thax — 1)
AL e RANTEGN RP (1 ERIRIN H*(RP™; Zy) B Zo[a]/ (™) 45 H.

Example 3.2 5 & RP" L HFEZEM 4L, FRERRN i : RP' — RP™ AR A] L AW 43 — A2

21



3.1 NELE X

], W SW 2R U S A A R
(wi(7,)) = wi(n) # 0

W wy () A0, WBIRN o, AL IR 1, S SWENT+a
v AT UL E SR AR o+ 1 4EF U et [ N, B IESS AN A -, T AR A
A ({£z},v) (v 5z FIEMBELER) FIsES, A RP" x RV 14

BT eyt BFANL, WE vt =w(l)=0+a)t=14+a+a®+ - +am

Trer >~ Hom(v}, v+) @

WERA LA R g s — kB L, 5 5" T +a, Il LY NIZELHIES AN n 451

[, BT Sm — RP™, 2 — {Ea} BPIWU df, : T, — Ty RP", S5XF v € T,5™,
A df,(v) = df—o(—v), Ty RP" 5FTA R {(z,v), (-2, —v) : z L o} BBHIES F.

HI R — MR AT BLS Hom (L, L) FITTE 2 = v — X B, i) TyapyRP" ~ Hom(L, L),

W] T =~ Hom(,, v).- O
Proposition 3.2
er el 2y Bl DByl (n+1A4Y), R w®RPY) =(1+ o) N

WEEA AR Hom(ry), ~)) P& CeEA— M AEE A, i
n—i—l)

Tren @ &' =~ Hom(v,,v") @ Hom(v}, v) ~ Hom(y,, 7, &) =~ Hom(~,, e

X Hom(v}, e"™) = Hom(v}, ') @ Hom(y},e!) - - @ Hom(q},el) (Hn+14), WAIFIE.

XA 3.1, w(rpen) = w(reer B ') = (w(v,))"s B 3.2 A RAFIE. 0

22



3.1 AFALE X

w(RP") =1 % HXE n=2%—-1(k € N)

#imE RP" ZT-F4r48y, WA n=1,37,15---.

Q
W =21, Mw@®P)=(14+a) =1+a® =14+a"" =1
Z A =2km (m KT 1 HEFED, N
—1 1
TJE U R A A E. O

Remark 52 AT PAE RAE RP!, RP?, RP” £ Al 4746 ).

FIH RP™ 1) Stiefel-Whitney 25, AT LAIEBA 40T ¥ Whitney 5E 2.

Theorem 3.1 (Whitney)
WwRn+1=2"m (mAHFHK), WERP" LRAL 2 MAAKBELLGQES. 0

WA HEUp =2"(m — 1), WHEd#3.2, F

1 2"
w,(RP") = <n;— )ap = ( QZR)apzozp #0

HAFAE 28 MR FEY, WHaEB.1H (D
w;(RP") =0(n—2"+1<i<mn)

X5 w,(RP") #£ 0 T )& ! WAFIE. O

23



3.2 S-W K] N

3.2 S-W ¥ NH

TR S-W SRR Ye— S AT B I/N F L

B S BATEZAE R R R AL HP 22 2 1) 5% Whitney 12 A € P,
Theorem 3.2 (32 Whitney ;3\ EIE)

& m(m > 1) EERBRM T ALZ AN E] R

X E ATV 2m — 1 R R 45 R,

Proposition 3.3
& RP? T AENE RPYHF & ) k> 2m — 1 . ’

WEFA M2 BT EAIE R (K n =27

wRP") = (1+a)" ' =1+a+a”

N w(RP") = (w(RP") ' =1+a+a’+-+a" "
AT, % RP™ AT DR AE RPF dr, RHEN v 46508 &, BIRE wi(v) = 0(i > k).
_H Whitney X {8 g BE

BHwRP) =0G>k), Mk>n—1=2"—1. O
P R 4B (0 9 BE 15 SR B9 — > BE iy 4R IR 1320 S e B BRI 1) 22 ] L.S-W 2K
FEARE M ECA B B % T HERIMER], A IRATRS Z 5 Stiefel-Whitney £

WM A n QERI AR, UAE SF — B A8 KR A JATTRE W] LAE 3L M ) Zy S5

TR ppy € Hy(M; Zo), WISHERK v € HM(M;Zy), FAVEE—MNMEFE (v, uag) € Zo,

24



3.2 S-W )5 N

BEFRA Kronecker 845, f#jic A v[M].
BUEIRATN v B8 BRI, 2 ryra, - oo 1m0 N—BIT AL 7y + 210 + -+, = n BOE
PR, WIXSTIN 7, FTOARHS H™ (M Zo) HHITTER
wit (Tar)wy? (Tar) - - - wy (Tar)
WU N iR v, #5 BRI B Kronecker $5 bR EL A B 5 B Z & L.

Definition 3.3

2 AR

(i (rar)wy® (Tar) - - - wi (T ), par) = w'wy?® - - wy [M]

ARA R M AR T EAKX wwh? - - - w' #9Stiefel-Whitney 1.

SERANRAS M, M/, #Ae A $8IE 69 Stiefel- Whitney 3, RAGFAEZ I Ly ry, -+, ¥

)
it - wfp (M) = v M .
Example 3.3 A4t ATRIHE M = RP" 1 S-W £
W n J9EEL W ow, (M) = (n+1)a™#£0, W r = =r,_1 =01, =1, XN S-W

N < w, (M), par ># 0. 8 RP" HIEENT S-W L.

#in=2k—1REH, WwM)=1+a)? =1+ W w;(M)=0( ~NEFE). (HXHT
r1+2r2+---+nrn:n

AR, WBTUFAE j NTEAERS r; £ 0, W wi'w)? - wir[M] = 0. Ht RP" KIPTH S-W

KA 0.

ORI A E BRI T S-W K B B

25



3.2 S-W K] N

Theorem 3.3 (Pontrjagin EIF)

Fn IR M AX—An+ 1 %7K BAF, N MBHHE S-WHHAA O. v

UERR BURSAR B (M3EAR IR up € Ho (B, M; Zy), Banfiil2, FIVERENKIE S 5548
[FZ 0 : Hyy1(B, M; Zy) — H,(M; Zs) 48 pp WN puay. TR0 L FRRHEE R IE & 51 b 12 A
BH G HY(M;Zy) — H" Y (B, M;Zy), WXHMEER v e HY(M;Zs), H
(v, par) = (v, Opp) = (6v, up)

XSVIN 75 4E M OBIIR®S], B M HINEREN, W ERA — e A IR R, o

L. B T2 A IESE AN AT 7y AT
Bl = Ty B e’
W w(tp) v = w(Tar), W

witwy? - wp [M] = (6(witwy? - wp), pp) = (00 (wi'wy® - - wy), )

NHTHIEES
H"(B: Zy) s H"(M;Z5) % H"™\(B, M; Z)
WERL 63 = 0, W wiwh? - win[M] =0, HWAFE. O

Fsg b, e BT AT, (HX R R HEE R, RIS IR

Theorem 3.4 (Thom)
o RiRFS M B9 PRH Stiefel-Whimey 5 0, U M T AR IS F—NERBAY GAR.

Example 3.4 FAVE LI &ML 7 RP? ! ({14 Stiefel- Whitney %34 0, #H Thom 5

FE, RP?- A DASZEL AT )0 5

26



3.2 S-W ZEH)25 v

AT RPN JEAE FF 58 75 8% S I T 1 1 54X — [ @i
Definition 3.4

3t A n HERIF R My, My, FREANVETE—ATZ i, =R eias Lt

M [ My Z—A (n+ 1) £ERBAA LT, REHITA M, ~ M, &

Proposition 34
2t Tﬁﬁ’%‘n éﬁ?’[ﬂﬁ] Pl 5%{:\‘#% /I\%;'ﬁl\fé% '

WEFR E e, MEANRIE MR 6, EATTRIRRRE M x [0,1] FIELSE, M ~ M.

SRR AR ).
i L~MM~N, W& LM £ZV R, MIIN 2 W gt Werels v o w
WGt b MR DR CERAEDIR AT IE0E B AT DLRAIE O AR 0 SE D TR BORT % X,

LIIN & X s, WL~ N. 0

N TR UL R 2R, FRATTAHMEAR 2IW0 A B i 12 1) Pontrjagin & A1 Thom & #H.
N TEBHEAN], BERFENRILIFRIEE Stiefel- Whitney 44

Sd’l'ﬁj/l\ n éﬁtlﬂ /nlﬂ‘f/ M #= N ﬂc“:'/lg]/i ™ +27’2 + - =R %3”5 ﬁ %%ﬁ)?’i’] 71,72, " Tp,
)
witug? o wr M [ N) = wfwgt - ufe (M) 4 wfugt - [N] .

ERE B TR
H"(M [ N;Zo) ~ H"(M; Z) & H"(N; Zo), Ho(M [ [ NiZo) ~ Ho(M; Z) & H,(N: Zo)

IR O R e T AR MR Z B R AR papiv = (s, )
ERVARRR ARG T S-W KRR GXEMEHR T S-W KA E PRy AR

w(M][N) = (w(M),w(N)), ML BRI, O

27



3.2 S-W K] N

W &4 1Z 5 LA IR Pontrjagin 7E#E . Thom B3, FRAMFEIT & T [F—A & mfci 2k

IIEZAPAIEE

AR, M F= N BT R—/NTFR @il k% BALY © 1A 48 F 49 Stiefel-Whitney #%. 0

28



3.3 fFLEMEIE B

3.3 FEMHRYIERR

£ B e BATEME 1 S-W SRIIAEAEE, I B AT 2l B AR IS 1 ik
2t S-W SRIIAFAE TR IR .
N REERE, XREEMGIARE G T Steenrod 15 LS.

Definition 3.5

WA T — R MRS S¢' - HY(X; Zy) — H"(X; Zy) # H Steenrod F75.

(1) Thett: Sqi(a+b) = Sqi(a) + Sqi(b)

(2) BaARM: s f: X =Y, S¢(f(a) = f(S¢(a))

(3) ARAM: Faec H'(X;Zy), N S¢°a) = a,S¢"(a) = aUa, Sq(a) = 0(i > n).
(4) Cartan 2 X: SqF(aUb) = fjosqi(a) U Sqk=i(b).

ARSI (X,Y) &7 AR X Steenrod F 77, Prig Rty Lid—%, AT HE

2. .

FEIX BLIFRATTERIN 2 a0 b KA R A i Sl plor. CRARMIE SRR 244, 7 W Hatcher 482K
IR L, b ms) .
7 FRAIZE A 2. 1 SE 1Y) Thom [EH: &+ Hi(B; Zo) — HH™(E, E'; Z), b m*(b) Uc, 3

H1 ¢ 79 Thom 8. W AW =

wi(&) = ®71Sq'D(1) 554 Stiefel-Whitney £ 2 X F 6L/, CF @& FTA Steenrod -F

(2

77 BN R AR T 2 L AY)

ygTﬁfglri, Xj. a € Hn(X’ Y’ ZQ)’ ﬁj{,ﬁ\:‘%\ Steenrod %7‘3—79
Sq(a) = a + Sq'(a) + S¢*(a) + - + Sq"(a)

M4 w' (&) = @ 18q(®(1)) = @~ 15q(c), FHFMIIZFKIGE ' i 2 VU S5 A HE.

29



3.3 fFLEMEIE B

$E—% W Steenrod I IE X (3), B
wy(§) = @7'S¢"(c) = @7 () = 1

HXfi>n
wi(§) = @7'S¢'(c) = 7(0) =0

FEIE WMEERAW & — & BTG g (B, B)) — (B, E). %4 ¢; N & 1) Thom

%5, ®; N & I Thom [, NIH Thom KMHIE XAER g*(c2) = ¢ NI

9" (P2(a)) = g"(m3(a) U ) = g*(my(a)) Uer = m(f(a)) Ucr = 1(f(a))
1 Steenrod V- /5 HJ5E X (2), A
[(Wi(&)) = [(2,8¢ (c2)) = 27 (97(Sq'(c2))) = @1 (Sq' (9" (c2))) = @1 'Sq'(e1) = wi(&)

%E% %%/Erg{;l_\' /E{f = 51 X 527 Sl E@ Thom %‘éj‘ﬂ c € H"i(Ei,E{;Zz), )UUEILJEX?CX
*/El c1 X ¢y € Hn1+n2(E1 X EQ,El X Eé U Ei X EQ,ZQ) = Hn1+n2(E1 X EQ, (El X EQ)/;ZQ). 'fﬂ
c1 X CQ|F1><F27(F1><F2)/ = Cl|(F1,F1’) X Cz|(F2’F2')y T E CATH 01 % co NEHRIRA &1 X & ] Thom

K. 4 ® N & x & ¥ Thom FH, N
®(ax b) = (m x m)*(axb)U (e x ¢a) = (m5(a) Uer) x (m5(b) U cy) = Py (a) x Dy(b)
A RATHE
w'(€) = @1 (Sq(c)) = D7 (Sq(er) x Sqlcz)) = @7H(Pr(w (&) x Pa(w(&2))) = w'(&1) x w'(é2)

BUE R & A1 & MR AR 8] B, WPKRs B2 P (R R AR 2 i NS w1 2] B =, U

w'(& @ &) =w'(&)Un'(&)

EMEL 4 ARP EWIGELRN, BT E(y) PRENTET 1 REGRINES, A
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3.3 fFLEMEIE B
MEF HE &> Mobius 15 M, HFEAN B. th T M M B 7258 E M E' (R E%, A

H*(M, B; Zy) ~ H*(E, E'; Z»)

[FI RP? T #95 CW B 450, WHE —A 2-41f D?, H RP? — D? FET M, WK
Yl e 7

H*(M, B;Zy) ~ H*(RP?, D*: Zy)

O] LA ESRIAE HY(E, E'; Zo) RANE] HY(RP?, Z,) 1, WFEAFEZE HY(E, E'; Zy) %N #14%

HEe5 HY(RP?; Zo) BIAERTT o SR, W S¢t(u) =uUu 5 S¢'(a) =aUa # 0 XM, N

wi(v1) = @7'Sq" (u) # 0
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3.4 ME—1ERIUERY

3.4 ME—%BYIERA

L —FT AT A Thom [EI#4 1 Steenrod ~F- 77 #4id T — AN &2 VU 45 A BE (1) Stiefel-Whitney
I, AT IRATIE I R E— R R E X, EEEEGR R AT RIS, ETA
& MHERITC S5 Grassmann JiJE G, b, XELTHEERINIXS G, W LFEARSEATH .

G 89 L RATE H* (G Zo) W wi(77), -+, wa (V") £ Ly £ AR 5 T AREK.

EREXWALEE T AL, WA FENMERR r UEB SR r 4E8E 8P 55 RN

L CT NFAE W - BB, Z7 NPrE R EIL R,
rank(H"(G,; Zs)) < rank(Z") < rank(C")

ERXBEAMEN G, 1) CW RGP r-4RA NG 88 rank(H (G Z,)) 2%
ST -, REARRLS, E r B EZ n AN IEREBUNAITE.
—J7 I, SRR A L) r AERE, A FE AR SOEBUT S vy o, SR 4 200+
o, =1, AARE GXFTEE FRIEHEGIED FIRIEK w0t (v) - - win (y7). SRR
T A I TR b R YR sl:UE | =0T P WL b G e
EZ n NIEBERIME TR, ARG 2 FH) -y SIXFER B —— XS BT,
WA AN r SR ITECA Bhe 45 X I 8 73 L
R E N R SRR 51 B, T AR B B R MR TE R i, T B A T - YERE

(R /b SR 5 B
AT A A T, BRI RLINER, 5 H « (G Z) 10 r ABEIORE S 41010 %
AN r BREOBARE, K94 r HPEINE L n AERRI T RE, HHHE, 0
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3.4 ME—1ERIUERY

UEBI PR BRATACGN 7R R 51, AR AN TEARUR S IE B,

WA p(wr (), -+ w, (YY) = 0, Hd p A2 REW n e 2 0, W Ea .4, LM
K E BRI n dEmEN &, FFENIS g € — ~7, W H B AR
w;i(§) = g"(wi(v"))

lES)

BEXTRTA ) n 45N €, w;(€) Z A 2K R,

HEE RP™ EHIEEN ~, FATHIE H*(RP™;Zy) 2 H o AR 20008, H
wyh) =1+ a.

M5 FE n IR ER X = RP® x -« x RP>®, H ERER H*(X;Z) Nay, -, a, &
B 2 TAAREL CEIRAERTTI 145D XA n IRFERIRAR E =4t x - x4, T E 2
X B/ n e WA

w(é) = (wr))" =1 +a)" = (1+ar)(l+az) - (1+a)

T w; (&) A& @ TEIEARIFRZ I, BRI 1 w;(§) ZIBEA ZIMAKZR, TJE ! Hw (")
ZIREAT 2 AR 2. O

B T 25 S FRATTIE B Stiefel-Whitney 252 ME— 7).

BRI & w(l) BEEGE =R LemEA &5 E T —513# 2 Stiefel-Whitney

AR K2 ey ERA L. 0
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3.4 ME—1ERIUERY

VERH TRATEGE T AEAERE, LM — . ISR AE P NIRRT RE € > w(€) I € o w(6),
W% RP' _ERIBGELM 1, A

win) =w(n) =1+a

R v IRAE RP™ _ERJSTEZN A Fr, B ARPE R R

HERLIRERFER = xyt o xqyt, H
w(§) =w(l) =1 +ar) - (1+ay)

WA .4, FFAENMET ¢ = A, HHER36, H (G, Zy) Al LR NS H*(RP™ x
s X RP®; Zo) 1, JUH BARAME w(v,) = W(yn).
SRR B0 n gEmEMN n, BSR4, FENBU fon— 9 WIFEIRH

SR/ ER

M w=w, ME—PERHIE. O
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Chapter 4 SEEEMRMRIBICHIHE—TNH

4.1 KT REBVEM

M Z—A—D n 4OUIRHE, HAPWMH TERRANL n + k R EHIE A, 35T RIEA]
W M AE A PRRENRIZRTESE. B MR T REIRSREGE HE (FATHER B IR T 22 2]
A HAFIRAE DL

Theorem 4.1 (EK4R18 EIE)
Ble M AE AFHFARB U, #1530 gt f o RETEAGLFR, £F % M

PR B o A o RAIERE . IR U A M A AT OEIRESE.

WEFR X ELEATRUEY] M R EREN SR, IR B, WAHMERER ¢ > 0, &
X E WFFFH B(e) = {(z,v) € B |v] < e} B e M73E B(e) £l bLgE ST Bap -
E(e) — A, WAL /ANK e, E(e) BAaBWest oy Y A s M i—
MR N

PAVRFAR I Bxp 2 RHor R, #OA R ZHEX 2%/ M e > 0, Eap /£ E(e) &
A2 B E AT

AN ST MR R0 6, AE0E B (L) A0 (2, v1) # (2, o)) 68 Bap(ai, v;) = Exp(al, v).

WBATFEN T BB { (5, 03) > X M AR, ol AR B RSk 751 O T fafl
AGESRLL i TR lim (z;,v;) = (2,0) Al lim (2}, 0)) = (2/,0), W

1— 00 1— 00

r = Exp(x,0) = lim Exp(z;,v;) = hm FExp(x),v}) = Exp(z',0) = 2’

(R
1—00

Bl o =2/, (HIX5 FEap 1E (z,0) BI—A B85 /INEBI N AT R IR 7 J& !



4.1 KTHIBHIEN
Wy 7 AER, RS EAE E(e) 5 F W2 FRR. X2 BIR0, AERFE LA LN

T EARRIE R

O i iy FRASHE . O

FE N TS P IRATEERIA M BR A A B T4E, 25 M O ERTEIN IZ 64 B 2R BOL.
Proposition 4.1

s MEAFREEA Y (AFAH E), B LRARZ IR H(E, E'; R) ~ H*(A, A—

Mﬂ) Py

WERR BN [FLE. e B Ui E B
H*(A,A— M;R) ~ H*(N.,N. — M; R)
M5y FEE Exp - (E(e), E'(€)) = (N.,N. — M) C (A, A— M) 4
H*(E(s), E'(e); R) ~ H*(A, A — M; R)
FRIR IR e 2

H*(E(c), E'(€): R) ~ H*(E, E'; R)

JUEEE Sabaw CalI O

Remark 0 DL By @ i RIS A WAL 2 8 a5 M BUE To R Y.

WELAER E 1) Zo 2% Thom 38, M Eidrdl, XM T ERRE o € HY (A, A -

M; Zy). SRIEN v R FE R, MR R BN Z.
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4.1 FKTIMEHITEN

Definition 4.1

Likdg o € HY(A,A— M;R) £ ARBET HY(A; R) ¥ 898 MARN k RET IR M 8

R-Z 3B LRI &

S _E SR S VR I I i 4E Stiefel-Whitney 28, Euler 28 (WHR A E M) 2 [BA & U0 F 1)

Theorem 4.2

T, FHWOHBERALERMRA HNA L) — HY(M:Z) FRBAEL v 6 k %

Stiefel-Whitney & wy,(v).

FvATREE, W Z FZZGBERBAEERFES H (A Z) — HY(M;Z) F #1%

A iEA v 8y Euler £ e(v). @

WEER X s : M — FE 2N v BEERER, S ¢« HY(E;Zy) — H*(M;Zs), W
B Zo ZF0%) Thom 28 u, s*(u|E) € H¥(M;Zy). FE FEFET wi(v): id ® A Thom [FH:

H*(M;Zy) — H*(E,E'; Zy), M
s*(u|E) = & Ha*(s*(u|E)) Uu) = & ((u|lg) Uu) = & HuUu) = &15¢"(u) = wi(v)

A (N, N. — M) & (E,E"), WHRFZ H*(N., N, — M;Zy) — H*(M;Zs) ¥ u %f

BRI wy (v), M.

Z ZEIE T R B N 5] .

ARRBA f: HY(M;Z) — H*(M;Zs) ¥ e(v) B2 wy(v).

WERR B w N Z 2% Thom 25, [A] k-

e(v) =0 Ha*(e(v))Un) = d ' ((ulg)Un) = d ' (wUu)
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4.1 KT HIEN

UlU

fle@)) =@ (f(@um) =&~ (uUu) = wy(v)

wJa— KA T Ly 16N HJIEY.

FEAN RS BE LT, Z ZBWEILE Z, RBWEIEE S8, R EEIEYEE
TR f BEFHED AT, 47572 b O

£ 3.2 R ERATAL B 7R N B RK A Ta] () [ A, 3L b 3 B 1 AT ORI RN

SR 1 I -

Y

]

Fn R M RRBRBHNN R GHTE, NHLEL Y, Hw(v) =0 ATER

BHEILT e(v) =0.

M ASFTELDGHEHRA N R 1 546
Example 4.1 FRE S RP" {417, B ERTEIE AR DOGHEIRA R R2 o, X A R3kdr]

Whitney 5k A 7€ B 1 4ERUR S 1.
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4.2 KRN

42 XTRIEHTIA

o WEATK T M x M FFFI A ITEE S & BATRER LA

2
=<
oF
R
KA
‘—;-\w

N cx— (n) B MARAKA M x M I B8 M AE M x M HENEA v 5 M VI 7y

)

UEER M RE R IRAFAE pe € Hy(M|z; Z) (Vo) 36 RS A4 Vo e M, 77 2 11—

N n-gHREARIEE, A TR ye N, BREAS
H,(M|xz;Z) — H,(M|N;Z) — H,(M|y; Z)
¥ e BN .

Ft, 7y FE FSRIRAEALE 1), € H, (T, M|0; Z)(Va) 3 2 R w6 Ve e M, 17

1E o B —A n-ZHARIER, fSER y e N, HARRS
H,(T,M|0;Z) — H,(TN|N x 0;Z) — H,(T,M|0;Z)
B i, WO g,
M @i4.1 (A, H H,(M|x;Z) 5 H,(T,M|0; Z) [ER). WA {pn,} i 2 R Eh A
BIES {,} WAL O

FRHRIEIE) MBI LN, Hari4.1, JATH 5L MK Thom 28X M H)2K o € H™ (M x
M, M x M—NA(M); Zy), BHER42, o £ A(M) ~ M _ERIFR# N Stiefel-Whitney 35 w, (1) =

wa(7ar). R INATRE R AT LA Z B8, T o BORRA1 S Euler % e(v) = e(ray).
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4.2 KRFREHITIN
N T TR FGE I, R iEATE S RN R R CERDERNBON Z, SN Z,), H

PAE M AE M x M FERHE LIRS o7 RIS o 1w’ 1R,

Proposition 4.3

BARE —H R-ZW® pu, € H'(M|z), HEF (g, p) = 1.

Bl & SAREHN j, 0 (M, M —2) = (M x M, M x M — A(M)),y ~ (z,y), WsESE

veM, & j(u) = o o

WERA AT R4 RUERE, SHMTRE 2 € M ORI 0 7E T,M /MBI N, HEIRA
f:(N,N—=0)—= (M x M,Mx M- NA(M)),v— (Exp(x,—v), Exp(z,v))
R SR o WOy H(N]0) ~ H™(T,M|0) FIXS AR TC.
R X FHRE £ (v,t) = (Bxp(z, —tv), Exp(z,v)), #07 LK B FHRABL g -
v (z, Bxp(z,v)).
N Exp: (N,N—0) — (M, M—z) %S T 4.2 R H(T,M|0;Z) ~ H"(M|x;Z)),

H g=j.o0Exp, N Ja(u) = pg. u

stiEEae H* (M), A (ax1)Uu" = (1 xa)Uu" 0

WEER N 9 A(M) BIEPIRARIE, MR N, A AM) FITRARW S, 58 S p N M x M 5 i

MrEEE. BT pilaon = p2laon W p1|n. 5 po|n. FME,
T tof B ) [R) 285 %« HO(M x M) — H'(N.), A i*(a x 1) = i*(pi(a)) = i*(p5(a)) = i*(1 x a).

O ph A A A 2 -

H{(M x M) » H'(N.)

lUu’ luu/I(Ng,Ng—A(M))

Hi+(M x M, M x M — A(M)) —=— H™(N., N. — A(M))
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4.2 KRN

MSZEI (o x 1) Ud” = (1 x a) Uu". O

N HFRATH 73— AN J7 R R e i S il B 5 e 3R] 75 EAREAE 4 1) Slant e R
(R IS, X BIRATN 758 Db BRI R ECNIRIRRRTE T, R ER T U2
2% Spanier [1] {Algebraic Topology) 753,

16 X A0 Y AT PRYE I H LR R ROV %
HY (X xXY)~ H*X)® H*(Y)
T FRATTE L —AN RIS
H (X))@ H(Y)® H(Y) = H(X),a®b® § — a(b, f)
BH (X <xY)RE (X))@ H(Y), MEXT
HY (X xY)Q H,(Y) = H(X),p@ b+ p/b

WIBE /" FrN Slant FefH. H15E LCETH L (a x b)/8 = a(b, B). A XEER 6 € H(Y), F&
p— p/B B H(X)-Zelhtt:

((ax1)Up)/B=aU(p/B)
N TUEWDR e B, JRATSE R B ] 2

M AR, BAEKRRAE puy € Hy(M), W3t AHNGTBERBAX W € HY(M x

M) #REFE o fun = 1 € HO(M).
ERCE &SRS
H™(M x M) 05 5o(0)

l |

H(z x M) 05 [o(z)
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4.2 KRFREHITIN

FE MBI o BN 1 in(u)s 3684y 0 M — M x M IIEHN. B (a x b)/par =
alb, pag) FTRN (0 fpan)|e = 1 x (5", jas) . € HO(2).

SCHHEA R pag B3 S0 g TEEVRIAIZS Ho(M) = Hy(Mlz) FHHEN 1, T 40
FHWLH

M < s (M, M — )

: y

M x M —S= (M x M,M x M — A(M))

A (") man)le = Gr) s )l = (G5 (W), pa) BITRE 4.3 (i5.(u"), par)le = 1(Va).
TRA

(u"/par)ls = 1 € H(2) (V)

JUJ ey o — P2 B o/ puar = 1 € HO(M). O

s Bhan E 51 B, BATRT DR BT fo 0 48 2.

Theorem 4.3 (XH{BEIE)

M A—ANERF, Wt H (M) 6ieE—m%k by, b, HAE—EIBE T .. b# e

HA(M), 4% (b UB¥, par) = 055 BLACH S A A8 5445 LR 8 £

T

’LL” = Z(—l)dimbibi X b,:L#
=1 QQ

WFEH 4 Kunneth A%

H*(M x M) ~ H*(M) ® H*(M)
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4.2 KRN

WAEAE ¢; € H*(M), dimb; + dime; = n, 15

W=b xc1+--+b. Xc,

Wi FH 4 2
a=aU " /uy) = ((ax)Uu”)/puy = ((1 x a)Uu")/pn
RN " BT R
a= ((1XG)UZ bixci)/ v = Z(—l)dima'dimbi(bix(aUci))/MM = Z(—l)dimadimb"bi(aUCuMM)
=1 =1 =1
WA a = by, (= 1)3mbedi®bs (b g, pupg) = 00 LY = (—1)dmbic; BIAT O

) X £ 5 B AT T AT LA 306 T R s E UK A DR 18 1 S R W s M 2 i S
X(M) = (=1)frankH*(M) =Y *(—1)*#{k—cell}
KT WGBS HEEFNR B V) A 7R M TG I R IR &

Proposition 4.4

M Z—/NEQTR @R, Wt Z AR ERRBE uy, # (eltn), u) = x(M).

SR M, M RTRE, Nt Z, ARG EARRBE Ty, A (waltn), ) = x(M)

mod 2. ®

WERR AR O, o B4 23R AT A

AR N B B4 3 7] 4

e(tn) = (=)™ UbF
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4.2 KRN

J”JJ

(e(mar), par) = Y (= 1) (0, UDY, par) = D (=1)™ = x(M)

RBON Lo WEEEA 2 fEIE N, O
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4.3 XM

B M RERBAY, WAMK wi(ng) =S¢ W)/

u N Thom 2§, NI H Stiefel-Whitney 2[4 r] 41
Sq'(u) = 7 (w;) Un

W i 4 25 N RR H* (B, E') ~ H*(M x M, M x M — A(M)), HR$IE B (M x M)

b, Hp

2

Sq'(u") = (w; x 1) Uu”

FFRF A Slant ARG A det 1, B
w; = w; U (' /par) = ((w; x 1) W)/ png = Sq' (W) / puar
JUIESIN O
EIREI B PRRATUR BTN R I FAE SN 10, B A1 Stiefel-Whitney 2RAH [ -

N HI A E B o R I B R REANSE AR R RIS gE, X w2 B RS AN AR 1.

Hr b, RIRGEH T H Zo 2ECLFIAMAL Steenrod 177 & KL Stiefel-Whitney 2
A3

HORFERAIMBEZSH (M;Zy) — Zy,x — (S¢*(x), par), FHXEER, HF1E v, €
H*(M), 113

(ok U, pa) = (Sq" (), puar) (V)
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4.3 RIXRAK

TFEATATEUE LB R UR -
v=1+v +vs+ - +v, € HI(M;Zy)

Hor v, W b o ATBAE (v U o, pay) = (Sq(x), par) ZiH.

Theorem 4.4 (R R AT)

w(ty) = Sq(v), BAR

UERH B H* (M Zs) (23 by, - b, FIXHMBEE 0T, - b, WMER x € HIIM; Zy), A

v = bilwUbl, uu)

i=1

M 2 = v B

T T

0= bilwUb!, uar) = Y bilSa(bf), par)

i=1 i=1

HAER LA Steenrod “F &

T

ZSq )(Sq(b]), par) =Y (Sa(bi) x Sq(b))/par = Sq(u”)/par = w

i=1

R AL O

N HEBATH 25 5 R Y] RO A NI . B P = 3R o~ e H B AT TH R R

FFPRILIE I Stiefel-Whitney 28

Proposition 4.5

M Z—ANERA, LR ERAR HY(M;Zy) 8 —ANTFE a € HY(M;Zy) £ 4y, N

H*(M;Zo) B ¥ {1,a,--- ,a™}, dimM = km. 0] LB+

wing) = (L+a)™ =1+ (”” 1>a+

m-+1\ ,,
1 -l-( m )a
[ )
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43 ZR A

WEER BT 0 <i <k, B Sq¢i(a) € HMY(M;Zy) = {0}, &
Sq(a) = Sq¢°(a) + Sq"(a) = a + a®

lES)

Sq¢'(a) = (a +a*)" = a'(1 +a)'

HEAA (Sala’), ) = (1), X RAHE X

(Sq(a®), par) = (VU a, puag)

JUES)

w=Sqw) =3 <m ._j)Sq(a”)

j
W iZRE AT UE I w FERIERE kTBR, WATFHE B = 1 0HEL X5 RP™ #1E
Stiefel-Whitney S THE B4 — 3, #MHA (1 + o)™ O
Example 4.2 BU M = 5%, W m =1, B ERGE w(S*) = (1+a)? =1, FFEX RP™ 240

I

T =g, BATE — DA ISR
Theorem 4.5

% Z RSB FT A Stiefel-Whitney 435 7 0. ©

IERR Z4ERIEMIATE Stiefel-Whitney FUN wi M|, wiws[M], ws[M], ——iHEEANI1HIA].
HoE

wi(M) = Sq' (vo) + 8¢"(v1) = vy
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43 ZR A

o

HRHT Ve € HY(M;Zy)  Sq*(x) =0, HRFERE XL
(vo Uz, piar) = (Sq*(x), punr)

E&U2:O’ )r\”J

wy(M) = S¢*(vo) + Sq' (v1) + S¢°(v2) = w}

ST M ORESRAETI, W (M) = 0, 44 frid 477Kl wa(M) = 0.

W [5] 3] _FTH ) =4 Stiefel-Whitney 0, ws[M] = 0, 1M wi[M] = v} = wiwy[M], H—J7TH
(w1 Uwg, par) = (01 Uwa, par) = (Sq* (w2), par) = (Sq' (w?), prar) = 0

W wy Uwy =0, WA Stiefel-Whitney %9 0. O
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4.4 FERGHELL

4.4 FERSIEL

Stiefel 1 Whitney BT A45HT 075 1 S EIR 1) H B0 T4 8 LU A ¢ 7] S 37 B A AEPE )
BEfS, TERTTRATC A AL T TUA RS R ARG 105, X — 5 3RAT5E R G R
BEAFERIE, R4 BRI E

% ENRANR B (A& B CW ZIREiK) i) n 4ESEm N, S48 F,
Stiefel FifZ Vi (F) & XN F HHTA k-FRZR AR B S . & Vi(F) N8R EI 2R 4E, T
BEI—AFEN, AE V(). MIAKEE H Vi(6) M—ANIEZHI A ¢ 1 & AT
AL B 4.

Steenrod & X T B—FERRE N H* Y B; 1, 1 Vi(F)) FIIICE, 15 Vi () £ BHI (n—k+
1) B4 A7 AR AR 4 HAY 458 — 520 0. CRLARY3E 7T 2% Hatcher ) ( Algebraic Topology)
4.3 745 “BRIFELL” AN ZD)

Lj=n—k+1, HiE5 o; € H(B;m; 1V, ;1 (F)) {AESE 52 Steenrod W T
SR 7, BFEME—AEERFAS b 10V (F) — Zoy WBEATAEHE S LR

heoy(€) € HY(B:Ly).

h.0;(€) = w; ().

F[8J555 Grassmann il G, ERJHTEA 47, HERE3.6, fEEEN n w2 f;, f

N
Elii

R AR
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4.4 FEOGEIL

QSRS R — MO 0 1 R, S S, TS
fj(wh T 7wn) = fl(wb T 7wj*1> + )‘wj

K ff = L R—AEHR, A=\, NOBL L

FIE G B n gEMN g =t @ eIt MBS 0j(n) =0, M

0= f'(wi(n), - wj—1(n)) + Aw;(n)
= [y 7)o i (V) A+ A (77
= [l (™), swia ()
Mo (7)o swya (V) BRIERR, W =0
FHERI A, =1, REFGEY j =0 W1EE, j <nBEIET, 5 Whitney Al E—A> en7
P [RIRE R 5 AT LLIE .
D€ = An KA 1E G (R ERIFREL % G (R 5 RP™ 2507, ) €% S FaEest
o {u, —u} T 7 R o YIRS AME N AR 4E.
BE B —NMBAT {u, —u} — uo — (uo - w)u, WIZBHITE {ug, —uo} LAAMEALIEZ. AT
uo N RP™ {1 n-gHAE R AL i, WEATRE T € 4E (n — 1)~ 28 B 1A EZ0E, HBE V()
16 (n — 1)~ 42 R,

MRS 2EIR T n GHPLA 7, VA F ~ Z ARG, W hao,(€) #0, W\, =1, fFIE. O

AT H AR LRI RS Fh 2R T IR, X R B AT B E el

1ZARATZ AT AT € [ NS Gysin 741 (IL2.5):
o H(B2) 25 Hi(BZ) = HI(E',Z) — H "B Z) — - --

XPATE [ TG DL, FRATRBEE Zy 230, FF5REH Stiefel-Whitney 280 Euler 8:
%[E B _HEES B — B, WM B EMLM . &%~ E€) = B xR¥ (2,1)
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4.4 [ERSFHID

(2, —t) AN BRI A0, Hod 2,2’ ) B RS RR, W B2 B AR

%. P S AE RIS e e — ke, AT LA 240 T AN E A 52 K Gysin 751
Proposition 4.6

sttty — €% 4& B — B, G4 TFEAT

e HITYBL Z) 2 1B 7,) — HI(B;Zs) — HI(B;Z) — - -

FEWF ST Stiefel-Whitney 2RI AT 18 T Grassmann i 5/ M, X B 7E Euler 2R 5
T, FATHFFFTIE I ZEE Grassmannn SR A E R B,

it G (R7HF) Sy RvHE (g ] n JEEB T TH A2k, 4 k — oo NI4T K55 5E Al Grassmann Jiff
GG, LTI A $2F+ 3] G, B RIE R n-F AR E M A A, ik .

Theorem 4.7
LRV H (G Zo) R H wy(77), -+ wa (V) 2 AREY Zy F 450 XRE v ’

WERA g 3.6, A . O
Corollary 4.2

HEEGREZRLGTEO@EL LA wi () =0.

UER B RREE, HYGaZs) = 0, WS wi(77) = 0, A ARTESLEIFHIE. O

TWHAERS—A> n 4ER]E A M &, B8 H R 485 —FafG 8

0,(§) € H*(B; 11V F)

y
|

TnaVi(F) ~m 1 (F—{0}) ~H, «(F—{0};Z) ~Z

WHY 0,6 € HY(B;Z), #m&AN1A
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4.4 [ERSFHID

Theorem 4.8
ER—/ICW BN LWTR G n e Eh, M o,(€) = e©) v

UERR BREBG n' : B — B, WATLME B/ EE XL o€, HERIXAN NG ARFR0, i

m0,(§) = 0,(7E) = 0
FEHP]E A () Gysin [T 471
H(B;7) 2 gvBz) = BB 7)
M o, (&) € Ker(n™) C Im(Ue), HUHFFE X € HO(B; Z) #11F 0,,(€) = AU e(§).
eI, XF A, FA7E N, € ZAFE1T 0,(7") = A\e(y™), FHEARM, X—BHm] e m n 4k
M EH 0,(8) = Me(§).
5 R 2y, BRI w, (77) = Awa(77), HIED A 974L.
on N, Ham2.2,

0,(§) —e(§) = (L= An)e(§) =0
ion EEL B Oy ST EIVIA, W idr 4.4, H
{e(7), psn) = x(5") = 2

Steenrod [FEFFUER T (0,(7), pgn) = 2, WIHBEN =1, SMAFE. O

g T — /56— Stiefel-Whitney ZRAE A0 FNEIG 617, 1200115 )5 H 18 i & N

PR Al 2, 55 e U=
Definition 4.2

MEE&Spin(n) £ SO(n) T E &, BAALETHESLT]

1 — Zy — Spin(n) — SO(n) — 1 &
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4.4 [ERSFHID

FATHE v A

Proposition 4.7

M A m HWH 2 wAR, KT Riemann EZ g™, WALZH M, T F, (M) R T,M &

FIEARRES R 0= (e1,-- ,em) MRBES, H4 F(M) = UpenFo M.
w: F(M) — M 8 &M s, EEA SO(m) & A b, TEayEAER, @ik F(M)
LA SO(m)-2 5 t5H, FHAR F(M) H M 8% @75,

EAE SO(n)-2 5 F(M) T AR H Spin(n)-2 5 % B Y wy(M) = 0. ~

UEAR X LS iz ar R K BUIE B, 4750 LLZ% Steenrod [1) { The Topology of Fiber Bundles)

WRA LmrEEF, WA a1 R Leray-Serre #7451 (RN A S Bott [ (Differential

Forms in Algebraic Topology))
0 — HY(M;Zy) — HY (F(M); Zs) — H'(SO(m); Zo) L H2(M;Z,)

Jie B R THAFAEVER B+ HY(F(M); Zy) FHBRFIERE—ADE4E LI HY (SO(m); Zy) = Zs
FRIERSTT 0 FIoeE, WIS, IERRTHHAETESE T f(0) = 0. 2R 1) LASHIE f(0) 75

4 Stiefel-Whitney JSfIPUS% AT, #L £(0) = wo (M), WUF 7 BRI, -

YENABERER, BRATRE —DLiEia H R OUR A SO FEASEES 141 1
Theorem 4.9 (Stiefel)

EEFOTEAZRAT M AT, o

WERA fEE A ST RIMEEFH R LR ARIEH T ws(M) = 0,wy(M) = w?(M). i
WA2RTH, wi (M) =0, # M W Stiefel-Whitney 283574 0.

ﬁﬁﬂ‘ 7T1‘/2(F) = 7T1%(R3) = 7T15’O(3) = 7T1RP3 = Zz,ﬁéﬂ%fﬁ‘l‘hﬁ OQ(M) = U)Q(M) = 0.
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4.4 FEOGEIL

WBAMG 2] T M B 4B 28 B0 Va(ry) 89—, BED 7 £ —4EF 2 ERIPIASTER
A SO

Vo (F) = mVa(R?) = m80(3) = 0

WX AN Vo (o) BRI T LUESRBEEAS ML, WED 7 £E M BRI TEREN, W my H
LR LT g W& RT oy BIIESZ AN U, 5 2P LK. O
Fsg b B EVESRATIE T DAL, AR ZRIE R Spin S5 #A KRR, LIS

2% Robion C. Kirby [] {The Topology of 4-Manifolds) .
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Chapter 5 [%285 Pontrjagin 2£

— BN A EARR IR UL E 5L 2 AR, B e
[ B M A SRR E X

51 ERENMSERF

ST M E SO S8 R AGE S5E 43R AU

Definition 5.1
st— ANt wE B Leya A o F - FE S B, WwRA%F An g EErih, Wk

wABMEENA (RARA Cr A) . sbilt, FEAHIR-FIACBRA A Asbay, MARA SN Iy

FESE R R AR U BN T 1 HAARIRR RS, Xt 2R EAME, XN RS

BN N, Hermite 4514).
Definition 5.2

2@ Z M w(B,E) LtHermite B8 #4&— Z 7| WA hy, : Fy(w) X Fy(w) — C(Vb € B),

R
(1) hy AFREMEE, BIXFVbe B\ ueC x,y, z,w e Fy(w)

hb<aj + Y,z + U}) = h’b(x> Z) + hb(x7 U)) + hb(ya Z) + hb(yv w)

Fo

hy(Az, py) = Aphy(, )




5.1 BrEMNS5EHE

(2) hy, REHTAREG, BPVD € B, 1,y € F(w)

hb<xay) = hb(yvz)

(3) hy 7%_!11%\5(3, Bp st Vb € B,z e Fb(w)

hy(z,2) >0 &

AL 1.1 A B IERATR AT BUA A A 1 & A B ARG B i B AR . Bk 4t

FATE AT OB IR T 2n 4ESE A B PLE S5 HIR1G 2 E 1A &R,

Definition 5.3

2n EFE@EL E LHEEN RIE—ANELERS J: E(¢) - E(), CRE—NFHEEX

PR AR B &, iR

J(J(v)) = —v,Yv € E() &

B 2n SR ¢ EHELN, WA F(6) LE LRSS FERRE
(x +iy)v = zv + J(yv), Yo,y € R

AT AR IXAE LT 4E Fy (&) b 0T R mESit, Hipi 2 [T ALt
RZ, #E T n BERFEN w, BRI SRR, WA 2n 4ESE

W%M, iEﬁE WR.

B EERIRE NS S 1) T KT 7€ [ 2544

Proposition 5.1
FwREmEA, W wg £ T E 6. .

W BV R—NMERGER &S0, WAL CHa, -, an Way,iar, -, an,ia, B Vi K
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—I XA PRI UE Ve IR T V KT 20T LU GL(n, C) ) —5K1E
BRERE, SR B AL IR R RE R SE A, B B _E S 1A B IS 2 R TR K.

Xt w B AN YEFEAT U0 EE IR A AL, B ARAERE— AN/ N rh ) DAAS 31— IS4
(R E ). DU FATT IR R BRAIEAE P A1 PLA AT SR A2 1 770 19 2L 5 [ 4 2 BRIV T

FHAZ AL PIAN 52 5 2 [l R AR AR 45 0 T G L(n, C) I—ANRIHT. 50K 52 2 AR 40 R ic A
A, FHEAASRAR AT FIR I SEEE N AEREICAE Ar,

detAg = (detA)* > 0

WU AZ AL B A B A M B A IERIAT AN, SO E ), AR A VEAS 2 40 0E. O

I EEME RN TR ERENTIN, X EERAIS B ERENESS. Bk N5E
C" 4R,
Example 5.1 U 72 C" {75, VIN N 7y, VIAREZE TU = U x C, H EARHE L

Jo(u,v) = (u,v)(Yu € U,v € C")

BHEX 73— U e C™ BIF 5, M0 f U — U’ AR BLE ST

dfy : TU, — TU},,» XERZE—ADSMEBU. ieit 2 F LM, thip
df o Jo = J() o df

AR fRRE4E 1 (IR ERITRYD

AR 1R B A5 5 DI S B GO  BA TR B A A i m,  w] DLFE B ERATTE X
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5.1 BrEMNS5EHE

Definition 5.4

—ANon RN M, ERA LA AEM T, WM WEERE, ok (M, ), JH&
A M L&yiRELEM.

—ANEZRF (M, J) mABRK, Flhf—%ce M, #EL c —ANARU F2 C* F

H—ANFEV, EFEE—ARPRAER U=V, LHL

dhoJ = Jyodh &

Hifr 5.1, BRI AT E F .

KEHE—MERR LGB RA WK e

Theorem 5.1 (Newlander-Nirenberg)

WERR M L6 5254 J feas b b 8 4 M Y HAX Y Nijenhuis(2,1)-3k€ N; A 0,

‘#’

Ny(v,w) = [v,w] + J([Jv,w]) + J([v, Jw]) — [Jv, Jw](v,w € T, M)

HMAAMSERARAAR)E S W] UISIER R IE: HAE M MR (U}, N o #AFEE
XL C I TFEE Vi, FIT FIE he 2 Uy — Voo HEASMERER o, 8, H

hﬁ o h;l : ha(Ua N Ug) — hg(Ua N Ug)

YEN C" PN TSR 8] (RS 2 2= 2l fh, W M B B 45#:
M ERI (M, Jo) (N, Jy) Z G f ARy S 1, W2 dE

dfOJM:JNOdf

SR M B S KRR BB, BATTA T Y i

Proposition 5.2

stEBGE LR M, Ff:M—>CRELY, N fRFH
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5.1 BENSEHE

el

M5, WUFAE 20 € M AERS | f(2o)| WA KM, id a = f(zo), WHER [~ (a) £HK.
MA M #E®, JFFUE f (o) 2T

R z e [ (a), BOLRIE (U, ¢), WA
g=fo¢ ' :9(U)—=C

e o(U) LRE2it i, H o(U) ZITH.AE [g(o(2))] = max If(y)| = ki lg(u)].

M KRB, g AHEL & fAEU EREE, WU C f(a), 8 f " (a) IR, MR

AU IE. O

HFXERE M, BATE TM ERT T — A J 4458 J2 = —1d, XFRAIYIA Te M,
BATH AT DL AR IESR J I X J(aX) = aJ(X)(a € C). XF TM FIXHEN, HRISTIM

T*M, Baf PLin T @ X J:
(JO)(X)=0(JX)(0 € T*M,X € TM)

FIRER AT AR AL R VI TEM = ALM 15 SC J L

AHEF XA I ERSR R E L, R J? = —1d, #ORT J ARHIEE £/ 1

18 Te M St RARFIEE /= 1(—v/=1) BIRRIE S [ TVO (M) (T M), TeM Hsxt RAFE
{8 V=1(—v/—=1) BIEFEZ AR TV (M) (TO M), ALM FXEREFAEE = 1(—v/—1) IIHFIE
2L AVO(M)(AYT M),

WEARE TeM = TYOM @ TO'M H TYOM = TOIM, FALM = AY(M) @ A% M A
AVOM = NOTM,

B, & AEM = {0,A-- N0y - 0; € AEMPAPIM = AOMA- - A(AYCMYA(AYTM) A
(AT, HA p AN ANOM TR, g A ACTM TR FR APIM R RIIERCA (p, @) TER

FIFH & FRS. LA HESGIE 40 R R HETS BT
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5.1 BrEMNS5EHE

Corollary 5.1

(M, J) B—L RN, AT eAFH:

(1) J 487 M L&y 5 4H.
(2) TOLM & TAR4Y.
(3) dT(AYOM) C T(A2OM & AVLM)

(4)dT (APIM) C T(APTH M @ APTLN) o
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5.2 B

5.2 FR3E

S5 AR, AT AT PAE L& Grassmann B G, (CHF), FIFER] DLGHEE & nk
YR, JAMB AT LUE L G, (CrHF) B BTEZ M A (CHF), Rl #5 n = 1, W Gy (CFHY) =
CP*, i 4] A CP' ERyHyuLE M.

5 Stiefel-Whitney AH R, FATIE IS A B H 77 Aok e R

Definition 5.5

HE— A 4 LB w B R E —F ERAE c(w) € HE(BW),Z)(i =1,2,---), &

A EMBEE, £ W) (i=0,1,2,-) #HEI T AE:
(1) cp(w) =1¢€ H*(BWw),Z), H ci(w)=0( >n)
(2) f:Bw) — BW) ka TABI w— W, M cew) = cw))

(3) & wHe o A AR G Z ], W

crlwdw) = Z ci(w) U cp_i(w')

(4) 3t CP' L&y &AL, A (7)) £ 0.

WIH 55T Stiefel-Whitney I —F£3h, & EFRE N
cw)=1+c(w)+- - +cu(w) € HH(B;Z)
BRI T ZE MG £ & BT VY 5% A BRI BR .
T n EEREN W(E, B), €X Ey=E - {0}, WEAITEE, L n—-14EHE
M wo ﬁﬂ?:
Eo 1 aE— s v U w BN F i — DN ERRE o 7 ERR. K w FEER T

Hermite 4544, wo £ v ERIZF4ERE SON v #E F A IIESCHS. BT RATIEY T wg £ RE Y,
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5.2 B

AT LA ST, Gysin 751
o BB Z) %S H(B; Z) ™ H(Eg; Z) — H- (B Z) — -
Xfi<2n—1, A H™(B;Z) = H=>*Y(B;Z) =0, Nk
x;: Hi(B;Z) — H'(Ey; Z)
DN [RIAE. AR FRATTAT LA 3 AR 2K -

S nEE@mESw, S TERn FHRE L d(v) € H¥(B;Z):
HhE A RBHEE (W) = e(ws).
sti<n, W HY(B;Z) — Hi(Ey; Z) R AMFEHE L (w) = (m5) 1) (wo).
sti>n, 2L d(w)=0.

BB d(w) =1+ (W) + -+ + &, ().

W) dm £ S (w) A TR R - L.

SRR % 2% A B
BIF PEBH AR w — o RIEXYERGEAT AN, B 0 < n WL EARTE, T2 w A
w' A n YERT

n B2 B ARYEH Euler 2811 B 281 AR AL

MBS w — o e EAETR TR Z AR fo : Fo(w) = Eo(w'), M fo KA T
RIS wo — why, B ERBE

ci(wo) = f5(cj(wp))

MIE ¢ (w) I ch(w) MESL, B
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5.2 B

S TR A e
Eo(w) —2 Ey(w)
B(w) —— B

1

ci(w) = (m5) " fo (cilwp)) = £*(m6) " (cilwp)) = f7(c(w))

BMNE  HECPF = G (CHY) _ERHIELE I 41 (CHY), 2 B Gysin R HH1EZEF ¢ (41 (CFY)) =
e(vg), H

o o HYY(Ey Z) — H(CP*;Z) 2% Hit2(CP*;2) & H*X(EyZ) — ---

He By = Ey(yY(CFY), B (CH Rl F S EL, ZEL ENIEFEHE ) 20
Hatk, WERE CH! —0 %M, WAL S FHERFEGR, # MK Gysin 7 HI# A
(0 <i<2k—2)

0 — H'(CP*;Z) 2% H+2(CP*.z) ™ 0
it HO(CP*,Z) ~ H?(CP*;Z) ~ --- ~ H?*(CP*;Z), H H*(CP*;Z) i ¢, (v*(CF1))! A k.
FEH AT LAERH HY (CP¥, Z) ~ H3(CP*;Z) ~ - - - ~ H**~'(CP*; Z). FE X FIH Gysin 751
.. — HY(CP*;Z) - HY(CP*;Z) — H (Ey; Z) — - --

W HY(CP*; Z) = 0. #it CP* [T A & 04 L IRA#EN 0. 28 LIRAS RN T 45 R

Proposition 5.3

ERAZR H*(CP*Z) & 2 47 c (v (CHY)) ey skl %R XK, & 2k +2 47

A 0. LBp

H*(CPY Z) ~ Z[o] /(o) (a=cj(+'(C"), |o] = 2)
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5.2 B

CAIE /At R Wi Eng = ANIEZE
EZHK NTRIEFH =60, RATHEEIISHHEDR] “ A N7 BAznpg B AR, T

#5382 Grassmann i G, = G,(C>) M _ERJHIEN »* 5SZRIERABET E . BRI

IHF Qs 3“3 A" K.
Proposition 5.4

HEEGREZN B LM nfEmEA w, BAEABRGN WA G, LA " o

Ay S 3FRATISLEN A H*(G1(C®); Z) 7/ ) (y") A i) 2 TRk, o — b3 A16 @
ghit, SErfE L

ERAR H*(Go(C®):Z) 28 c(4"), -, (") A Z B TARK, BNz

BFIERESF O

WERA 3IEXS n 34, EERATC A4 T n =1 KER. MR n > 2, F& " XN Gysin
hll

= HY(Gpy Z) =2 “ = HV2M(G i Z) — 0, H™"(Ey; 7) — HN G Z) —

Eo HH— R (X, v), H X 2 C° i) n 4581, o2 X PrdEZFmE, W
ES f(X,v) = X Not, HA ot & o fE X FRIEZH (C° L4l MK T #3E Hermite B & :
(01,03 - ), (Wi, wa, -~ )) :i;ilv,-m) .

MIFRATE LT — ARG f 2 Ey — Gy, NIFIER f 520 E R RS EZ R
4.

TESLAM(CN) 2 78 CN _ERIRRE], ML fv 0 Eo(v(CY)) — Gno1(CN) N f HIBRHI, W4T
FLY € Gy (CV).F5M(Y) HFTA I (X, 0) 4LA, Hit o £0 € CY A5 Y F]E, X = Y +Co.

HERATTRT LA £ B9 BRI S

E0<wN7n+1> — Gn,I(CN)
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5.2 B

Hrp oVt 2 G, (CY) EEREN, HER—1Y € G, (CV) L4 Y /£ CN
[P IEAZ M.
HELE N 1) Gysin 751

Hi_2N+2n_2(Gn,1(CN);Z) — H"(Gn,l((CN;Z)) N Hi(Eo(wN_n+l);Z) — Hi_2N+2n_l(Gn,1<(cN);Z)

WA <2N —2n i, fy P30 LR RS RS, 54 N — oo BEMKR, 74 f 1
753 A A R, SEATAT BAE o 1) Gysin RIS

o HY (G Z) 25 H P (Gi ) 2 HY2M(Gh13 Z) — HYY (Gi Z) — -+ -

Horp A= (f) g, NHEFRATEM M (v™") = (v ).
i=n BRIREOL, AWii < n. B < BIESCATHL mici () = d(g). X f : By — Gy 2KH
TGS Ao — AL, MEEESE A
(V) = () mpd(v) = (F) () = G
NHEAHEANE R, B8 H (G Z) /W ("), -+, d (7Y BRI, BN =2

UES)

0 — Hi(Gp;Z) 2% H¥2 (G Z) 2 H2(Gh13Z) — 0
XY ¢ HANIERH Vo € H2"(G; Z) ATUME— RN ("), -+, (™) I Z TiCRI AT
WEREW v € HY™ (G, Z), HRT n FIEGMEB, FAEME—HZ2 0 p 15

Mz) =p( (") (")

T 2 —p(c,(Y"), -+, i (v7)) € Ker(N), S TEG S, T7HE y € HY (G, Z) 15453 = = yud, (7).

PR T @ BIAANER, y T AME RSN Z I g(c (v), -+, (7)),

r=p(c(v"), i (0") F e, (vl (v"), e ()
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5.2 B

ME—VE ARG, 7R NS, HAFE. O

FEGN B eSS TAR 2 Ja JATRIGUESE =26 A B, W E) Whitney R A: c(w @ ¢) =

c(w)e(¢)). BTN TT EZa T A~ 5] B

Fe" R B=DBw) LW FLEELREL, WA d(wdek) =d(w).

Q

WEER HEEHRE k=1 B E, — RS ER R T 905 A HEIE B,

Ho=wdel, Mn+14EMN ¢ FAEFHIM, WHmS24, H
Cri1 (@) = e(dr) =0 =), 1 (w)

Xt i <n, &s:B— Ey(¢) NAEE#T, WERETMNEY w — ¢o, N

s™ci(¢o) = ¢;(w)

&=

ci(w) = s*myci(¢) = ci(¢)

MAFIE. O
BAERE—EZR L AR Dy = Dmn(dh, - iy ), A AL R Z1E B
ryrE mELqELA R n EEmEL O, HE

(WD @) = Ppmm(c1(W), -+, (w); €1 (#), . (9))) O

ij—_EEH /—\';'E)Z 7 - Gm X Gn — Gm ﬁ%ﬁﬁ\iﬁﬁ% ’Y{n = W*(’Ym)a IEIEX'_E’X T $D ’73 = W;(’yn)’
M v @ 3 ALY ™ x 4™
i Kunneth AXA [ H* (G Z) @ H* (G, Z) ~ H* (G X Gy Z). 8 H* (G, X G Z) 52

—MZ ZBEEI, BTN (). () A < i <m,1 < j < n), BAEME—ZIX p,
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5.2 B

T ®Y) = P (L (), () 1(W), - -+, L (3))

M54, St f: B — G, flg : B — G, 18 f*(v") ~ w,g*(v") =~ ¢. E X

h:B — Gy x Gy b— (f(),g(b), WA HEHE

LN

G, <—G x G, —5 G,
Esy

d(we @) =h"(d(0 &75)) = Pmn(ci (W), -, (W) c1(9), €, (8)))

FERATEAE S pr . 5 m+ 1 J398;
FMEE (7 @) = L+ () + -+ (7)) +A(3) + -+ ¢, (18))
HERE G x G, LT 47t et [l Az, 5] #E
O @ ) = Paalcd( @), (00T @) (), (03)
H 51 #5.1, Whitney fl_E—ANF LAAFZI ¢ 2, H]

m—1 /

C/(fﬁn_l @72) pmn<cl(71 )7 7Cn—1<71n_1)70; Cll(WS)? 70;(73))

U Fi VA 1R 5t
(€l s g, 050, ) = (Lt e )L e 4 )
i
Pn(Cl e O i) = (L 4+ + )1+ 4+ ) mod ¢,
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5.2 B

seaRLUM, H
Pyl iy )= (ke A+, ) A+ ¢,) mod E,
JUES)
Pmn(Chy oy Ci ) = (L )+ + -+ ) +ud,
B w BAUNERI, B A @ qyg B2HRT 2(m +n) 4EMIERRRE, BATE.

X R, A

Cmin(W @ @) = e((w B P)r) = e(wr © Pr) = cm(w)cn ()
AT v =0, WA =1FZ|5IE.
2% L RATEAER T e 5.2, WANERATMIE 1) ¢ R AR EE IR, ME—VEIIE B S Stiefel-

Whitney SEHIME—VEIER] — 3, 7ELLAIE.

MRt HARED L e X520, Bk Griffiths /Y (Principles of Algebraic Geometry )

FEART I m 20— R R R R 6] 1
A n fERAEN w, HEENMG 5 o GAMHFEMBE20E. RERARE, BF “Hk

“II R LR

Proposition 5.5

stngfmEbw, A W) = (—1)rc,(w). EmA

c@)=1-c(w)+c(w) -+ (—1)"ch(w) N

N wBHER— N4 F, M4 CH oy, v, WHZETHIRIE, vy, iv1,- -, v, 00,

se Fp —HE, HEH T we BEE. FFE o, —ivy, -+, 0y, —iv, WEH T wr —4E M.
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5.2 B

AT HN G R n EABEUN AN E RIAHE], A 8O A € AR e, T
(@) = e(Wr) = (=1)"e(wr) = (=1)"cn(w)

XFi < n, HBRERIIE cp(w) = (75) Lep(wo). R wo &5 (w)o ZFMIN, #HHg AT

(@) = (my) " ew(@s) = ()~ (= 1) er(wo) = (—1)*cr(w)
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5.3 Pontrjagin 28

5.3 Pontrjagin 2

GE N n 4ERIREMN (B, B, F), BATKR DY F i TEL, WES SIS
mEMN, HE—PMF4ERN FoC, BAKIZMNLE o C, FRoNEHEMN ¢ HEKL.
AMEHHT FQC=F&iF, {QCXMNESEREMN (€@ C)g 5 Whitney H £ & £ /2 [F]

. ® C EMBEREE MG T ¢ @ ¢ ERNREH:

J(l’, y) = (_ya :L')

EQC HERAXIM (@ C ARME @

WEFR Bz +iy— o — iy B E(E@C) BREIE S B2 R-EZMER, MAH T eCRCL

EESIEEA) [
IEFSISYTES

c6RC)=14+c1(ERC)+(RC)+ -+ + c,(E®C)

Hifim 5.5, A
(€@C)=1-¢1(ERC) +2(RC) -+ + (=1)"c, (£ ® C)
N HME, W e (§ @ C) BN yo. ZBgixE oo, TFHIEAI% H Pontrjagin 51 &
X.

Definition 5.6

st EFEmEL E, F o0 89 Pontrjagin Kp;, € HY(B;Z) 2 XA (—1)icy(€ @ C),

= Pontrjagin 3£ 7

p(€) =14+ p1(&) + - + ppy(§) € HI(B;Z) Iy
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5.3 Pontrjagin 28

HIFRSEIPET, B a3 1L A5 2

(1) Pontrjagin X 27 8 SR L.

(2) #-F L b, A p(€ ® k) = p(€).

Pontrjagin 2] Whitney 2 XA T-FRISIH 72— €2 1E.

Theorem 5.4
pE®n) & ppn) K2 B LR &, LB

2(p(E ®n) —p()p(n)) =0

1UEEA HIBRZER Whitney FH A 2

alEen©C) =Y al¢@C)neC)

i+j=k

HRE BRI, W)

(€D ©C) = Y e ®Chey(n@C) +u

i+j=k

H o ZFBYEGENAE, NoPoo, WiA&RE (—1)F = (-1)/(—1) BIELER. O

H AT E3RATT RS 7 =R E A, 73 il — sk i AT E (R SR AR B, 3T

A L EANTI R TSR Z AR AR BT RATN e EMN ¢ ik, [(E 7T EREA(0C,

AE SR EM (@ C)r. FHFRAINE &8 MFFIE.

SMEFZEmEA W, rQCH waw RM.

P R w AN, AV = Fe, WV aV FHERELEH J(e,y) = (v, —a).

DNFEE g F—-VaVew (v,—iz) Mh: F - VaoV,rw— (x,iz), BN EL&NE

HASEHILEPE ). SUERE (2,y) € V@V = V @ C AT LIS — 5 BRELZM g(Z52) + h(252),
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5.3 Pontrjagin 28

WERK YV C~FaF.
HT FRIEE N4, MANAAMN wp 0 C~wdw. O

G AR I S = A A R S 5 B

Corollary 5.2

MHEEn LG EL w, HE (w) BB EE p(wg):

l—pr+p-+()'po=0—-c1+c- -+ (—1D)"c,)A+c1+ca+ - +cp)
HA

pr(wr) = cr(w)® = 2cp1(W)es1(w) + -+ +2(=1) T er(w)ean-1 (W) + 2(=1) ean(w)
= cp(w)? +2 Z(—l)ickﬂ(w)ck_,-(w)
i=1 @

¥ S RE T

EHnETRAKOEL, W (E0C)r 5 o A, LHARHREASEERAT g

89 415, 0

IR € — R, BT vy, o WIERT vndvn, - o, don BT (€@ C)r
) ST A7 P 3.

EHMNFEW F@iF ~FOF T, v, v, MRE-NREEEFE, v, v, X
FEOARIGA T, MATEHEE (v, vn v} B (o1, v vy v} 05

n(n—1)

b, RBTAIAY (1)0m0H0-D = (DS i =

E Ak ETRALAER, W pu(€) = e(O)2 V)

72




5.3 Pontrjagin 28

WEFA HIE X

pr(€) = (—1)*car(6 ® C) = (=1)"¢((§ ® C)e)

S5 #E5.6 AR AL ZE ) Whitney A A =

e((®C)r) = e(§ ®E) = e(€)’
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54 BiFBIFE5HE
W SETRATHE LA B HO B SSR Pontrjagin 25. 56 £ BRI

Example 5.2 %} T n EERIIFIVIA 57, X vt ~ m@el & F LR, BT E5.4, p(r?) = 1.

T HEFATRS IS B 55 .

st CP" 6935k 7, A o(T") = (1 — @)™, Fd a RES3F Y (v (CHY)). v,

IR & w2 CP™ EIJEZE N A (CHY) £E C g IESS AR, A 51331 —FERHIE,

CIRYEE
7" = Home(y'(C"),w")
|
7" @' o~ Home(7'(C"), w") & Home (v (C"), 1 (C™T))
~ Homg (7 (C™),e' @ - - - @ 4 (C™H))
~ Home (7' (C"™),e") @ - - - @ Homge (v (C*T1), e')

NHTIMEEREMEN w, G F, vy~ (L) ST F 2] Home(F,C) Z[A]

MR, WMo

AN w =AY (C ) Ipsia B, A

2 TC) &+ & 7T(C)
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54 ARG 5THE

gt A 5 HS. U Ay S5 ] 4
(") =c(t" @e') = (c(yH(CrH)))H = (1 — ea (7 (CH)) !

AN o BT, O

Remark B _EHEMTFRESLAE ¢,(77) = (n+ 1)(—a)", W Hmrdidd, H
X(CP") = (e(7g)), pzn) = (n + 1)(=1)"(a", pi2n)

SBAVRIE x(CP") = n + 1 #UAT (0, pon) = (=1)"s BHE B ((—0)", pn) = 1. B FRATER
(—a)" & H*(CP"; Z) i1 S RERHRE 1/ .

Proposition 5.6
# CP" #93bh m Ae k < 3, A pi(rg) = pi(CP") = (")) ", N

WEER B BB ERE, (™) = (1 — )™, WA GBS0, FH

L=pitpot - +(=1)"pn = (I=erteat - (=) ) (et Fea) = (14a)" 7 (1—a)" = (1—a®)"

N 2s]
Ltprtpo+- 4 pa = (1+a)"H
W pe(CP™) = ("1 o, O

T FRATIN4H T Stiefel-Whitney %, 1X BLIRATZIE 5] NFREA Pontrjagin EIAE S
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54 ARG 5THE

Definition 5.7

K™ A —An 589 % LA, m BRI, o, K5 LRSS AT 2 8 % A R

£ MAEZEn 69X T = {iy, - i} (RELLS), =X EF [-ThEA

cr[K™ = ¢y o e [K™] = ey (77) -+ - i (7)), tian) &

Definition 5.8

MY A=A n gy BT R @ KR, " AEIA, jy, AEEKRAE NIAEE n 6

RN T ={iy, - i}, TXHEF I-Pontriagin £ 5

pr[M*™) = pi, - pi, [M*™] = (ps, (T*) -+ i, (T*7), pran) &

T 1EERE KLY ERE DR e [KY; N Z4RRE K2, JRAWNHRE K2
Ferer[K?). E—fcth, %t n EEWH K°, BA pn) MEEL pln) 2 n BRI

AT AT LU 53— il A o 3L R -

XHER n 4EZRIE K™, HYIAATLAESR]5H A

[ K" = Go(C)

A () = WK FEARFRTRZEE BT p(n) B E B Abel B Hap (Gn(C); Z) FHI—A
JCE [fi(p2n).

[FIIT HEEES.3, H?(G,(C®);Z) 2 c1(7"), -+, en(y™) AT 2n 452 TiAE, HERD
B p(n)s FERNFTAN ¢y (V) - i (), FH T = {iy, -+ i} A n BRI

W THE fi(pon), AT EIHBTE I Kronecker it 5

(e, (") - i, (V") filpzn))

EVEE R HL bl

(f*ei(Y") i, ("), 2n) = ciy -+ i [K"]
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5.4 BARMHF5iHHE

P CAUE T IR 0T U T8 E [RIR R £ (pan).-

Example 5.3 X[ & F 522500 CP", @@H5.545 HHBREAN () = (1 — o)™, FARFRAMIEE

WHIE (—a)", p2n) = 1, A

o et [CB] — (1) (n: 1)0/-1 () <n: l)a@-qun) _ (n: 1) (n: 1>

SE4Rlth, TILAZA H CP*" [T Pontrjagin %

2n+1 2n+1
i [CP?) =

BUEXS—ANRE I 4n ESCRIE MY, SR € F, I Pontrjagin ZREIfRFFAZE, {H

FARF SRR [, MIH: Pontrjagin #ox N HARSEL, TRIANTH

Proposition 5.7

o R T 2 16 4n R IRFS M AE R4S Pontrjagin ¢, W M ERTT A REE ™6 A %

»RIE. N

Example 5.4 515391115 7 CP*" ] Pontrjagin ¥, SARAN 0, i CP*" %A 45 1) B i
73 TR .

77



54 ARG 5THE

T AT X R 2 T R AI A RO R T Pontrjagin #, 1X — BABAEA T U5 F 870

R FREEIAIL BRI H— A

Definition 5.9

(1) kRIS T =iy, i A LRI T =1, js, MR S0 X Tk

IJ =414, 41 s
A kRIS AR R RIATE T, BPATA AR QR A R 5 AR 0 AR R — AN S
& 4HH,

(2) F—ARIG T =iy, iy, T8—AME RIGH XA - L, £ IR 6%

I

77 *

Definition 5.10

—ANBAK f(ty, - ty) €Lt -ty ARG, BCEL, - 1, G—ANAEHETHK
BHFARE.

A SR 5 A XARMBROFR S 25, Bt oy,- 0, AEXEFHSRAKX, W .7 =

BB RTRE T, WRET Z[ty, - t,] F= F B RIAEH, KT T 9REH

AL, kRIS N SN BRI S = ooy i, i, RHE R S ERRAR

P

idn ANEEKGXS ).

BASZRAX f g MABZEM 6, F g Thdd f 265 EEA - t, WEBRFH. T

SOttt AR G 0t FME S AKX AAR e, Flde o =Y by bgs Iy

A Fid S AR I N 5] 3

{0t ag, o e, REWKETARDL n RIS} Mk S g —m A
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Definition 5.11

X‘j”fﬁt_‘%k éﬁ%“l]%\lzlh ;ir’ Ey‘n 2 kﬁf?‘niﬁ’?ﬁkﬁ\%i\ﬁﬁiglﬁi& 01, ,0k
RAEM, WHE s = s, HBR—HE
S](O'l,"' 7Jk> :Zt?tﬁ

Wk ASAK, ZR s RXEn RRAE, Bpk) AEAX s; MRT S 494,

MEER B En g EmEbw, BEHREN =141+ -+, MIEEE >0 Ak

BRI T =iy, i, TR s;(cy, - ,c) € H¥(B;Z), &MF ez LRALR sI(c).&

Thom %5t 1 W1 F KA A 0.
Lemma 5.8 (Thom)
si(c(w @ w)) =3k ss(c(w))sk(c(w)) 0

WERH RS Zty, -+ tan)s ok Nty ety BIZEARZ I, o), Nt - ton XTRFIZEA
XFRZ T,

K&ty ton RN FEAISRRZ T A R ZHIEW]

31(0-/1,7"' 70—%) = Z SJ(017027"')SK(Jllvo-éa"')
JK=I
HE X, si(of, - o) ST ATt -t KRR, Hla, - a, N1 20
HOAS [ (50 AN IR RE B PRI, B J(K) AT 2 1 < ay < n(n+1<a, < 2n) 14,

IR E], MNRAR JK =1, HB—MIXFER J, K XN BRI 2 F N
SJ(01,027"')8K(U§,U§7'")

HBAR w2 JK = 1 X5 J, K £ BT R AE R IR e, WA IXRER J, KR

RIS 25 5L O
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54 HARmsl 55

Corollary 5.4
se(c(w @ w')) = sp(c(w)) + spc(w)) 0

BUEXS — A n EREHRE K™y SR n 80309 1, € 3 si(c)[K™] (BRSO s/[K"]) N

(s1(c(7")); pan) € Z

S][Km X Ln] = Z S]l[Km]sz[Ln], ;H\;‘:P 11,12 57\;”7,7 m 77:‘3 n éﬁ%ﬁ’]h\
I Io=1
112 Q

WEER m A K™ x Lr 58 @ s, WA
Trmxpn = (W] Tgm) @ (T5Tpn)
M5 BE5.8, FH

si[K™X L") = (Y sny(e(mimiem)) s ((T571m)), am X pian) = Y (51, (Tiem)s pram) (51, (T ), pom)

T e S B N AT, AR M, AR O
Corollary 5.6
SHAEFE L RABRR K™ X L™, A Spin| K™ x L] = 0.

EREIB T 5[] BB AFERIE S R BHEE —DNMRERES S R N E 2 B

Example 5.5 FRCE B EH ML CP", FATHIE RN ¢(CP") = (1 —a)™™, W e £RT
n+ 14 —o FEEASFRZ I, WH s; E XA
k

sk(er, - yep) = (n+1)(—a)

M 5,[CP"] = {(n + 1)(—a)", pon) = n 4+ 1 #0, B CP" ANEEDZEH A ZRIE I TRFL.
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FERREIA RTIR RS, FRATKIE BRI Z M2 A Ltk R 21, Betb &R an T

Theorem 5.6 (Thom)

Koo K™ AR s, [KY) # 0 89 8 RA, W pn) x p(n) 4E14%

(Ci1 .. 'cir[Kjl X oo X KJS])

AAEF TG, EF {i, - i}, {1 ds) BART n PR RIS

UEFR RS AR B 45

SIET oo x K = " s [KP] s, [K7)

I Ty=I

W sy (K- -ox K9] %, BRAET & gy, - -+, g BOINEH, $50, 2 < g B0oA%E, W

BRIV = A0, R R R, T 6
5i1,~-~,ir[Ki1 X - X K”] = sil[Kil] "'SiT[KiT] £ 0

JUIESIN O

TR R TR ARS8, X T Pontrjagin A1 Pontrjagin Z(34A RALHIHE. XT B
bszmEMNE I s (p(€)) = si(pu(€), -+ ,pr(§)) € H¥(B;Z), LIZlgl Reix 5.2 51
K, ANEHLAHIEH:

Proposition 5.8

(1 si(pe®€)) 5 JKZ_IsJ(p(@)sK(p(g')) £ FEAZH TR 4.

(2) s;(p)[M x N]= 3= s;(p)[M]sk(p)[N].

JK=I

(3) M4 -+ M*™ AT % @ FifHH si(p)[M*] #£0, U p(n) x p(n) 4%

(piy X pi, [M1 X -+ x M¥2))

R AE A 89, o
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5.4 BARMHF5iHHE
FEARTT 1 )5 AT Pontrjagin ZEH N A, B [A) BC L (0] @, (B2 FRATTHE 3.2 A

Stiefel-Whitney T 781 AN TE [ Bt 122 28 1 ] AL 3% L JRATT 8 5 75 247 20 5 1) FC A i) et ) ik A

.
M R AAERFER, Wi —M Jy MG FARE RS BITER, M + N A% M fI N

SIS

@ Definition 5.12 |

A n 5T R @ RRY M A= M A EEES 49, RETR—AEEELE, 454

BE—ANENTE@RARTY X, 750X KRFPHEFEm) 5 M+ (—M)ZaARE S

o FE, s

SAERIEEARM, R

Proposition 5.9
BFR—ARARLER—ANFNEE. 2

WA B M+ (—M) 5 M x [0,1] (I 5 2Z A TR E W o R, #0A B R A

M+ (—M')~0X, WM+ (—=M)~0(—X), BAXFRIE.

M+ (—M') =X, M + (—M") = 9Y, WY ERAE e # A k1 X f1Y 7
DA A LA T M 5 R E l— S g BRI, R M+ (-M"), Wh
(LA O

WAEL Q. NFTH n 4ERTE I E MBCLR 2 AR M RR AR G, HERANRIE SUT N Abel
B, BN RIEXS NI E MR, RIS (M, M3) — M™ x My 45 3 7 R A2 3 3L

zﬁ‘fiﬂy%ﬁff Qm X Qn — Qm—i—n’ ﬁ&?ﬁ”
Q= (20,21,Q,--+)

BA D RIAEER, HAED R X M x My = (—1)™" My x M™ N ]38 .
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B S e 33—k, RATE

Theorem 5.7 (Pontrjagin)
EM* R—AET R & 4k + 1 RIRF AR, W M &FTH Pontrjagin 37 0.

v
WFRA 5 H3 35, AL A K. O
XHT pr[My + M) = pr[My] + pr[Ma), SLRIH
Proposition 5.10
stk gEERI S I, A MY — pr[M¥P] 4 B T Qu Bl Z 8RS, o

ghiatmdl (3) FITFRT Qu HIRRH—N N FAG T

PTA 0 AR CP x - CPr, Hp iy, i, B kX5, MIART Qu PRAEL

LWRE, U Quy GREDH p(k).

Remark 5L F, Qq BFEELE p(k), HARIEY] R 2 Thom 7 [E]44 JSHIA, A LAZ2% Milnor [

{Characteristic Classes) HJZ8 18 7.
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Chapter 6 {5 JLIATAYTRE Z0IR

6.1 ZRE5EXZHN

FERS JUART FR 3RAT TR T 1) ) B IS B A D MR 2 A, b FRATIZE OB Il & A 5 X
Definition 6.1

SR G R E(E, M,n), & EF M ¥BHXBAY, LAEY 1 f2B3F LS hy 4

ARFE, WHRE A M EGHBEIEMN, REHREZALFEGZA. s

FER Y U, B REARTT TN R —, Wk ERIERE R AR 4 T de Rham

A, EH5AREERIN R R BRI A4 0 1) de Rham @ BESE[A] Tk
Theorem 6.1 (de Rham)
Hjp(M) =~ HE,, (M;R)(Vk)

sing

SRIMTAIE LRI BT, AT RSLPr BB SHIIE, #E5C de Rham L[R]3

b Fo EE NG, 11555 595510 de Rham L1822 18]t Poincaré %4 {15k Rk
@ Theorem 6.2

HEE m fR MR AMEE b, KRS

MWH%wn+&m*wmme&w3@wAm

R —ANFH.

FIRATE RO R (M, E). BT Lh i R4 E 3Ty O (1) FHeF 4 %%
de Rham _EFIERE 02, (), HH@EER 2 B RE, (EIRSITER T4 R B,

AR F B OB, AT — RS T B SR R e i R — e RS, (AR
TATBASE SR I “YSEF A 280 7, 0 (E) — Q- (M), {EJy “Hety” JESHIELL:



6.1 5 E A

Y E RN, BN E=MxR I, W E _ERTERLARE TR PG
() FA1E ¢ & M ERTEARR A o B MREL f, RN
(7 @) f(x by, -+ tn)dly, - - dty (r < n)
B 4% A o RN 0.
(il) F71E ¢ /&2 M LR R EA o SR f, 20N
(@) f (2, by, -+ ) dty - - b,
B SZIERIE w0 FIEA ¢ [on [ 60, -+ L) dy - - dty,.

F4 EN—RIE RN, BT AR {U. ), 4 M 1E U, M U BRJARSR N
Ty, T MY, Yy EAE Uy M Ug EIARR N -t Flug, - up X E _ERITER w.
1 o I E SRS, BIRAE I 0. T, 2 wa = wer(pny W

Wy = (7T*<Z5)f(l’1, e T, YL, 7yn)dt1 ceedty,

BRI & CHAER N

TeWo = @ f(z, t)dty - - - dt,

Rn

A PAAGUEIX AR R BRI E AL Uy N U ES2 B, WFEASE T 7w, B8

e ERd S, JATHERI TR RS A R

Proposition 6.1

R RAMIEBHBX, wRBE LESESIHHBX, WA

T ((7*7) - w) = 7 - Tw N

th TIPSR R — AR R, SORETR B = M x R™. %5 w S0 55—
Bk, B

w=mn"¢- f(x,t)dt;, ---dt; (r <n)
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6.1 JTE XS5 E R

UES)

T ((777) - w) = m (7" (7¢-) f(x, t)dt;, - - dt;,) =0 =T mw

# w e e, Bl
w="n"¢- f(x,t)dty---dt,
]
W*((W*T) ) (.U) = 7T"‘(7T>k(7-¢) ' f(x7 t)dtl e dtn) = T(b f(l', t)dtl s dtn =T MW

R

WA o
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6.2 K&K

4

6.2 BEX4ZSHAZR

S EIBAS ,  SHOR  (.

2+ () /,.ﬁ/ M L&y () mEAE, E LOBE R—AERET VE . (M, E) -

QCHY(M,E), #EMEEN W Q(M),s € T(E):
VE(ws) = (dw)s + (=1)¥lw A VEs
AT X € T(TM), =X
VL T(E) = T(E),Vis = (VFs)(X) VseTl(E)

HERL VP B E X S

HE Layskss VE, ok LLHhE A

RE=VFPoVF . Q*(M,E) = Q*(M,E)

&

BTG RE & Q (M) 211, BiXt w € Q*(M),s € Q*(M, E), 38 R¥(wAs) = wAREs,

W RE a] AR Q2(M,End(E)) HHITE.

B4k, XF End(E) & B HFETCRAEI S so(E), 4700 R ——Xf M

A€ so(F) — Z<A€i,ej>6i Nej € A*(E)

Hr sy, - s, A EW—dmbriERE, FHAMERIEZ N ARBTG5, #ERATTRT DA il
R RE BN Q2(M, \2(E)) HHITtER:
it Q) = gP(RPs;,5;) = (RPs;,5;) € (M), WATLME RE 51k
_ %Z s, A s, € Q2(M, A(E))

i?j
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PR ES

B M 1203 GERE Q = (), Rz NEIRFERIERE. X LRI s = (51, ,5,), H RYs = sQ.

A X AR RIS VE VY, | Leibniz ARSI VE — VI € QY(M,End(E)). &

AL Chern-Weil B8 B #8712 3552,

AR —AN kg VE RS oF AN, 248 T8
X(gF(e1,e0)) = g% (Vier, e2) + gF(e1, VEey) Vei,ep € T(E), X € T(TM)

RKTHREATH R, FATA Bianchi fH553:

Theorem 6.3 (Bianchi)
VEQ =0

XEREME M ENTE, RS ZAEFNIMNR, MUTFESEEME, ER S5 “4
SERy7OMES, WIRATER S s ai .

*‘/\iﬁzy\l’-%ﬁﬁ SEEEH 1569 R HF Op - T(APIE) — [(APIHLIE), #HR:

Og(wA0)=0gw Ao+ (—1)P 1w Adgo Yw e QPUE), o € Q" (E)
HJp =0.

itk B B8 —A#@m o A%, & Jgo = 0. &
FE EFATH AT fir

Proposition 6.2

—NEaEA (E,7, M) o4ty % HIAX L L LA A2 o

1EEA AT PLZ% Kobayashi [ (Differential Geometry of Complex Vector Bundles) [ 1.3 5. O

U g aifa s, FATAT LLE A PRI S .
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PR ES

Definition 6.4

5t & 2 A (B, 0p, M) #2369 Hermitian B2 g, # E L&y H VE HFEERLE,

% E b g7 A, B (VEOL =3, A

WM EdimEN B M E FMBRESE VE, BUE —Haedkt s, s, WEE AR

5 M B 1B W, 15
Vs, = Z sng
TFRIX AL W NERSS 10, A = (w))i; FROVEBRE A FE.
W ERRE SR, MMER €= ¢s, € O(M,E), & € Q" (M), B
VEE=D s+ ) wie)
WOk € OABIIRE (€1, -+ ,¢7)", ML ERATAfIIE N VPE = dE + AE, VP = d + A.

XPERIR U B Rah—HE s, fifF s =5"a, HP
a:U— GL(r;C)
WA KT KRR, W
s€ = Vs =V(s'a) = (Vs')a+ s'da
=sAa+s'da=s(a'wa+a'da)

JIESPUR) #As:M

A=a'Aa+a 'da
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dr

6.2 BRL% 5l

o

7
725

iﬁ—‘iﬂl_jﬂ XTJ‘X: (817"' 7St)(x17"' 7mt)T € E’ ﬁ
REX =VE((s1, - ,8.)(d+ A) (1, ,2.)7)

= AN[(d+A)X] +d[(d+ A)X] = (51, ,5,)(dA+ AN Ay, -+, 2,)T

HEI Q =dA+ AN A.
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6.3 Berezin f14)

6.3 Berezin 243

AT e Mathai A1 Quillen %} Thom TR HE X, FA1F Z 52 X Berezin 247
HAEN E =R™, AR S ERSEFREN, I x = (2!, ,2™) N B E—d g msk
b, DUITRT AL TT B 25 X

f[,U=1
E X E RIS R] E _FP) Berezin #2143 N:

B
/ :AY(E) = Ryw e (w,de' A~ A da™)
P A*(E) M E _ERgaE A, WA] BUE Berezin FUM R € LF| Q* (B, A*(E)) E:

/ (B, A (E)) — QY(E),a A B a/ B (a € Q(E),B € T(A(E)))

HRHK x = Id|p #N QY(E, E) himzE, W dx e QYE E), W
Proposition 6.3

& QO (E) F
U = (<1 02/ [ esep(— 2
/ S N

WERA BEREENA
B B m
(_1>m(m+1)/2/ 6—dx _ (_1)m(m+1)/2/ H(l . d%’k A ek)
k=1
B
= (—1)’”“”‘””/ (dz' Aer) AN A(de™ A ey,)
=dz' A ANda™

AR U (x) B E LEIFFE. O
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6.3 Berezin f14)

B4 E 2R M i m 4escmm N, W] CAE4F 487K 2 X Berezin #1743 :
B
/ L QN (M, A (B)) — (M)

PUEX—A B LS oF MBREKS VP, TATH W T 458

Proposition 6.4

SHEFW o € O(M,A\(E)), A

B B
d/ a:/ VEa
[ )

WUERR  BX €1, ,Ep AN EB—HErbrERE, WAL o =wA S IAERIVA em(w S Q*(M>> SN

VE SEREME, W

VE(EeL A Ney) =0

LEE]
B B
/VEa:/ (dw)Aer A Nem + (=D AVE(er A Aep)
B
:/ (dw) Neg A=+ Aep,
B
:dw:d/ o
WAL, O
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6.4 Kihler i

6.4 Kihler ;&2

FERE TR HIERS, Kahler it/ E EEN—3, THAMEHEREEAE L.

Definition 6.5

St—ANEERF (M, J), g L&9—/ Hermitian [EE 1549 % — AN 2

g(X,Y)=g(JX,JY VX, Y € TM
#) Riemann & Z.
M SERER0 € QX(M) 2 LA w(X,Y) = g(JX,Y), & w ZH4, W& (M, J,9)

A Kihler iR, 4= R M &2 LR, WAR (M, J,g) A Kihler iF.

L3

B Se AT 4 Kahler R TE R — L2540 241
Theorem 6.4

st —ANE Hermitian #7 (M, J,g), £ Levi-Civita %324 V, W M £ Kihler )

LHARY VJ=0. V)

WERR /Y =0, W

N(X,Y) = [X, Y]+ J[JX, Y]+ J[X,JY] - [JX,JY]
=VxY = VyX + J(VixY = VyJX) + J(VxJY =V X) = VyxJY + Vi JX
= J(VxJY = JVxY)+ (VyJX — IVy X) — (VyxJY — IV ;xY) = J(VyJX — JVy X)
=J(Vx)Y)+ (Vi )X — (VyxJ)Y — J(VyJ)X

=0
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6.4 Kihler i

H15.1, "R M AR, HitE
(Vxw)(Y, Z) = Vx(w(Y, Z)) = w(VxY, Z) —w(Y, VxZ)

= Vx(g(JY, 2)) = g(JVxY,Z) = g(JY,Vx Z)
=g9(VxJY,Z) + g(JY,VxZ) — g(JVxY,Z) — g(JY,VxZ)
=9((VxJ)Y,Z) =0

JUES)

dw(X,Y, Z) = (Vxw)(Y, Z) + (Vyw)(Z, X) + (Vzw)(X,Y)
=9(Vx )Y, Z) = g(Vy ])X. Z) + g((V2])X.Y) =0

i M N Kihler 7.

RZ AR M 4 Kihler %, WH do(JX,Y,Z) =06
9(Vux )Y, 2) = g(Vy ])J X, Z) + g((V2J)JX,Y) =0
Hdwo(X,JY,Z2) =0, &
9(VxD)IY, Z) = g(Vy )X, Z) + g(VzJ) X, JY) =0
KRk, A
0=g((VyxJ)Y + (VxJ)JY — (VyJ)JX — (Vi X, Z) +29((VzJ)X,JY)
= g(VyxJY — JV,;xY = VxY = JVxJY + Vy X + JVyJX — Vv JX + IV v X, Z)
+29((V2J)X, JY)
= g([JX,JY] = J[JX,Y] = JIX,JY] - [X,Y],Z) + 29((V2J) X, JY)

= 2g((vZ°])X? JY) - g(NJ[X, Y]7Z)
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6.4 Kihler i

Mt XY, Z fEEEM N =0, HVJ=0. O

Proposition 6.5

(M, J,g) A Hermitian %%, 4 g5 = g(z%,-%), M= TFH:

(1) M & Kdiihler %9

agij - Qflk;
(2) 3¢ =3

95 _ 993
(3) ozk 0z

(4) AEBIE LTI f, 17 g5 = 0k

024077

)

WERR ERERR w = V—1) g dzt AdZ, W (2) T 0w =0, (3) FMT ow=0, X
BT 0w = 0w, BRI (1D (2) (3) ZIHZAM.

dw = (0+9)00f =0

RZ# (1) oL, BP w 2R, M Poincaré 5| (BUR W, 6.5 %), T EIAFLE 5% X
FISE) 1-T20 ), 15

w=dy

W =o+1, Hi o (1,0-ER Xwi (1,)-FERX, &
dp=0p =0

Bl 4 = 0¢+ 0¢, F X E¥] Poincaré 51 FE (I, 6.5 1), fF4E R IR p 1153 ¢ = Op,

w=0¢+ 0p = 00p+ 00p = 00(p — p) = V/—190f

Hrp f =V=1(p—p), MAFIE.
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6.4 Kihler i

AT AT KRR Kahler WU KIARITT. WSEARA (2!, - 2y, "), B
AABRA (21, -+, 2m), e 2 = golvhe /= Tyetrhe, IIARRRTC N

dV, = \/det(gij)dz Ady* A --- A dx™ A dy”

s
w 1
_ _ «@ =8 _ Qn =0Bn
H _ E( /_1ga1,81d2 LA dz 1) A A (‘/_1ganﬁndz ANdz )
A/ —=1)"
_ VL o ) 9onB, " JonB, A2 NAZP A A d2 N dZ
A/ —=1)"
_ ' ) D (—pyErleren) ()T det (g, 5)dz A Ade® A dES A A dE
n:

Q1,0 ,0n

= (V=1)"det(g,5)dz" A--- Nd2" NdZ" Ao N dZ"
= 2"det(g,z)dz' Ady' A+ Ada" A dy”
— dv,

HO Kihler JiJE, HAABUTH AL < AU
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6.5 LT — L85

6.5 E/LAIHH—LHE

B eI B R A A AR OR AT B LA 1 — 25 B

Proposition 6.6

st EweA E, £ % Hermitian 24 H, W FT5 H AEWIEL VE, W32t 52 4%

FRiGIEME A A B KFEEQ, A A QXT HRRBH.

'

WERR B—H A s, s
dhi; = h(V7si,57) + h(si, V7)) = Y wlhy; + haw!
JH R R 2 s B
dH = ATH + HA
Bt d TFI N A P PR O o, A
0=0Q"H+ HQ

Hor Q iR B 1 T0 RN Z I TE LI Q5.

B sy, 8, N—HAER, BH=I, MHEQT+Q=0,4AT+4A=0. O

THECAELIN (B, h) ERBRESS VE, IFI—H AR (s, ,s,.), Bl Os; =0, NSLA]
HERAHRE A HEIICER wiy 3978 (1,0) 0 e @ ik M s A 1A

dH = ATH + HA
B (1,0) #9078 0H = ATH #H

A"=9H -H!
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6.5 LT — L85

X T4A4N, 000=000=0,
RFE=VFP oV =(0+0)o=(0+0)=000+000
& (1,1) B, X

Q=dA+ANA

WO (1,1) #A

Q=0A

FX} Kahler I (M, J,g), V A Levi-Civita B:4%, NIRATENE Vg = VJ = 0.4 R Ml

KikE, R(X,Y)Z WEXSRE TP E 3. 5% VJ = 0 SREATI S Y FURAT:
Proposition 6.7

H& Kihler 77 £, &Y £ (1,0) 8%, WiEE X, A VxY &£Z (1,0) 8. a

WEER Y e TYOM, WY =/—1JY. N ViEEmE, HFEUE VY —V—1JVyxY =0, H

et HATA
VyY — V-1JVxY
=VxY —V—1(VxJY — (VxJ)Y)
=Vx(Y —V-1JY) + V-1(VxJ)Y =0
HAFIIE. O
AT I Mg S
Vot 825 - Zvﬁ%
FAth A
Vaiaa% = Fl,e%



6.5 & U — L5
A AR
9
Vategzr Vol
W Levi-Civita BEE 5 EMHE, A
8%3 o 0 5
B Vi gpa !~ [a0sB
B Fabs R g 0 N hr B2, B
,ag _
. =g Bd
af 0z%
FIEIRI T4t TT = T,
BRI HE S Rk &,
o 9 .8 0 d
(5225837 = Vo Vi 9~ Vil Vot
) a
) )
= Vot Uorgzs) = Vit Tan )
_al“gwi érna 8ngi_5rni
0z 9z0 1 TP e0gan  9uB 98 T Bogam
S B T, 3EARA
%, _ 09% 99 e 005
0za 0za 9z8 029028
)
ST o, B R, # o — Do 0, FEA TO, T2 — T8 T2 = 0.8 R(;%, 52%) 5% = 0.

AT R, )2 = 0.4k

8(9X88

Mo 5 = Mgz 5

)X =0

FATRIAN T8 5
o 9.0 _, 0

(5 52805 = famr g
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6.5 LA — L85

i
000 0
020" 9787 927~ T B 90
0 0
- va%vaf 027 Va%ﬁvafa 0z
0
_ 6 7
=V, T a)
L0 el 0
0zP 0z 029
il

FIER S JUAT o —#F, FATTE X Ricei TR 2N

Ric(X,Y) = tr(Z — R(X,Z,Y))
FRE R AN (04) ik &, WA R(X,Y,Z,W) = (R(X,Y)Z, W) FlZEAIRFR
R.5; = Rig 957 = —gan%(g‘%%)

MF Ricci K& M) RERR

Rug = Rgmg™ = Rog 9n0""

aBy
0 09z
_pv Y eI
RO‘fBV 825( ozv )
o 0
= —@@(bgdet(gﬁ))

AT X M B/ Ricei TEA N
p(X,Y) = Ric(JX,Y)

T BRI R RN
p= V-1 Z Ragdzo‘ A dz?
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6.5 2L ) — L iHH

LB Ricei FERGE — AR (1,1) FER

BN RBATGIN Kahler HifE ERIWN — RS0 57
B e B SR MR E

Definition 6.6

€3 m B RARF M L6 Hodge ZHF « : A\"M — N™"M 4= F
wA*1 = (w,T)dV, Yw, T € AN'M

() BEANM LR

(w, ) = Yo g g Tw T,
i1 <o 1 <o

AP w= > w,.pd* A---ANdz', 7= > Tj.dr A Ada,

i1 <oy j1<jr

&
AHERAE Hodge B2 574 41 T 5

Proposition 6.8
(1) x1 = dVy, *dV, =1
(2)%fae N'M, A xxa=(-1)Mm"q
(3)x(a+ B) =*a+ 3, %(fa) = f xa(f € C*M)
(4)(xw, *T) = (w, ) Py

SRR LY, X BN M n ) Hodge 2 55 3ATTAT LLE Uy 551 d T NP BE

W

Definition 6.7
ZX d* :T(ANM) = T(ATIM),w s (=)D s dxw A d 69T ERE.

NSRBI T R A A A R
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6.5 2L ) — L iHH

E X (w,T) = fM(w,T)dV;,. M3 e D(AIM),w e (AN"M), A
(dr,w)dV, = dT A *w = d(T A*w) — (=1)""'T Ad*w
= d(7 A *w) — (=1) 7= DED e A yw dxw
= d(T A xw) — (=1)™" (7 xd * w)dV,
=d(1T A\ xw) + (1, d*w)dV,

WEHRA

(dr,w) = (1, d*w)

AT ARIA a* & S TE E# Laplace -1
Definition 6.8

N = —dd* —d*d : T(N"M) — T(A"M) #&2 X AR M L4 Laplace 5T

A B,

Proposition 6.9

(A 5 d, d*, « 37T x#%

2)(Aw,T) = (w, AT)

(3) & M ZFRF, W Aw=03%HARXE dv=dw=0. o

UERATS IH 2 ) B 3G, AR AR .

N REREBBERICHTEIE. (M, J,9) AERIE, w NFEATELA, W _EHF Hodge 25

THARIRAN 0 A+ = (w, 7). AHERH « ¥ (p,q) BN (n — ¢,n — p) B
Definition 6.9

Lefschetz 55 L, & X A:

Ly : NEM — AZPML 60— 0 Aw
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6.5 2L ) — L iHH

GHHT Ao TXA:

Aot NEM — /\é_ZM,H — (—1)Px L, x 0

X @ R A, FESLT AT R R8T

O Wy XAEFL A 0 - APIM — NP~YIM O — —xOx0. BIZ 0 89 XAEE A 0 : APIM —

API=IM 0 s — % O % 0.

XN =09 —9*9,A\? = —9d — 0. Iy

A EATLABRATE “fEBE” PERR: (90,7) = (0,0%7), (90, 7) = (0,8 7). MixtT M #& Kihler i
TR, 4530 i) Kahler {5555

Theorem 6.5 (Kihler 1EZR)

(1) [57 Lw] = [87 w] =0, [5*’ /\w] = [8*7 /\w] =0
(2)[5*7 Lw] = \/__18’ [8*7 Lw] - \/__15
(3)[Aw, 0] = —V/=10*,[Aw, 0] = V—10

(N2 = NP =LA, BN 5D,0,0°,0 TR

FT A M A? TR K Hodge 5€ FEAT Dolbeault & B,

Theorem 6.6 (Hodge)

M AR TSR LAY, & Aw=0, WHkw AP, BiA r 465858 XM R

BEA H (M), WAL T o) Eip i
QM) =A(Q"(M)) @ H" (M)

= d(Q (M) @ d"(U (M) & H' (M)
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6.5 & U H ) — e

M %% 8 Hermitian #F, % Now =0, WAk w RiAFH X, FH RS (p,q) H XMK

AEEA HPUM), WA 4T 6 EF iR

NPI(M) = BAP)(M) @8 (WP (M) @ (M)

DA FFR BT 57 10 SCHTRT DA B AR A 30 B BUE A 1) B A TR 2 v

%t Kahler % M ErmsEMN B, BAEBREL VE, WAL VE 5y (0,1) F (1,0) #4
Hoor i 2 (0,1) #5008 0, A TIESHE, 12 (0,1) #4524 Op.

HEEIR «, L, A, AT LB RAERAE M EREr 77 Xdn e L2 B BUER A L.

P SRR ST R

VP = — %« VP s 0 = — %0+ O = — * Opx*
FEFIFE E SO T
Ap=-VVE VIV AY = 5 0p = V=1 A, 050 AL =—V—1NA, 0pds

F T ERE S E 2R T EHE6.50) Kahler 15255, XEAHHEL.

B 5 ATV RBORLE b —5 Fh FRATTH 21 Poincaré 5| #E.:

() M A—ARBRERF, 0 A—ARGr BX, WEEpe M, G p AR U A2 U L
X r — 1 HR Y, 450 =d.
(2) M A—ANERF, 02— 0-H8 (p,q) B, WEZFE pe M, HAE p 94

UAa U ERHE (pg—1) By, 1#£1F60=0y.

(D FIEPEMRIBRESR Ca 2, (20 MBS (D) BAREEE, FikE

. O
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6.5 2L ) — L iHH

EERIE L, 52 BUUMEH W~ 00 51 3.

M R—AAF, we WM)NQR(M;R), Mw RS LREHEEG pe M, 4

Bp B9—ANARIB U A2 U L& LA FE R u, 15 w=/—100u. ©

WERA BAT w = V/—100u, BRIEU L
dw = /~1(0 + 0)(9d)u = 0

Hop FHERME, w1 M M.

2, #w W), B i Poincaré 51 HEHY (1), FEp e M MARR U, VAKX U sk
1R, 15 w = db.

L0 =0Y0 g%, Hrpglo =01, I

dw = 96"° + (96" + 96°") + 96!
MHT w QD W, Ho0t =000 =0, i
w = 00" + 96"°
i _I& Poincaré 5IBE[EE =2k, fA1E f, 3001 =0f, WO =0f, &
w =00 + 900 = 99(f — F) = vV/—100(2Im )

MEL o = 2Im f BPA]. O

M5t Khler 37 /%4 S0 I 2416 001 T
| Lemma6.3

(M, J,g) % Kihler &, ¢1,¢o € QVY(M,C)NQA(M,R), H ¢ 5 ¢, B&TRFLRA

£, WHELEN IHXYER ¢ = ¢ +dyp, WAL M EERZGFALK f, £

# 61 — 6o = V1001,
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6.5 LT — L85

WEBR & ¢ = g0l 4+ 90, o gyl0 = 0yt =0, [FLA
$1 — ¢ = 0P + 9!
H1 41 T ) Dolbeault BLF4)fif
QPI(M) = HPUM) & 0 QP (M) @ 9P (M)
WO O AR BN AN IO Hy%t, OB E U (0,2) TR o BRI o 515

PO = HY™ + 8 o + du

(008 0) = (@6, 00 = (61, 36°) = 0

li-l_& 5*Oé=0’ )I_\”J

POt = HY®' 4 Ou, "0 = HYOT + Ou

Hp

B f = 2Imu BRI 7T, O
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6.6 Clifford 1t#;

6.6 Clifford 12§

AN TGS S Kervaire o TEEL, BATEIX —T1 464 Clifford A HIFE ARE &
WV N—A m GERRIREE, HEV ERFPRRIKES ¢¥, WATLLE SCHE v () =
g¥(v,-) € V*. FATE XL v e V IEIMUEL A*(V*) E1 Clifford /£ H:

c(v) =v" A (—iy) ¢(v) =0V Aty

HoHA W T 5

SAEZEG v, eV, B

@
IERR EE
iy, V*A] = 0™ A +0* Ny = 0* (V) = ¢¥ (v,0)
BT K
c()e(v') + e(v)e(v) = [0 N[V ANi_y]

=V AV F U ANy F iU iy Ny

FOSAV F VNG iU A iy A,

=0 Ny 1y 0" A+0" Ny + i, 0" A

= —2¢"(v,0')
FAb I AS2ESEAL,  FELL A0S, O
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6.6 Clifford 1C%%

NI S ARE I A R — B U T IRAT ¢ B ¢ B R

Proposition 6.10

(I)ey,  em AV B—AIREEI, W End(A*(V*)) B c(e;), c(e)(i =1, ,m) &£ &,

(2) T cler) = cleyy) -~ cley,), I = (i, ,ig), c(ey) FIZE, W

om I=J=10
trle(er)é(es)] =

0 other

NHEFATH Clifford 15 HIAJE 5 KA I 573 J LA A ) 45
SHER A € End(V), MATELKE A 3250 A% 4R

Ah (’U*’l . Z v 1 A* *, l) N U*,k

Hrer oot oo ok e VA Bl SON (A% ") (v) = —v*(Av).

R R AR AR IAE 5 AT ABUR N E45 R % eq, - e NV IARIEIESSEE, W4

= Alej, W

j
—ZAge; N, = —= ZAJ )+ c(en) (é(e;) — c(ey))

N My 2n BERE R, E 9 2n 4EE FSEFEMN, WY TKRER o7, VP h—
NG gF MBS, AT VAeED g VEIE AL(E) ERIERIET

Ler, e eon N E FRIBRHEIERSHE, (w!) AR HERE, U] Fr T 6

2n

VAE) — g — 411 Z w! (é(e;) + cle;))(e(ef) — c(ey))

ij=1

R 5 EAAR RS, BRI SOUFRIY, #5

om
* * ]. A A
VACET) — Z_l E f c(e;)c(e;) — ¢élei)i(eg))
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6.6 Clifford 1t%k

FATAE T Y i
Proposition 6.11

X eT(TM), e cT(E), &

V52 cle)] = e(Vie) [VEE,ée)] = &(VE)

A
R EEMMEER w e D(AL(EY), A
VAEED) (e* Aw) = (VE ) Aw + e A VIEE)y
1
VA e lw = (VE e*) Aw
NIEBIIER ¢ e T(E)
(VXe)(e) = X(e"(¢) — e"(Vie') = X(g"(e.€) — g% (e, Ve
= g"(Vxe,e') = (Vxe)'(¢)
[
VS A = (VEe)A
H—Ji, MEEnelD(EY), H
VD e A idln = VE (ien) = ie(VE )
= X(n(e)) —i(VXn)
= (VX n)(e) = n(V¥) — (VX )(e)
= lyz.
W HT e AT ¢ 15 COLRITS BI4E58. O
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6.6 Clifford /X%

TIPS 2 )5 FOR S RE I R
il RAEED) Sy v Rl A, SR e BT T T, AT R E S

RAEE) _ _éll Z Qf(é(ez) = c(ei))(c(e;) — clej))

1,j=1

RIS ORI BRI Z%, R SRR SR AR, S

RAE) }1 > Qllelen)eles) — élenéle;))

3,j=1

{EJG I UERA Gauss-Bonnet-Chern A UL FEH, AT 75 2 5] N 7] &= 23 (8] FO & -

Definition 6.11

VA—AE (L) mEZH, 7€ End(V), # (V,7) A —ANBREZFIE, & 72 =1, &

NARTEHTV B8 Z, 5k

BV XTFro98ie i 1 #TAFRSMRYV =V, oV, V, PRTEARNEE, V. F&
TLE AR A 8.

ARWERB LA B, RIA BAny it (BARH Ly k) a2 2 LH AR
7= ) 454,

MTAEmERN (V,7), 2LV L& METHR AT A

str[A] = tr[TA]

FIF FIRIE & 0] DB R SGE A RS RS, AR TR IR,

N HEFEA T Clifford 1 I 5 RALE 7 XS5 -

SHER A m e B 0]V, AMRUE A (V) BRE LT AR IR Es i, FFrT Ak
~N

F = (1 () cleg)iler) - éfen)
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6.6 Clifford 1C%%

M2 m =2n i, BARHEIESSEE (e, - e0,), FREMAIMBNAL(VF), X
T = (\/—_1)"0(61) - cean)

TUABSAIE 7 45 T RESMUOEC BRI IR, FERZ Zy 0 IRFRON AL (V) BRI S ZE TR

Frli6. 1 5 VRIRAT VAP S T AL(E*) RIS,

AR IR, BATT LT a6 10/ 418 -

Proposition 6.12

(1) VAmBERRZTE, XT AV PasaRFERSK, A

(=1)mOmtD/29m 1 — J={1,--- ,m}
str[c(er)é(es)] =

0 other

(2) V A2m eI EN, MWXT ALV FROFTESKR, A

(—vV/=1)m2 IT={1,---,2n},J =0

str[c(er)c(ey)] =
0 other
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Chapter 7 Gauss-Bonnet-Chern 233\

7.1 M5 LAY Thom 235 Euler 23

BN M _ER—A n 4EERDGIRRENMN B, F0 T K Thom [FI#)

Proposition 7.1

HY(M) = HE™(B)(vh) .

WA # B A M 4% H LB S de Rham - [RITARES A BRYERT, &SP 702 A Poincaré X}
l: HF™Y(E) ~ H () ~ HTM(M) ~ HF(M) BIREE5R. X — B LL% & M
(78 &, EAR05 0L Bott F1 Tu /) (Differential Forms in Algebraic Topology) &5+ —F5. O
Remark F|H Poincaré X ¥ HAKTE K AT A543 3] Thom [{#4 @ : H*(M) — H™(E) 3R

R BAE Z I E RIS AR 7, IR AR TH AR B s,

N M ORERY, EAr4EEmitigmEA, WH ERG- ¢« HY (M) ~ H(E).
[1] € HY (M) XRifIZE 7(E) € HI(E), W 7(E) iz 2 AR Thom .

NV JEEHE MG ENE, FATREAUEIX R E XMW 7(F) 5ZAEHR N E R F X Thom 38

(R 5E SRS :

Proposition 7.2

do £ SUH 7(E) & HY(E) bok——ANRFEEANF R F L3404 HY(F) 894 R T8

e .

WERA T Thom [AIMY @ = 71, # n,(7(E)) = @ Y(7(E)) = 1, W 7(E) fERA4F4E A



7.1 14y JUA ¥ Thom 235 Euler TR

IR L, WAELTYE BIREY H(F) ARG,
RZ A=K n € He(B) fERAF4E LRGN ERDT, it Fg X 7(E),
m7(E) =1, WHHKHAL 6.1, F
T (T wAT(E)) =wAmT(E) =w
#4 Thom [FIMI AT LLRIR A ®(w) = 7% (w) A 7(E) EZEFNX 544318 % ) Thom [FI# K
L EA 5
[ SO T TEREA AR 4E BRI PRG AT, HE B AR

T(T'wAn) =wATn=w

i Thom [ AT LRIRA 75 (-) Ay W = &7 1(1) = 7(E). O

—AF R e QL (F) ¥ Ri r(E) S BIRY n A, LAE—ANFRELGRSA L

SERNER DB, MEEMN—MERE s - M — E, & %MK Euler XA
s*(7(E)) € Hip(M). B FHEAZNE, Euler JEA SA FERCL I, B A TA AR
s NE R

N FRATRE Mathai 1 Quillen FF3&E K £ 37 Thom JE A Euler ££3K.

M AN—ZRWRE, 7:FE— M M Fm4EEn s vE & — 58 B 1k,
M AT AR 7 E _FRIBELR, BV : (B, A*(n*E)) — Q*(E, A*(n*E)). #4h, SHEE
se(E,mE), WU Q(E, AN (m*E)) L& XNFEi,.

(B, A (mE)) P AW T o & fHEE#N x € QOB 7°E),x|? € Q°(E),Vxe QY(M, 7 E)

M *RE € O*(M,A*(m*E)) (FRATE 6.2 25 T8 RE M Q2 (M, A*(E)) HHITCE N TT
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7.1 55 JUAT ) Thom JE X5 Euler 34

% R s ERBANIA W R 45

Proposition 7.3

4\
|X|2 * DE * * (%
.A:T'FVX—’/TR € ) (M,A (7‘(‘ E))
)

(V+ix)A=0 N

WERA T S E IR I E SO RIAY

V() = —2i,Vx

V(Vx) = V*x = (7" R¥)x = iym*R*

F4E4 Bianchi 105 VarRE = 0 FIUEARIK ix|x[? =0, £
(V + i) A = i VX + iy 7 RE + i, Vx — iy RE = 0

WAL, O

i EAIRBATT AR RN N2 B, B4t 1 Thom U H AR iE

Theorem 7.1
2 X
B
U = (—1)mm/2( /) -m / A e ()
B 2
= (_1)m(m+1)/2(\/%)—m/ 6—%—Vx+7r*RE
n U & E L& Thom 7 . v

R HAERT7., RIUE U WK, HAESDA4E LR 1
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7.1 14y JUA ¥ Thom 235 Euler TR

BT i BT RS, Hirdie.d,

Faes, BAHETE LB |, B .

=t

W IRAE VR E [n) S ) N B I AEECA 2n, BATTENTEXRHTE S B8 v € T(E), 7T LLE X Euler
XN
|vf?

-1 B
v'U = ( )”/ exp(—T — VEu + RP) € Q*"(M)

o
R v = 0, WE X T KT (E, g%, VF) 1] Euler /£

-1 B -1
(E.g% V") = (1) [ esp(RE) = (52 PHRY)
Horh PE(RE) = [ exp(RP).
F52 ERTLIEW] PE(RE) 3R E AR AT ¢F 55 VE (G, #0T LhsE S

=M E ) Euler 28, 128 e(E). A UEH UL —5.

VERARTT G RIATRA A R fAL PR oA BT E PR(RP), XFEFRE B %) Gauss-Bonnet
AXBFEUE AP TR EH S|, 7722 HFE 46183 (On the curvatura integra in a Riemannian
manifold) .

FAE 6.2 b dia i TR 2 R MO Q2 (M, A(E)) Hocm i)y

1 .
RE = 529?61'/\6]'
0,
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7.1 14y JUA ¥ Thom 235 Euler TR

JlES)
B
Pf(RF) = / exp(RY) = / exp(= Z e Aej)
l_] 1
B 2n
= / Z QjeZ Ne;)"t

3,j=1

2 12n
2nnu Z Ciigein U2 QU

Ji2n

Hrpnsay - ig, ML, -0 20} B—AEHS, WA g0y, N-1, HREHFINN 1, &
MR 0.
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7.2 Gauss-Bonnet-Chern A 2 [11iE BH

7.2 Gauss-Bonnet-Chern 22 HJ1ERH

AT FRATHAUE B 40 f) Gauss-Bonnet-Chern 243 (i} b iid.4)

Theorem 7.2 (Gauss-Bonnet-Chern)

3t 2n 4 K] Riemann 75 M, VTM K9 TM £ & Levi-Civita 3:%, RT™ H 3¢ oy %,

)

FEUEM 2 S BT BA T E S e IRy JLTERAE H an F 2 30, Bk i i) e B A RF IR DL -

Theorem 7.3 (5 4E £ (X Gauss-Bonnet A 1\)

M A n TR, ZANERLF, n A&, WA

/ K.dV — vol(S”)X(M)

e v
WEEA B {e;} AFETTIA, N XN A, )
R;’kl = <R(6,‘, ej)ek’ el>

= l(ej, ex)l(es, e) — U(ej, e1)

= N\ (85600 — 0ir051)
MR Q e X H

Qg = Z R;klek VAN € = 2/\1)\36'5 AN €;

¥

RN LT 55 PH(RT™) fRIE AT HE R A, O

ORI E P72, EEN A A R (0 EAR, BREAIW ST A B R RS R
Xt R AIRZR (AL N BAT AR, IR AR R o E IR RN,
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7.2 Gauss-Bonnet-Chern A = 131E BH

FIBIARTC I3 KIS MR sm 5 8. 9 1 e Dl p AR, JATE B/ — MEM T R R 513, gl
BT Thom ZE7E 7] & M) Euclid FE &2 4R T IRFFAAL.

Stm e A B, ¥HE B8 Euclid Z2AF4%, LEPFaA73F69 A THA

t2|X|2

5 +tVx — m*RF

A =
ST EAT 2 89 Thom 75 X,
B
Ut — (_1>m(m+1)/2(\/%)—m/ e—At

=~y amyma e )

HT A, € SCH

dA
dt

L — t|x|]? + Vx| = (V + tix)
[ i 7.3 56 4 — RE I T

WO iy PR TTER R BN i 76,447

@ _ m(m+1) /2 —m/ Ay
— _(_1)m(m+1)/2(\/%)—m/ dd_/ttte—/lt
B
_ _(_1)m(m+1)/2(\/ﬂ)—m/ <V+tix)(X€_At)
B
— _(_1)m(m+1)/2d/ (Xe—At)
HASHIE. O
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7.2 Gauss-Bonnet-Chern A = 131E BH

ARV N TM W —E00,, HF S 5 dER b, A2 RIEA zero(V), W H Euler

AR X

F5I#7.1, H

B B

/ Pf(R™) = / / ViU, = / / V*U,
M M M
B
—/ / e><p(——tz|;/|2 —tVIMy 4 RTM)
M
X Vp € zero(V), F+4E p BI—A/NFFREI U, M B —ANE MR Ry = (v, -+, y*"),

134 U, b
H 8y = (500, gow)» Ap A 20 x 20 BB T y BOARIBAGHE K. K B G AT 9700

(o [ e = o 3 [ [Cea ST v pr

™
p€zero(V)
1 B t2 2
+(——)"/ / exp(—ﬁ—tVTMV—l—RTM)
2 M\ U » 2
pEzero(V)
BFEM\ U U, VTR, e oo,
pEzero
1 7 V] M M
N Y R
2m M\ U Up 2

WO R BB L LR PR AR — T, Oy 1 RAL AL, A B U, b g™ $08F

g™ = (dy')? + -+ (dy®)?

FHYL LR BRUEE” IR AT, 0T 51 B ARIE I — A
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7.2 Gauss-Bonnet-Chern A 2 [11iE BH

% g™ A TM L5 —AKE, VIM R TM L35 —AMREEF g7V eh%sk, RV A

VIM gy & N w e O Y(M), RIF

Pf(RT™) — P£(R™) = dw

K
3

/M Pf(RT™) = /M Pf(R™™) .

WERA WS R m* T M — T M T d 3 4 -
Y(y)=(n(y),y) e m"TM VyeTM
Y "] LAFE 7 A* (TM*) E45H Clifford 15 -
c(Y)=Y*Niy
Horry=(-) = (wg™)(Y, ). FIH c(Y) & L~ i — iR s
Vo = VNIM) L Te(Y) - (B, m* A (TM*)) = Q(TM,7* N* (TM*))
ny
Vi = RN TMY) L Pl TMY) (V)] - T2V 2
TR e TV WNIEE, A
/ strfexp(V2)] = / e TV Etrlexp(n* RN M) 4 T[re v TV o(y)])
TAM/M TM/M

52 RE M 2n UOGIEER, ATEEER ERFZRYE vV o™ Jok.

SR —AN VTM gTM i 5g L

VY =1 =)V 4 uv™ g™ = (1 —u)g™ +ug™
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7.2 Gauss-Bonnet-Chern 2 70 3E BH

WA 5 _F T SRABA R — R I 4 -

Vur =1V IM) L Te (V) : QNTM, 7% N (TM*)) — Q(TM, 7" A* (TM*))

B

[ stlexp(VE )= [ stlexp(VE )

TM/M T™/M

1
_ [0 2
_/ {Ou /TM/Mstr[eXp(V%T)]}du
/ / » —ustr exp(V2,1)] bdu

- OV

—d / ([, S8l
et

[ / SRl = | / oSBT )

WAEE S g™ AR YE VE Ve € M, WHL 2 FIFRHEIESCEE {e, - - - €0, } 1T (VM e) () =

0. FHiC {w}® AR w i @ K3, N

{str[exp(VF)]}

T M

= {e T Pstrlexp(n* RN TM) 4 Te(n* VMY )}
T, M
12 2 ) o <y
= / e ! {str[exp(= Z Q(z —c(e;)c(ej)) + TZdy’c(ei))]}(A‘”)
M zg 1 i=1
2n 2n

-/ (_1)n€_T2i¥(yi)2{str[ﬁ(Z 0 (@)elen)éles)" [T (1 + Tdy'e(e)) 4

2n
M ij=1 i=1

2n

B / M CM T 0 G PERT™M ) (w)elen) - ean) [Taveteony™

:(—§>"/ MTZ"eT SO PRI (@) A dy A A dy - strfe(en)elen) - ean)clean)]
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7.2 Gauss-Bonnet-Chern A 2 [11iE BH

FI 6. 12, A

{strlexp(VE)]}

TeM

— (—2)"PE(R")(x) / T2,

R2n

=(—2m)"Pf(R")(z)

Pf(R") = (—2m)™" /TM/M{Str[eXp(V%)]}(‘*")

O THARATTEL g fE194E U, BERF LI, WXEE p € zero(V), ATUIHHEY ¢ — 400
i, A

——W)n/ / exp(—TW—th)
o [ et AE iy aa,)

Zf2|yA °
:t2nth n . p dl d2n
e p(%) /Upexp( 5 )y A Ady
detA 1 n _|y’2 d 1 o Ad 2n
— sgn(detA,)(5-) exp(—=5-)dy” A~ Ady
s R2n

= sgn(detA,)

M TR R HR R B i a0 F e P

Theorem 7.4 (Poincaré-Hopf)
M AHMR G EBAY, VR M L4 RAFRLE QLB OES, LEEESR zero(V),
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7.2 Gauss-Bonnet-Chern A = 131E BH

A
X(M)= )" sgn(detA,)
pezero(V)
fq
L b 2|V ™ ™
(—5-) > /U/exp(— S — VMV 4+ BT
pEzero(V) ¥ ~P
= Z sgn(detA,)
p€zero(V)
= x(M)

N2z EIRATIERA T Gauss-Bonnet-Chern 23 1.
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Chapter 8 W77 JLIATFHIPESS Pontrjagin 3

8.1 Chern-Weil I2ip E &K EIE

B3V A AR, il kR 5 Vo x -V > C IR RES A
SHV) . HIL V. EFTAE IRk REI AN S (V) WXEE—D p e SH(V)x, aTRUE X
p(B) =p(B, - ,B) € Si(V). RZ, MW" pe S(V), LG

p(Bi,---,By) = (_]:!)k S > (~1YP(Bi, 4+ By,) € SHV)*

j=1 i1 <<

THECV = gl(r,C)

p e Sk(gl(r,C))* #AAALER, BMEZELY ge GL(r,C), A; € gl(r,C), A

plgArg™ - gAY = P(Ar, - Ap)

doo L AT T W Tk - P AR RS ES AR GT A T (gl(r, ©)).

RN B 25 1 R CAFE B 3RA TR p BEAT AR 85K 2

Proposition 8.1

SMEERBAr I EELAEF m BRI m=1i+ - +ix, @€ L(gl(r,C)) T Ay

KA

@ : (A% @ End(E)) x - -- x (A% @ End(E)) — ALM

WERA a0 R 5 T SRR A B X
Plar @01, ,ap ®@0) = (ar A=+ Aag)p(Or, -, Ok)

HI AR PR S A T ABHIE R E P, B THRAE A . O



8.1 Chern-Weil 183 A g #
NV EERIER US54, BPEc A Ris H 3 bimgs R, RAFEW F51H#
SHEZLEF AN r WA 2L E Fom 89X

N
&0 X n; € Q9 (M,End(E))

+in, @€ Li(gl(r,C)), FA31E
, WA

k i
dg(m, -+ k) Z '

1

3
\ |

G, -+, Vg, k)
7j=1
£ VRE EGE% VE £ Q(M,End(E)) L6y a Ry 3k, HERHN

Vn=dn+[An VYneQ(M,End(FE))
A VE=d+ A, ARER% 1 X4EHE
HERRA
i o
d@(nla 777/€) = Z(_l)l_l 90(7717 avnj [Aﬂ?]],'-- ank)
j=1
R 7 IR
k J:iliz 5
Z(_l)ZZI 90(7717 7[A”’7J]7"' 77]k) =0
j=1
BTWTHHE: 49 =0;00;, A=8®B, N
k jf k jfiz
D DE Gl [A ] m) =) (1)F @lar @01, BN @[B,6)], - ar ©6;)
j=1 j=1
k
=Y BAay A Aag@(by. - [B,0],0,)
j=1
k d
=Y BAar A Aag@(by. - E(etBejafB)hzo, 0r)
j=1
d
=BAag A-- /\Ofk_‘t 0p(ePOe B,
AR, Bkl N0, WAL,

7 tBeke—tB)
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8.1 Chern-Weil Flig A 2

R B TAFZ )5, BATTRUEMIA Y ) 32 2 g 2

Theorem 8.1 (Chern-Weil)

HEMNEH A TR

.fCW : jk(g[(T, (C)) — HQk(M,C)

EF fow (@) =[0(Q, -, Q)] = [p(Q)]. ZRSMARHA Chern-Weil B 75, HRzTF VE &

IR, Q

WEFAR ESETREAEMIE R A B _ERIHRES VE RIS BT R Q,0(Q) & HH, ZRRENY

k

j=1

kA T 581 (Mkbiy = =4, =2), 4k AT Bianchi [EZ .

T FATA T ZAE I Z RS AT V2 RER, WA B BRI VP, VY,

[p(21)] = [p(Qa)]-

A A=VE_VFe Q' (M, End(E)), NI
Q= (VP+A)o(VIi+A) =% +AANA+DoA+AcD=Q,+ANA+ D(A)
18 VE =V, +tA, WREHER Q, WEE
Q=0 +tD(A) +t?ANA
[3CE]

k
- . d
= Qp(RlE: 7R1E)+tz(10(9t7 7%|t=09t7'” 7Ql>+0(t2)

Jj=1

= () + kt3(Q, -+, Q1, D(A)) + o(t?)
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8.1 Chern-Weil ¥ ig 3L A #

UES)

el [p(§20)]

d d
a@(Qt)’t:to = _(p(Qt0+8>’S=U

ds
= k@(Qugy -+ » Qs VE(A))
= k’ng(QtO, Y th A)

d

1 1
p(9) = (@) = [ So@it = [ Kdpl@u- 0, At
0 0

= [p(Q)], HAFILE. O
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8.2 2 I E X

8.2 FhEZINENX

bR A BATIEW] T Chern-Weil B FEACE B, &) LAFS B BATTE LR ANPRAFIE.

Definition 8.2

SF—/Nr R mEA, A0, A TRELHFTRERSZAX:

det(I +tB) =1+ t*®y(B)

k=1
W & Chern-Weil 32X K2, sHEZ M IR VE, T AF 3] —AH X

_19) € Q% (M)

cr(E, V) = &( o

WSk, ST 6 R, e k897 X B T B — de Rham £ RA £
ck(E) = [er(E, VP)] € Hip(M;C)

AWML B G H LBRE
FE P A TRXNFR Kk KREZAX:
tr(e'?) = Py(B) + tPi(B) + - - -
N B LT AR L E 4% KBREFE A
V=1

chi(E) = [ehi(E, V)] = [P(=5—9)] € Hip(M;C)

L VE B FEA Hermitian B F h 3 B8 TRIRE T, L4F o (B, VE) R chy(E,VF) 54F

Ck(E, h) E’X Chk(E, h)

S—=ANRF M w3, X M Q%L SRSFIER Lk eIk X 54545 &

H 5 SCBATAMES i _E 1 R SEAPRAFIE S ik 5, BRI

V11 i1l K ()1 ik
cx(E) = [(7)’“5 25‘ QA A

Jidk
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8.2 HhH LI E X

Vel Vel .
QA A~—Q)] = M}:QQAAQl

27 21

Chk(E) = [tr(

FEHE R 2 0, ARV LT SRR R IR R SR, BRI
SAACILES

V1, Vg
2m 2T
[
c(E, V") = det(I + %Q} = det(I + gm) = det(I + ga) = c(E,VE)

W e (E) = co(B)s B e € H2(M; R). X WA 505k FVRE O 8F thf —RERO 25 L.

FATH R B g K R REPRERLE D) Z 250 15 2 AifEm B h iR R —
Bk, WEMZBRZR ) 2 B E
(1) co(w) =1, H e;(w) =00 > n)
(2) f:B(w) = BW) KATABS w — o', W e(w) = f*(ci(w))
(3) % w Mo HHIFEREE, N

k
w@w :E cZ Uckl
=0

(4) XF CP' ERHELN AL, B () #0.

B2 WAREAL, WREEAT a0 B (2) (3) (4) iB—HHTIRAE.

X0k, RFEREIEYIN B ER#iZEA Q, NN B B RIEA0y f~Q By,
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8.2 HhH LI E X

e L p

Il

L)M

B s=(s1,---,8) N E B MBE—DREF A U _ERIbRA, WER f*s N f*EA1E
f7IU C N EWIFRSE. & AN E ERTHARGE s IR HERE, WERA ffAR f*E ERTHR4E
frs IBRERSAERE, & QN B _Ex R iR, MISHLE.

SR =5k, W By, By A M BB RN, RN (er, -+ en) M (61, ,65,)s B, By
Bk VI VE, FE ETRIE T O RIS HRE 7 A Ar, Ag, HIZRFERE N QF QF. AT

PLBGAETE B, @ B 13 (61,”' €y €1, ,ém) I, FERE

M T By @ By K NEREHERE, W QF @ QF N By @ Ey BTHRFERE,  #iod Bk M AT 51
A

e

C(E1 D EQ, VEl@E2) = det( 1)det<l + o

Q) = c(By, VE)e( By, V)

V-1
2m
W [e(Br @ Bp)] = [e(E1)][c(E)).
ST P&, B CPY ERBTEZR AL, B —ANEF4E N C? Pl R M E LR, rTRLA (€9,¢Y) €

C*HRR. % 2= f MU =CP' —{(0,1)} EMAEFR, s H i 15U ERIARSE, TERGALF4EAEIR
fER s(z) = (1,2), M~} /) Hermitian & &

Zr.
W E 6.5 15 ITHE AT Ry FRIBRER R IR 2% 11 A i 3

zdz

A=0H H'=-"_
1422
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8.2 2 I E X

F

- —dz Ndz
N=0A= —-——
(1+[2[?)?

W T HEIIE, RPAST (r,1), WH 2 = re2

v—=1 —dz A di] B [—Qrdr A dt
2 (14 |z]?)? N (14 1r2)2

01(711) = [- ]

uy

[ ath=[aoh= [ [T 210

W er(v1) # 0, WA,

T sErEAME, FAIIRET LA Z AT #E X
p(E) = (E®C)

K7€ X Pontrjagin 2.
(B T XA T HRATIR S 2 & H Pontrjagin 28 A DLA U1 A9 2 TR 5E s

By

P(E, VE) = det((I — (-

T RHEARIFRSE, AT AT 458
Proposition 8.2

kLB B RANABA B, A

&(E") = (~1e;(B) .

WEFR B E B — I (e, - e,) BXT M REREIEAGERE A, W B ERJERER Y V*, XL 2
FEREY QF, FEXTEREE (ef, - Jep) = (01, ,0,) FHIBRGIEAIEMEN A* = Ay, I

A0k = A50F(ej) = V0 (ej) = —0'(Ve;) = —0(Abey) = — Al
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8.2 2 I E X

WA= —AT, N
O =dA* + A" NA* = —dAT — AT N AT = Q7

MEBLT IR ¢ (EY) = (—1)¢,(E). 0

X RRFIE A — SR B A 4518, X B E AN IIE R 45

Proposition 8.3

(1)ch(E) = rank(FE) + ¢;(E) + C%(E);@(E) + C%(E)—301(E)662(E)+3C3(E) 4

(Z)Ch(El D EQ) = Ch(El) e Ch(EQ)

(3)ch(Er ® Es) = ch(E1)ch(E»)

i 6.5 WA RTHE A1, A4gi\ E AHE Ef) Hermitian FE &8 h, HFRERZS VE 5F N A H
FRAE DK, W2k ke, HE

V-1 V-1
Cl(E, h) = 7 ZQkk = WZRO‘Bd'za /\dEB
k

RZAIT SR
Proposition 8.4

M %% Kihler %%, E A M Ehmih, MWt Ea 5 o (E) $N8%E (11) HR

¢, B E L8 Hermitian K= h, 1£#F ¢ = ¢|(E, h). .

WA B AR

S,5dz" A dz°

o= J_E:

FHAERC—/> Hermitian FZ & 1/, I HX M) Ricel I8 Y V=1R zdz> A dzP, M5
6.3, fAfE M bRSAEREL f A1
> (R,5 — S.5)d=" N dz” = 00f
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8.2 2 I E X

el
Ry5— S.5 = 0ulsf
M1 6.5 T THE AT
R,5 = —V—=10,05(logdet(h/5))
WIEL h = e h!s W det(hy;) = efdet(hL), b APTK. O

T A AR PR B2 Ricei AL 7R 6.5 R, FATC AT 2N Kihler i (M, J, g)
5 F ) Levi-Civita B%% V, XN ETHIEERA Q, N
\/leQkk = \/jZRaBdZa/\dzﬁ =P
k

W p € 2me (M), R2Z, 1T H) Calabi-Yau 7€ 3

Theorem 8.2 (Calabi-Yau)

(M, ho) # Kéiihler %7, WHEZRME (1,1) % X o € 2ney (M), H &% —8 Kihler K%

h5hy BTR—LRAL (XZARREESZAN (1,1) X)), 1£1F4& h T8 Ricci

K p(h) = 9. V)

SR NI ho = /=1 (g0)d# A d5. HEIE6.3, FAE M _EISHERE o A F {3
A
M p(h) = o ST p(h) — p(he) = — p(ho). XFI

p(h) = —/—100logdet(h)
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8.2 2 I E X

HIE
—/—100log deth = —/—100F
detho
[i44
deth
logdetho =F+c

Hrbce COUREL BATERXT F 34700 R AL

/M(eF—1)hg—o

AT B EE— [ co N T T N IECREE IR Fy R LSS A T

det(ho +v/—100¢)  p
detho n

WU AR AN T RS

det((go + ©);7) = eFdet((go)g)

SITRERR 958 H -2 35 T2 . Calabi-Yau 7€ B BJV A2 77 4 RO AR FR) A6 P — 17 I

IEBAZ L Yau B 4618 3.
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8.3 VH K

8.3 IHKNEE

AT RRATR VR K B BT T K€ BEAR 1) /2 B RN “WoR « BIFESELL kb2
T, i FREAA S ESARR 0, WFEMRE LS X 5H B RS ERA — &
HARIAZ AL, T ERATERE —A7 K “HIBT

M ZE—Nn BE5RE, E & M LR r % Hermitian )\, V N5 &E b AL, R
N R F—HIE s = (s1,---,5,) A &= ¢s; € QUE), BAVIESR

VE=) (dE+ Y wie)s:
WA (1,0) 23 (0,1) AT 708, WA
Ve = (96 + ) with)s, VO = s,
W73k R g5
06+ witd = "Vallda,0¢' = Vgeldz”
Mz FA T 5E 2
R(s;) = > Qs;

Hrp

Q= Rl;.dz" NdZ

BATE

Proposition 8.5

R (B, h) Loy asedm, N

DOR(E,€) = h(VHE, V10¢6) — h(R(€),£)
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8.3 VH K

BB AT, B

s = Y haVag'VaE - Y hgRize

SFERAL f B 90f = VOLVIOf, HL f = h(€,€), FHEES VOl = VWE=0, %
OOh(E, &) = —00h(&, &) = V™' V(& €)
V01h<v10€ g) (V01vl0é- §>+h<vl0£ Vl(]g)

MHF

VOITOE = VOlg 4 VOlE = VVE = R(€)

AEFE ¢ NJERIE M L) Hermitian J& &
g= Z gagdzo‘diﬁ
I 5
K=Y g"R5.Kz=> hiK]
MWK = (K)ELT EW—AAaAE, K=Kz &XT E{ Hermitian 241 F
=Y Kigs KEn) =) K&t

A K A E (s, K AFHERR.

A B AL 5 3ATE A e E, EE R 1A R il 5 x4 A PR A 4
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8.3 VH K

(E,h) A% Hermitian #75 (M, g) L& Hermitian $, V &5 h MK 698K%, R AW FE,
K A3 8 X, )

(1) KA MERZ¥ G, WitEE LiybbfimLEIT0y, B

VE=0

K(£¢) =0

(2) #KAEMERRLFHZ, LEEELAZ, N E ERIFEERLLRE.

PATE Se 200 Ml JrfE i 51 2

UHRR" PRI, f,g7 b1 <i,j<m)¥HRU LGERBRIK, (¢7) RN,
BAU FTR/AER. 22U LR

y O°F iOF -

L(f) = 0xt0xI + ort —

BaEUBARNfTARE GIRAME, U fRAFTELK

TIRFEBE (1), A f=h(€,€),¢7 =gP hi=0, & AR fEM ERRKE, BURE

xo 613 f(zo) = As JFEL U N o H—DARARERI, MIZ T an 8.5, A

=3 070.05h(E,€) = > 9P hVaEVFE — > g PhgRl €€

o

V812 =3 g hs Ve V5

N4
L(f) = ||V = K(£,€) > 0
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8.3 VH K

51882, 75U LIEA f= A, #F(A) RIFH, RN S5 f1(A) R, 8 M
FPEST A MOL(F) = 0, B L(f) FERTT A

IVH¢?P = K(£,€) =0

V0 =0, € 4a, B VOl =0, #HVE=0.
SHEHL (2), 35 € NAET R A4iEE, th (1D &2 PATH, W & AR, F i K(€,€) =0
ALK R AR SUE R, FIE! O
NSRS B IR R R:

(F,h) 2% 5iRF M L8 Hermitian &, EHEAEE v e M, $—5EHB X o (F, h) £3%
—ATEA N, BP

cl(F,h)(X,X) <0(3X € T, M)
W F ERAERG ARG,
TN, T PLREE K

Q=) R,zd=" AdZ”

HIZkAF, ER— R4k, (R.z) MAFEE A R ADH — A2, WEATATBLER M ) Her-

mitian £ & g7 EFFIIIR K = 3 g°P R 5 AL GUE ), W e #8. 3R115 45 1. O

£ Kahler FEMTEOL T, FATAT AM AT L SRERH 5 EIREER.(M, g) & Kahler

M, wREALNX, MeEdhE, FIATE X ENE N

deg(F) = /Mcl(E) Aw"?
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8.3 TH K EH

BN E KRB TR b
Proposition 8.6

&M (F h) Ak Loy —AE@ ¢, A

VLOBH(E, ) Awr = —(|[VMe|Pe — 2nlfelen(F, ) A

[ )
R FRATELY, - 0n R M EARYIME bR, 7
w=V=1) 6"AG"
MRHER (LD B a = V1Y a56° A, B
s % 3" "
B o = /—100h(¢, &)
VETOR(E, €) Nt = = ([T — R(E,€))e"
I o = e (F,h) = Y2 S R 560 4
e1(Foh) Aw! = ﬁ(z Row )
P P 73 T
Zgaﬂh R58E
= Rugll¢]]
oA
VI00h(E,6) A = (VM| — 2nmlle]Per(F, ) A
MAFIIE. O

FIFH /8.4, fE(E Hermitian FE& h, 13 ¢ (F, h) RHATE X M 2 EW, MUFER
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8.3 TH K EH

M — 45 Rt b fE A
2nmey (B h) A ZRW Jw" = cw”
[CpukAvicl

2mrdeg(F):/ cw"
M

e H A 8.
0= [ 70l ellg P
M

e T 30 TR S B A
@ Theorem 8.4

F &% Kdihler 77 M E&g4 &, N

(1) % deg(F) <0, M F L&A IR L2480 ;

(2) Fdeg(F)=0, W F LéyrsbB@mBEaBAR, EAXARE LI, F L

4 4 e B 4 AT H, .

Corollary 8.2

M H—/% Kihler #, AnAEREN. 4 Ky = \N"T*M A M E&—AN% A,

Ky = K$™, WA

P, = dimH°(M, K}}) = 0

WA FERER] o) (M) = —c i (K)yy) BITT. 0J
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8.3 VH K

TIFRATH 2 M I IE S

3t n 4% Kihler i M L& 2B A F, AE—TRET AR TaEGH (1,1) F X

Rk
=1 o
Y= o E gpagdz NZ

%4 M £, Hermite 1% (p,5) A4 (£) fi () =8y, WA F R (£) i (E) 8,

&

KT IR NTRATTA a0 F (/NP B 9H K e BE.
Theorem 8.5 (Kodaira-Nakano)

L &% Kdihler #% M E&gEZ A, W

HP(M, QL) =0 Yp+q>n

N TUEHZ, ATFEZE 4T H) Nakano 1855
Lemma 8.3 (Nakano 185 R)

e WIUM,L), HA L L& Hermitian 52, V A3 RETEIKL, R A3 2 E N

(V=1Au R = V=1RA)p,0) = |10c¢l* + 1105 ¢l* — |18¢l1® = [0l ©

WERR EHSEH T

RQO = ((9L5L —+ 5L8L)90

(V —1 /\w RSO; @) - (V _1<AwaL - aL/\w>5L907 90) + (\/ _]-aL /\w 8_LQO7 90)
+ (V _1(/\w8_L - 8_L/\w)aLS07 <)0) + ( v _16L /\w aLspv QO)
T = 2 Kéhler 1525 2,

V=1A,,01] = =0, V—=1[Ay,0] = O
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8.3 VH K

(]

(V=1 A R, ) = (=0,010,9) + (V=101 Ny D10, 0) + (0500, 0) + (V=101 Ay O, )
[FAF (1) 7 72 ] BAIE B

(V=IR Ay 0, 0) = (=010, 0) — (V=101 A 0. @) + (01050, 0) — (V=101 Ay 010, )

9 S B 1 45 5 0
[m] 1) i FE8.S FAIAIE B «
FIH Dolbeault FLF i B, RATR 75 Z0E \/,H(M,E) = BT, F & (p, q) I
R o #15 A2 = 0.

B 0,0 = 0,0 =0, HMURA Nakano fEZ R, £
(V=1Au R = V=1RA)p,9) = [[00¢l]” + ||070]* > 0
NN PIESEZA, V—1R >0, #AICAE M FH Kahler i, 18 w=+/—1R,
(V=10 R = V=1RA)$,9) = ((AuL = LuAu)g, 9) = (n —p —q)le]]* 2 0

HUARE o =0, J5E FAFIE. O

NP RE BAT R — e A

M A=/ n BRORPRIRTH, F AL LGRS, #
(1) M EHSEZE—AEXC, A [a(F)>0
(2) chl(F)n >0

W HY(M,Q"(F)) = 0(q > 1).

Gigante 1 Girbau X} FIRII8.53E4T 1 INak, J9ubdRAl 175 22 5E SO —FRR Ik
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8.3 TH K EH

e BRI R R SR (1,1) B
-1
Y= % ngagdzo‘ NZP

FHIE (05 £ M ERAAEIE (5) i, BBERFET kWK o (F) > ()0, H

ranke; (F) > k. FIHIX—10 5 AT AR 407 i 2 2
Theorem 8.7 (Gigante-Girbau)

& M A% Kéihler 85, L AHX L&MW, Hc (L) <0,ranke; (L) >k, R

HY(M, (L)) =0 VYp+q<k—1

AMEFE B % E 285 7 AT B Kodaira-Nakano 79 K 5E FE. 1% 5€ FEHOUE B 75 Z6F ETH A4

f¥] Nakano 1845 34T SRS AL A AL BE, Ak 4 s BARAH 3.

AT BJFEATE — D LRIZ KT Pontrjagin SEITH KILR.

Theorem 8.8 (Bott)

M A —AFHRI, F A LA TM 8TRF A, W 26+ -+ig) > dim(M)—rank(F),

WA A0 (0L R) A

pi(TM/F) -+ p;(TM/F) =0

WEER B TM _Ef Riemann & g™, HAEMEE MEEZ M TM = F o F-, AR
AL TM/F 5 F- Sk,
B V™M g TM L) Levi-Civita B4, g7, g™ AT A EBARGKIER, IHid T™M 3

F, F+ ER$Es2 R p,pts W
VF _ pVTMp VFJ- _ pJ_VTMpJ_

ATLLRIE VE, VIO F RS RIS, B oF, gt .

143



8.3 VH K

WU A N AR w e QF(M), {115
pil(Flu VFL) o 'pik(Flu VFL) = dw
FIH] Chern-Weil Big, HFEEILE—A FL FRFHIEL VI, (1153

pil(FL7@Fl) o 'pik<FL76FL> =0

BATEMMIE VI W0
X eD(TM),UeT(FY), # X eD(F), EX
VAU =pHX. U]
¥ X e(FY, X
Vi Uu=viuU
THRTT LABGAIE VI R — ANk, Hid R N Z H.
SHEEM XY e I(F), Z e D(FY), WitH
R(XY)Z=VEVE 2 -VEVE Z-ViinZ
= VL pHlY. 2] - VI pH[X, Z]) - pH([X, Y], Z]
=p (X, p [V, 2] + [V, p ' (2, X)) + [ 2, [X, Y]))
=p (X, [V, 2] + [V, [2, X)) + (2, [X,Y]]) = p (X, plY. Z]) - p [Y. 0] Z, X]]
=0

EHEF TS AT T Jacobi 15N Frobenius ] ARPESE 4 261
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8.3 VH K

it FH B Ay FHx, )
RT e T(FH*) A Q" (M, End(F1))
VGYALIEET

pi, (F1, V) € DA% (F2)) A QF (M)

7l

Py (F2 V7)o py (FE, V7)€ DAY+ (F L) A 0 (M)

X7 rank(FH) = dimM — rank(F), #034 2(iy + - - - + ig) > dimM — rank(F) B, @58

pil(FLvﬁFl) o 'pik<FJ_7€FL> =0
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8.4 %255 Hermitian-Einstein [r] & M

8.4 P25 Hermitian-Einstein [5) = A

7E n 4% Hermitian ¥ (M, g) LA r 451 Hermitian 2260 (B, h), H1E E LT FREC
@V, MNEHhERN R B B2 2 AT Xt % K, ] LR N
K=+vV-1A,R

o

Kuw" =+vV—1nRAw" !

FATPR E 3 24 Einstein 564, 5 K = @I, ot o 72 M _ERISHUEREG 25 o NEE e, WIFRH
/& Einstein 2511, MESFK E 24 Hermitian-Einstein [A] & M. X —17 3 A 15K & 37 Hermitian-Einstein
A E ST BRI AL

B (s, ,8,) N (B, h) FIPEEE, 01, 0" N T« M B)—HE, fiffw=y-1Y0"A
0%, FAlE Xl

IRIP = IR
IKI[P =Y 1K =) [Rigyl?
loll> =D R =D |Rsl* 0= Rua

HAERE MRS A R

(

—Wt a=p#Fy=9

n(n— DA AGTAT AW =1 n a=08+#B=r

0 other
\
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8.4 %255 Hermitian-Einstein [r] & M

FHEHFEATRIERAT ) FEAE L —

Theorem 8.9 (Lubke)

% (E, h) i# &% Einstein 54, W

/ {(r — Ve (E,h)? = 2rca(E,h)} Aw™™ 2 <0

IEFR (B, h) ¥ /24 Einstein 261F, M K7 = @d?, ik

IK[* =r¢?, =10

r||K][* = o

FATTFFAH) FH 5] FH8 411528 — FI 25 Rk

(B h)P AW 2 = — ZQ’/\QJ/\W

47T2

1 ZRWRM“ N AO AT AW

n—leZ aaltyy — Rm)/\w"
]' n
= m(02 - ||P||2)W
co(B h) Aw™™? = — 87T2ZQ’/\QJ/\W

a B g n—2
- _ﬁ > RsgRis0" N0 AOTAD Aw

_ _ _ n
" 8n(n—1 7r2 Z (RijoaRjivg — Rijorlljina) A w

]' n
= W(HKW — ||RI[*)w

[ &z]

1

{tr=Dea(B.h)? = 2rep( B} A" = s
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8.4 %255 Hermitian-Einstein [r] & M

)5 WA || R|[? — [|p||> > 0 BP AT,
1
R|]? — = 2
1R[]" = ~lloll
1 5 2 )
SOML N IE N L
1 .
_ i |2
ZlRaﬁj ;6iR0¢/3| >0

HURANE G O

Corollary 8.3

(E,h) A n 4% Kihler %5 M L&) Hermitian A ELi# % Einstein %4+, % c1(E) =0, W

/ c(BE)Aw"2 >0
M

HRE Y ARY FA-Fi=d. v

WERH S ANEESCR R o3 At b E B RP RIS DL, A R BRI A A

LEESE S, W BR8N IER, FT LAITE A
Rz __51

afBj rJ 045

S h i /2 Einstein 2644, #OLRIE

NEH  OhT

V=InRAwW" ' = Kw" = clpw"

PIIL BRI

V=IntrR AW = rew™ = o™

XHT a(E)=0, &

c/ ow” =0
M
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8.4 %255 Hermitian-Einstein [r] & M

5 o = 0. XH|H Lubke AN%5UIERH A FH 21 )8 25 20

1
_ 2 n—2 2 2 n
0= (B A" = p e (0f — ol
Corollary 8.4
3% Kéhler #F5 M, % ci(M) = co(M) =0, W M Z-Fa. ©
XFFUINHITEIE, a0 AL JE AT ) Lubke 554

Theorem 8.10 (Chen-Ogiue)
(M, g) A n 4% Kihler-Einstein #F5, W

/ {nei(M)? —2(n+ Deg( M)} Aw™ 2 <0

ud @

WA fEUIAIEIE R, E=TM,h=g, HAH

Rz‘jki = Rkh’j
Ee]
K5 =R
SRalhil
111 = 1loll”
7l

2
(n+ DIIRI® = 2/|K]]* = (n + DI[RI]* = ~0

N HT M 3% 2 Einstein 561, %

K =25 0% =n||K|]
n
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8.4 %255 Hermitian-Einstein [r] & M

W EI4R 3] Lubke A4S ACAIEI PO T 28 —. 55 —FREAITF R A

_ 1 n
(M) Aw"™? = WHKH%

L (=K + |[R]P)w”

M n—2 _
(M) Aw 8n(n — 1)

NS K37 e AR S}

S P S A ) SR

{rei(MY? = 20n+ Dey (M0} A = o5

R E
R|]? — 2 ITI1?2 >0
IR - —2 o = 7 >
HA T = Riug — ﬁ(@ﬂkl + 8djx ) 0. R A AZIE. 0
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Chapter 9 H /R M2 N A

9.1 Hfthm3E

MFRIERIVIN, B2 HARRE SCRRPESR, AT 7 DU 4.

T

Liz) = tanh(x)

HERATT AT BAE Ok T IkEE VIV 1) L-TE 00N

ERTM 1

o7 2 O (M
tanh(%RTMQ ) =

L(TM, V™) = det <(
R, 24 M OAPU4ERIER,
{L(TM, VM) &) — %pl (TM, VM)

Hi Chern-Weil #if:, 7] LIS 3| S5BE% G ICIC K de Rham B [EAZE L(TM), FFHAWTF
5E LI

Lwﬁ=<MTM%Mﬂ>=%;MTMWﬂM>

WHRNTRIE M ) L-518.



9.1 HAtrER

LRSRIEHMA S ZH R HENBR, M5 ZNMEWT:
B M N 4m 4ERR)5E 1) Riemann 7%, TERATA 10K )AL
B: H3P(M;R) x Hi?(M;R) — R
() [ wnes
M
M5E X M WFFSE NZ KRB RAS 2, 128 Sign(M).

Hirzeburch UERH T 1 fr) 8 B .

Theorem 9.1 (Hirzebruch fFF 5% EIE)
M A—A dm 2 QHAR, WA

Sign(M) = L(M)

S B TE T B, B VR T RATY TR UYL SRR, SR
AL .

52 ARSI K L

V=1 pT™ L

L(TM, V™) = det((tanhz(” ERTM)) ) e (M)

UK Chern-Weil i, B4 H T — A5 LB IR LR L(TM), AT

M 1y LK.
—. A%
BEART W N R
] 5
M@_mm@)

A LLE XK T B VIM ) A B
V-1 RTM

i TMY _ _dm_ : *
A(TM, V™M) = det((sinh( gRTM)) ) € O (M)
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9.1 HAtrER

I T AR BU%H R 5 B4 TE 5K [ de Rham B EIEZE A(TM). 24 M N IU4ERE Ht &, Al

LASGIE

. 1
{A(TM, VM)A = —ﬂpl(TM, VM)

29 M RSE R %, AT LLE SC A5

A = (Aean, o) = [ A v
M

W M ONVULESE R E I A

L(M) = —8A(M)

K A5 R U e B

Theorem 9.2 (Borel,Atiyah,Hirzebruch)

&M ARG aRRY (XTARABHOZXTUSAERE—T), WA

AM) eZ
FEWINEAH dim(M) #E 8 4 4, W A(M) #1%3k. @
it Emm+H
Corollary 9.1 (Rokhlin)
W4 R AR5 AR 16 89155 ©

=, Todd

AR T R
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9.1 HAtrER

6] b g e F ke VM ) Td-TE0N
%RTM
1-— exp(—%RTM)

IR R 5 kA UE S 1 L [RIEE Td(TM).

Td(M, VT M) = det( ) e O (M)

M NHRIERS, & X Td-5HU T

Td(M) = (Td(TM), [M]) /M TA(TM, VM)

T Todd 254 1 F ) Riemann-Roch A :

Theorem 9.3 (Riemann-Roch)

EARBZRMG M Légestlh, & LAGRRIETHHR
X(M,E) =Y (~1)'dimH"(M, E)

A

MM@zLMMM@
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9.2 Kervaire 7~ M2

9.2 Kervaire F <%

T 5645t Kervaire P/ PEEUINES.
Definition 9.1
M # 4qg + 1 02w B HRFS, WE X M #9Kervaire £~ 8 k(M) € Zy A
2q
k(M) = dimH;(M;R) mod 2
k=0 ‘.

KT Kervaire PR MEECH W N Atiyah 78 K€ 2
Theorem 9.4 (Atiyah)

FEAq+ 1 ERGHAN EARANKELAGEES, U k(M) =0.

X H I BATTRALE W 2% 5 B

BUE M _Ef) Riemann & ¢, FHBUE MAREIERR I €1, -« eqqr1, PHZIRATZ BT E X

] Clifford 1c*5, FA1e L N5 285 T
Definition 9.2

b M E#SETF Dy, WESEETF, 2UH:

Dgig = ¢(e1) -+ - E(eaqr)(d + d*) - Q" (M) — Q" (M) &

AT LI Dy, BB T, IR E R R s, 8 € Qoen(M), 1

(Dsgigs, s") = —(s, Dsigs')

THEE— 2R k(M) AT T RBER AL

Proposition 9.1

2q

dim(ker(Dgig)) = Y dimHj5(M;R)
k=0 ‘
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9.2 Kervaire 7~ M2

H4eH Hodge #, B
dim(ker(A|geany)) = dim(H*(M)) = dim(Hjz(M;R))
NHT Aw=0HHMNY dv=d'w=0, ¥H

ker(A) = ker(d + d*)

i
dim (ker(Dg;,)) = dim(ker(d + d*))
= dim(ker(A)) = i dimH3(M; R)
k=0
HAFIE. O

TR B EM S HT D, XA 2 HAR
indy(D) = dim(ker(D)) mod 2

)

k?(M) = indg(DSig)

B HERSE T, HA 2 SRR, FIENTAM A PR Dy (15
PREEATHAL.

B2 Atiyah JH KEH, %M, A Vi, Ve € T(TM) 3 M _ERWRASGIF AR, Hib
Rtk To k. FATTHL Riemann & g™ {45 Vi, Vo AbAEIEAZ HOM AR,  T5E LT HY
A 1B 5

1

D' = E(DSig + ¢(V1)e(Va) Dsige(V2)é(Vi))

N T AR D, IRATT AT i
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9.2 Kervaire 7~ M2

Proposition 9.2

M H n %3 H IR T Levi-Civita 3%, TM FIRZAREERL e, ,e,, FI1BEA

617 'Jena DN

d=> e AVYTM L Qf (M) — Q7 (M)

i=1

4= =3 i, Vo T 01 (M) - 9°(M)
=1

UERR AT RASGE AN S U A 10 S B E AL T AR BRI I, RATAT LAE ey, - - -

PR IE W AR S DI T B, B e = 05, MUIXHHEE ef = dat

AMERE[ 4, 5,k BT

(Vo UM dad)(0k) = Vo, (da? () — da? (V5,0;) = 0

i1 V('Aaj (M) g2i = 0.

S S AR N M AR
=1

X
%
f
dy =
#d=d.
K

i=1

n= fdx™ N--- Adx'™

8—f.da;i ANdzt A - Adat = dn
ox’

dr == iy Vs,
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9.2 Kervaire 7~ M2

|
dn = — Z(—l)j’l(&-jf)dx“ A Adzii A A dat = dn
J
W de = d*. O
HOT LB 1S Dy A1 D/ 1 s
4q+1
Dsig = é(e1) -+ &(eager) »_ cle;) VL (T
=1
s G ol #e4H
4q+1 4q+1
, 1. . o 1. ) o .
D' = Digté(er) - eeagar) Y c(e)e(Vi)e(Ve Vi) +5é(er) - leagn) D elen)e(Vi)e(Va)e( Ve, Va)é(Vh)
i=1 =1

VAR R E DY MR (BB 5T, 2 X
D(u) = (1 — u)Dsiy + uD’
TBARE D(u) AL PRSI T, i 57 P08 2 B AR, 5
indy(Ds;,) = inds(D')
FEEIMZ D' g X
D' = 3 (Dsig + (Va)o(Va) Desgd (Vo)1)
B 54
¢(V1)e(Va) Ds;g
= SEVAV) D + SEVAIAVR)AVE)AVs) D (V)i i)

— Dy()é(Vh)
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9.2 Kervaire 7~ M2

M e(Vh)e(Va) 5 D' alzg ik, W e(Vy)e(Va) PR%E ker(D'). BEAMEHT Vi, Vo IR %A, B
(e(V)e(1a))® = -1
W 6(V)e(Va) 45 T ker(DY) B LR,
dim(ker(D')) =0 mod 2
i 5] #9.2

k(M) = indy(Dsig) = indy(D') = dim(ker(D')) =0

N Atiyah Y4 K€ HAHIE.
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9.3 Atiyah-Singer 157 & B

9.3 Atiyah-Singer }5%5EIE

%97 BUA Atiyah-Singer SR, FflTH 56 T E LA REIIL, EAELRIM0IHE I, e

ANRATIE S 58 e B MR
Definition 9.3

— AR @R M AR BRERE., &3 % = Stiefel-Whitney £ wy(M) = 0. s

Xfm = 2n 4EBTRRIY M, [FEHCERATE @4 79 € LT M RE ARG F (M), FATE

LA E CEEM -

FM)x . R™={(o,y):0 € F(M),y e R"}/ ~

y
|

(o,y) ~ (0- A, A" ly) A€ SO(m)

ANHEF H IR

F(M) x R™ ~TM

Xt M Clifford fRELM, 2 C,, A R™ A R Clifford £S5, W [EFRERT LLE X

F(M) x.Cp={(0,a) :0 € F(M),y € Cp,}/ ~

y
|

(0,a) ~ (0-A,A'a) A€ SO(m)

[FIAEA [

F(M) % Cyp ~ C(TM)

160



9.3 Atiyah-Singer TE#5 & H

By did.7, AT LUK SO(m)-FEMN F(M) #7H4 Spin(m)-F A
7t Pspingm)(M) — M
oL —EEE
P+ Pepin(m) (M) — F (M)
N T 5E S Spin(m)- 32 A RIS M FRATT 75 B i Se e 7 Al i B 2 1]
V Ay 2n R E W], WA AR 2" EEGETNE S FaFl 4
¢:C(V)®g C ~ End(S)
S HIEEZEIE, c £ Spin(V) Lk
Clspin(v) = Spin(V) — GL(S)

AR ) BERR TR

ﬂfbﬂ‘, ﬁ' \%4 éﬁi@-ﬁ”{lﬁig (61, cee ,egn), H%%f
T=(V=1)"c(ey) - clean)
AEA T ARG AR, BAHT S Ly R, EZHoveV, c(v) KL S FL
R R,
AT BLsE SCRE AT -

S(TM) = PSpin(Qn)(M) XAS = {(5’, 8) 10 € PSpin(Qn)(M)>S € S}/ ~

y
|

(G,5) ~x (6-9,A(g™")s) g € Spin(2n)

BATFR S(TM) — M AN M _ERIREEM.

161



9.3 Atiyah-Singer TE#5 & H

S _FA7AE Spin(m)-/A48 Hermitian £ & h°, ER]LEHARTLE] S(TM) L

hS(TM)([67 81]7 [67 82]) = hS<817 82)

RN S(TM) R T S BBLEH, 20N Sa(TM), HET hSTW E2E, LT e
(ERBAE R, W

o(X) : D(SL(TM)) — T(S=(TM)) VX € I(TM)

BT TM /) Levi-Civita Bc2g VIM, F 1 F(M) FUEEIGHEEIN 0 = {e1,- ,en}

A A BREE T AR

Nl 62 WHHE, No=0"a, H
A, =a Ay a+a tda
AR L FH I ARIITE (0, A,) S 0 BN F(M) LB, FEARMIET
A Pspinmy LRI © = {(5, As)}. WIFRATAT LU UM _E IR 10T -

Vs e T(S(TM)), s WJLNRESERRN s = [a, f], WATELE X

VITM) g — vSTM(5 f] = [, (d + Az)f]

MAEXAE R M _EH) Hermitian [ 8B M E, WA 5EEHERKS VE. €L S(TM)QE N

M ERRIEEA, HAREBRZ

VITMSE — 7STM) @ [y + Tseran @ VE

162



9.3 Atiyah-Singer 15 & B

AT ABSAEZ IR LR EE S(TM) @ E 11 Zy 53K WFRATTAT BLE S R

Z ) VETMSE  D(S(TM) @ E) — T(S(TM) ® E)
XA — AU T IEASFR R B AR 2 557, BFR 34K Dirac BEF, W H ¢ M1E ek
ARGy UA] A

E.T(SL(TM)® E) = T(S<(TM)® E)

g

DE = DPlr(s.ranenm  T(S+(TM) ® E) = T(S5(TM) © E)

W DE W H R, #IRAIBUR Atiyah-Singer & BAUA U T -

Theorem 9.6 (Atiyah-Singer 3545 EIE)

EF M ABE gL @G AR, E A M _E8 Hermitian 2, N

ind(D?) = /M A(TM)ch(E)

P ind 2 LH

ind(DY) = dim(kerDY) — dim(ker(D)*)

X —ANER R E R, B PR K Gauss-Bonnet-Chern 5EH . Hirzebruch 5 % & F A
Riemann-Roch 5& P15 7] DIALNE FIEFR TG L. ©RAEE 2R, 58D EETIRZ
SRR AR KBS, PR AT AR LS. 0T Atiyah-Singer & B 1) #u% BSUE B

BN (S G-B-C EH. F5ZaE ), WS B TR LA 3L

5 JE FATRBOR 40 T M ARA Y] Atiyah-Singer $i& b & B
Theorem 9.7 (Atiyah-Singer, —f%3Ri&)

X R e R B B H T, E AT AR T e 4h 3547, v
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