Floer  Theory
In this note we study the theoy of Floer, which s
developes fom the classical Mone 'k\nema, to parbially
Sdve the celebrated  Avrolds wnjestwe in Symplectic

%e.ow-eina .

Ref. <cMose Theory 5 Floer Homoloqy>- Audin.
<< E\U P'HC MelodS St‘mr\uxic C\egme,h\a ) - NC.])\;#

L. lnboduction
1 wWhat's Aeno\d's C“Sa*“'e U

Convider & suymdekic mild (Mw) . a vector {ied X i
called Homiltowian if [(w is exact, ie.  (yw=aH
i AWiS Case H s colld twe Hamiltonian {unckion

A Howittalan isotopy is & family of diffeo ¢5 with =T
st WPr-XetPe)  whee %t are Hamilbonian
A symplecto @ is o Hamillomian Symplecto (also as exact diffeo)
L 3 Nowmikowiqn isotopy Py St L= @



A vesion of Amold conjectwe n be formulotel as-
Con). Tor gpb gy wfd (MW, P-MIM  Ham  syeglato
then  Hifhed pts of 9 2 Hiciw pts of {eo). -((%ec*ém)]

Thee hae been various imporket  poofrecs i this  problem
O (Weinstein) 1§ @ is C-dosed to JA. then de won). holds
(This S Ohtalned asig his Weinsteins Logrongion NS Then )
B(fhoer) T <W.TMND=<CM). T 20 . then the @nj holdls
B( Now -degererate case. Fukaya-Owo. Lo’u-wa')

L& the. {ixed pts of ¢ ove non-degenerate. then
{fheo\ po of \PB 2 Rt ph 4 o Manse -\unek-'a»\ 2 .gz:o 6’

I. this nole we Study Floer's idea ond work.

2 Review on Morse theory

A Morse {wtim IS 6 Smooth {wﬁm which ¢t pts ae all nomdegenerate

Morse lemma: Let ¢ be o nondegenemte crit pb of {, then

in g nthd of ¢ thee exists a coodimate (% %) St
L P e 1% B Yo At ™

here ) is colled e idex of 4‘» ot C.



Now -Qov & Morse -Fwotion {'—M#@ , O PScudO-%fbda‘&* vf {
S a vector Lield X st
© x$co " holds Hf X is a it Pt

D) In o Movse chark O‘(’ A it P{ x:—V{’ (Vwrd P“-hei'i&)

Let @ Lo 4e flon of X aboe defre the (uaistble ~fid as
W)= { xem| ¥5. Poo- ol
W e xem| W @=o

clead, Wio)=Wia)29 £ o i wt a ot pt

\’m\’. B \a)= odia Wia): Td(w)

We additiondly assume K sebisfies the Swale codition, et (S
W OF W)  (Yab wib pw

Fack © 3 preudo-grediod Sokishyig ohove )

then  dim( Wta) 0 WSU’)) = Inda) - Tnd () -

befie M@by:Ixem| i Fnza G Pon=b)
D dim Mg .b)= Indta) - Tna(b)

deordy R ccts on MO fredy by dramslodion T Hime
D quoved mfd 2D gLl Tndw)-Id(b-|



Now one caw Ae‘t‘na the  Movse complex.
crife B €l a it pF o} & Td@=k]
Cl“{)‘ \Smn ™ | o €23

ax Ce (H G ()

o\ c%u*‘ nabb nyeh) €2, st wuabz e, b)\ modl 2

Foct : ®x is wel-defined - [L@.b)] < toe
@ C C. ak IS moeed o a:-1ch

® The Mone homology  HM,= ker3x /13" coincides
with the é},o kvMO‘ﬂﬁ’ °+ M

. Floer Theory
Foer exleded Mose's de to an &{Tn’rbbd?m S M
M- {smooth tractible loop on M)

\\Q'e- wWe assume <w. u(w?=< C(MYThmW>=0

1. Action functional

Now §ix o Hamitkomion symdecto P, by del IR sS4
P-4 0P & Pe = 4%

X Vaniltonian Dy wdH¢

Assume Hi vanes Swootly w vt time 1‘65"-DI é



Now VYREAM de\—lme
Gy (2)= -f w ~fg Heunat

shee 2 .0OM resinds to & on D
Note that Since Cw.T(M)220, his is independod” ol choice JF 2

Yop. For 3= T (20 =TaAM,
da. () (3= [+ wE 6e)- dHy2u6) () dg

P+ Take 2(.1) $4. zo.0): A t)
| ‘F i‘é-(o t)-= {(“’)

Jd6 (X)) = %GH (t)ls_.o

3'(0.p)= 2CP)

let & be So that
ie(s e )= 36.1)

D $ DOM restvicks to I on D’ §cp)_ 32'(0 P)
. (ecionds € 40 D)
Y ap(3)= Jpr 2= fg He(B (s 0)dt

o 2w Jo ¥l e =-fo ¥ Elp )
=) ¥ lp g =-js.w(<¢t),éct~)oet

-fg‘% H'N;(St‘)n =0 d't = fs‘ dHt(?"'l')) (g("’)) dt

ZA

#



So it pt of 6 D wliit) 5it) ~AHp ) G)=0 ]
kS 20t) = XL

A 21) has the form Zw)= Pelx)

Let pg(T-.)zw(.2) be the induced Riewm metric.
Wit be the qodied wrt- M3
then gradient of futiona| Gny s
Vin (DW= Tiae) 2 - WHe(?)
f &Lea is te tajectmy CLUBI BT
let w: RS IM be  W(T t)= 2¢(k)

ome hes %tt + T‘u)%i‘ ~ UHiw) 20 )
2 Floer's Co-.f\ex

|“OJV\ Thu,, : Amﬁ “mdejgwg-le HamiLtonian S“\&P\Qc‘h’ "F on
opt wonotme mfld (Mw) sokisfies the Mose Mheg. aer da

Here: ) (M.w) IS wmonobone. 3kde St Cw-KG(M). Ta(M)D =0
(i) saksfies Morse ﬁ-el(‘  Fw): ifived pts of 3
32T =NFy of fee Zu-modile Fy Jorewted by Fiy)

st 20 ke [ Im) = Ha (m:22)



Gien %y € CitO) CAM ond w-competible T, et

j,‘('x,ﬂ):s“;mxs‘qml ST‘H(\A\:Q lim w(T.t)=2X) %;:u(f.f)‘ﬂ(ﬂ}

T>-%0

kere a]. Ht\a): 3_‘[ +Ttu) -VH‘(\A) aS wn 6

Now) let 7’* Coe w-conrqﬁ“e AC Stucturer
-~ (/"l)($'zp) space a-f Howm: (fonaa
l\e\'e 8 @ YQS\»('& Shwilar w'rk-\\ Morse ﬂnepn’ .

The ) dewse set (Tx Pl i ThH 54T H)E(TH),
criten) S2 is fmite and Mlxy) aboe S & Smosth mfid
Moreoer let F=Z<<QLM.]‘\.W:LM)>7
Aan idex fuction  Ind: 2£/27
sA. dise M(X.Y9) 2 Tnd()- Tndey) mod 2|
GO Let M= M(E)/IR , then Yxte €2
3o bl ffeo # from an open subset O ML X)X/A(12)XR
nfo M(NX) st
(VKT A xffmr) e st KxIpw x)CO
(T2)i=la 3ufhg #i 0> Mx 1) St Yiu i) EMin. ) AM06,%3
*.Cu. w2 p “Su as P-oo
(T3) the 0-and 1-di pat of M= lry) s ot @p to Indl



L\*‘A*WM‘ #* 3\»\\29" ‘("K‘:)Cc'ta', {ron, X, 4o Xa
O.NA '("om Y. to 13

P; “5‘““,\‘ Fwtter°' > {'mm % 40 A3
19} 7-" 'b) T E-
uALRP (T $)= ‘: :; 1f. 4 :7; small elsephee —"appotate
X ¢ . - wmq )

vea &1 /00

when lad 3 D- a‘)pvw‘m‘te trajector.es %éj; tvajectovies
2 in (‘Fa.) #,(u.. U P(7 %)= D/U.#‘lz#) (T12f 1)
Ho(d. Uep) (71) =D ALHD(T-2. 1)

( Dw,#lh#m} o the Pajr (u. U=)

% loaal diffeo 3 Im# C & comparent of M/x.%9)
of din  Hdim MY %) +dimmiZ. 2s)

If wuy isclated . they qlue to a part of 1-dim componand”
of M () this part is a wbhd a»f one of the ends
(I_.Q this is the only woncptress i the O- and 1-dim padt
D frite isolated trajectries and  1-dk comparent Of A

Also, any 1-dim conporent of Mlxy) hss two ends in I~H
Each end converges weak[y o a /w'r af /Solated m]'edmes.



Mso mote that by ) Jisolated trajectoy O Indy+Tndyz| wed 2]
A 1-din compoent n M(LY) @ 2O wod 2

then defime Floer Lomglex (Fx.9) ‘)u,
IR=2<NY>Y

(Y7 Risolated tojectories fom X 4o 4 wmed 2.

L emma. 3710
?“" T.:(- not. aYxto DI2E€Z and odd wunber

of isolated dwmjectories uv  sd.
x XY B2
B‘J LT:) _Afor each Pair (uv). 3Jan e dluy) which
Ues i o 1-dim oomporment of M.
One end mnverqes weskly to the paiv  (uv)
the oter end converjes weakly b anothe pair
Deven nurber of paivs CoAvedickion |



3 Dependence on (T. H)

A “codinuation” is @ Smooth family of paivs {Ja. Ha Yic
T+ w-compatible AC  structure
H) ¢ time-depedent  Hamiltonian

sssume the pair e mdepondent of A if A€ PRI

Recall +he equation
_ CI o
3.y W)= BT + o ox -VUH _w)=0

let XY .M~ comepmd o the pair (T, H)= (J-. H)
y‘.'ga" M'... SRR - = (T"H‘):(TR.HR)

Now for (u.ud € My(x.X) x M. W) or Jix4)y My(x.3)

o‘{' 132, HA) mgu(ar 3‘)!,@3 mafl’ —fm open Subset .,f
M;\(q(/x')x /.‘;L‘l‘x.'a')xl? a/\d ;UK"])K MA(E‘I)XIP $o M;‘(‘X“')

Agoia . aoncpt end a{ J-dim component in My converses
weakly to 4 pur of isoletal trjectories @  MEMy o My
Ard these account for the nongptress n 0- end 1-dim part of My
3 finitely mang isolated twjectries and arcs n Ma



Then o ceqular antimuation (T2, HAS qives
h Fr O F by hi: S
<%.X'2: Hisolated trajectories N Ma -f:om X to X mad 2

?,,,'7.(.) kaza'k ek is o chain map
@) h induces  (somerphismy on  homeloy
rf ) M= h(TEPY) = TP <pY 7 mxM
Jh(X) = (T A) = T<RXIK Y2y =D Maxa
W For {JaHY fom (TH) 10 (5.H)
(Ta.HA) from (FH) ® T'H)

. T*g[’ ACO
ke oo (000l ity ol
T;\,;;' A>o0

clighd perbufation to make (J3. HS) regular

W

(doesnt chage kﬁ.a)) ddefire chain map from (Fd) +o ( F o))

(7%. ) troajectores €>pairs of (TaHa) . (TiH)) Frmjedoes
> the chain map = hoh
) codkinuation can be composed



Nest we shav thak choin homotopy class of h enly depads
on the howbopy closs ef (Ta.H)) relorve fo its ends

For {Tav). Huo o family of cottavadion with fixel ends
[zt 7[(11')2‘(0-0*) Veco"] , ;;“_")(lk)zo wrt. ‘T,\(v'), H;\‘V]‘s
Ae-f-;e, S: e >Fy!

X 2. rx

bat <X XD is Hisolated tujechies in M.X)
It suffices t shw S is & chin honotopy e hi-ho= SIS

1-dim conponent of m(r.x) ;i a.co1)>r01)
O oo or dtV=0 or | D ed at 1Tav) H;\(v)]‘fra.ja#g l;;O,
@abts n a paur of tmjectries of the form
(S.§) € My(oi).x.2)x MiEx')
or §.8)E M (%9 y My (i) 9)

=
g 2
Sfinde  L-dim ALX) in the {D"" 'Xﬁ'y ﬁ
g =« X'
y, . B

Again by gluing together the pair  (S.J) or (§.9)

one _can  Show S is a chaja  dometopy
) (Ta. Hi} aonfosd wAth ]2, H-1) /‘“J?*P"'a,,._;#,‘,} 77,43
D h induces isomorphism on  homolegy =3




4 Some Detailed Analysis

¢) Gh 'tm')ed'o'y space Mry)
S;,H(u) T +]'(u\ VH*w\ 0 (3
We work i the SPO-CQ Wo.p CPxS' . m) ~§av ?)2,

Then define the length of w as
(‘“") /0?13' ‘ |dtl\df

-rl-::‘wo u(T £)=X(t)

/“(1.1) . N,‘;c U?J‘S..M) solut,0a o{' (%) wiﬂ\ <
%};«”U(T. 1)- 1

by ellptc theory al the solutions ave %



\
Lewmwma wE\M‘,?(P‘SoM) sod::s{-“er B_It-lu:o'

then « be(u\sy o o -l-mjecfw] space S (74:)(00

2

Pf If _3_1“_\\\‘.0, -fhen 2T = \7,‘.‘.‘ ((\(t))
B (ulr))
>

= - da (wit)) (%
= -V, 10T, $%5
=[5 1 %581 ot
D flu)= 'fl? 37 0 (W(T)AT

So if uem(x.y) {{a) =G (4)- Oy 1 X} €00

Comernh‘. 4 twecoo et ups: W e raxs:
("(ug\:f_:-da,.,(mﬂ)%% dt
-.L"; /s’ dHe (0)(3%) - w(5t.3L) st dT
= Ig‘ H(LuLR.,t‘)° Ht(u(R. t‘) dt -rAuup) <tPo
where. Acu,);t\dl)gtg'; ju.?q) s the energy
2 Atw)¢ fuo

Led V= wCth), .o o uher fuT too
e Awecse Dy W3,
If it st unifor-ly bounded in Some W.p n0rm
by "hulblng off " aument , this cotmdich with Atvx)=0
0,




= (Vd uni-fafmlj hourded i~ w'f
% W, s.t. Vd“l(‘l.leS'

clearé, ('(v)=0 >V indeperdet af T

.P
@nverges In w fo v

Snce JTnV=0 D V(T H=%t)  x€eritl@n)
D) D% a5 TD-% = (°(NV)

sTm?(arL, u(t)‘n, (Ta) D wEMIXY) #

Two '("u;'js in_Stondard  T-hol cere 'H'euy nead to
be explained.

D K2, pr2 ,;]C -[-Ewr'?« M) oand 351:0 . then .fec"’(s’,,o‘)
Moveover . EVe!j $w.bse‘t' of 6.]:.‘0) which s Lo«uldd In
Wp.pcstfl\'\) Aas cpt closure in C™(STM)  (Ym)
2 q’f’ 2 q’(‘ v Q‘M)
pf Recall Wi.p (5°0) TS Whpesim) L5C7°CS
i k-‘Fwwtd)
o it Nfﬁce: o dow i SQWp,p(S‘,M) s. &
I"F“(:.p and “%‘I'Wk,f are  bounded Lg M. then
‘feWpﬂ,P (Sl'/“‘) ”{"&-ﬂ,‘as C"-CC/‘,M,I)



Sihce  W,.piS M) Lycstm) | by PoU we @n assume
§- De 9€ . where T i3 AC on € which is stadad of 0

Searbiwess = if $ewh, (e € 5pF:0
consider L) = dut THDoduor ellipsic opendor for u€Wip
thee L has awefficiendts |I4/4',,><-‘-C”"ul for K-p ot
Iy elliptic theory.  Solstion of lu are. A ™
3 fec™ . fec™
W Mllp in D
Gt closwce. Wow if S = (€D €911, <M3
it swffioes fo shon, UM 3L | C=C(E£.T.m) s¢.
@) ifll,, ¢ <ccudgfl, il ) (feS)
Since. (fo] is uniformly bounded ~ WLOC we /et fe .S.o
(fes|f1-0}

then ) (s G reSuld n  standad S-theora.

© I‘I‘ Va s not W.p wu‘farmlj bounded. then EY | .SSm
(ohinuous St A9) £ A(Ve)
P]C BJ cordition, 320 E -2.2)x8 st.ld(@54%

Here we clasm the strorder: 2 ec-2.21xS' § € (o)
St Y= gu JdW (2|0 i) S ldlac] <2)d ) i)



then define Gui2)= Vu(Ysi?)) - Bio,a) > M
where Wi - Bo.r) 5 Bl 8a) 54 ldba()< /31272:),
D Supldfu)| < 2
then YR dt;gi0sr) Wip uniformly baumded
D 39055 3z Bio.) SM
333: @M Thol st 14l € A)
By vemousl of gij:laritics .9 exteds 1o o Conkinwes map SS M.
()

r'f of clam: stad froa any &.¢a sasl-‘sﬁiq i)
aod i > holds from any o<k let (wi. §):=(Zr. &)
i) doesnt hotd , take L:?hi Biwn. £.) st ldU(w2))>2 ldq‘cw.)l
T (then e f) still fik i>)
if this pocedue neer steps. Then WhWEB@E2i)
S /s st diffeodiabl ot w
condredicAs wih © ! #

@Remwcl of St\njulau"ha. 9 /s a TJ-hol map with {mite
Grea frow\ D-¢t0} to M. Ben 9 CONH;uuﬂui" e;dﬁJs to D.

(P-F omH‘fEd)



ul) Fredholm {haory
For fx.jecn'{ (@) . define ﬁ,,,(x.v) CW,,:,“'LIPIS'. M) be the
—fum-b‘ms wh ich decqy ex Ponew{'iq,l(, to X 9 ot the end o]('
cytinder @S
o xy nondegenesate.  Floer defined & Barach bundle L
over PplxY) and a Fredholm section 3.4 5t

M(x,2)= 3.7 10)

(i1) Tndey M
Td(v) (x€Critli) ot naturally  defined
diffeence : w1z Tad 1- “Ind'19)  for wEMM))
smorth v igenabts a(r) (a220e g )
If VYu . one can defie  self-odjoint Al on Hilbert space Ly
1€00.0). where  MolA) s the Hessiaa at x(y)

'tl'a' let ﬂ((&)‘ # \’a'- a(O)Co(a(')) - # (A ‘QUO) >0 )A(a)’

Lz - CERT™)  tosget Spce af 2€aM
Az: defied on & dense subset o-f L2 Th) b, NV
(if extended Ho W.2(ZTM)_ then adjont)



Ih 2€0iti0u). o is the Hessin given by
Azc%)= g (]’i) -V (Vt-\.‘.(?))
=30,3 + (9 T)2 - Vg (WH12)

Hoer shows 4’ LS Wajeﬂe'afe‘ ome an foke A be a slﬂk'('
perturbakion of Auwz) with QIT) adeperdet of Ppertwhasion
Ard ) s ac‘f‘“’/g the din o-f wmfmev" af Mlz.ﬂ) mfwko}g u.

Since NLIN  consisty -{- controctible (oopS. Yu.v path in am
—fmm toyy, V lw.fop?c‘cou#_é rel Y
J
t‘na,eo{q 2?“64 ~ M

wvite vZuh A

Pto'}_ M(&#A) 3M(H\4'u0 (A)

Leh'\'\ﬁ. T:‘ (M,U) monotone. ‘tLIEII Vk 3‘..‘( Q-‘. f‘l’ /JLU)Sk
then i) < Lk



() The set (THH(re

Pop 3dere set (TrHhgy e TxH st V(T.H)C(7>‘H),e,
Qs haS @ f;;u‘ te <Set Z °1£ nondejene/a,fe crit f‘h ] at\a‘
VXJ]&Z M(X.4) s & smooth -.,.-[-(o\ Further. the diaension

of the conponet of M2.Y) Conbiiing W = i)

For the sake of smplicity we want H to be tme -/Ade,;azded-
5..,-(» this s wot 5eoeric. Further ]urb’fjig a{?unad'f need
+o be done.

Lemna et H be oy elemet i M . x4 disthct nondejecrite
crit phs of On , ther He subset of Rpiag)x T formed
by cll Simple (v.T) with drqu=o is & Banach ~fd.

New we can cmsider the case when H is +ime —independent

For xEcrittr). et ~YEAM be the constant logp ot~ 2



Led ST-TreM> M be its Hessan w.rt- Mz
then My (SzX), Y= XYH = -w(TS3(x), )
D JST is idapendent of J

Lemma |H time-indepodest. then x is a4 pordgeremte coit

pt of Gn o“[‘{ #"EZ S+. 2Rik (5 i1 the spectru of T37
In Pﬁfh‘adaf Xo Must be a nona’ejcl.emfe crit pt af =

Frop Let H be o Generic  time-indepordedt funchon on M

If (Mw) monotone. A sufficietly swall  A(T,AH)E(Tt Mg
St. the onby comporedts of M(xy) wrt (TAH) whick
Dopribute to (FLI) consist of time-indepadet frujectories



Thef\ Cfiﬂam) < ans"'a:d' toqf 0* crit (H)
i gnenc D assume  wndition in the previows [emma  holds

Imu: 2-ghee on M D {Iud=w(cwd)= AH12)- AHIY) >0
d W:FC.
-;, w()) -k =D w(w)20 (C.())2o

recall pmlufA MW+ 2€(A)
for u™ = u(=-.me)  amla™)Zul)

Chose TET s+ bYm2l (T, AH/m) is reqular for all sinple u
Ther Wsobwtion u of SJ-',M-«/.. U=0 which is net consta %
las & 2-parameter family of reparemetvizodion
Dulu) 22 Mu™) 22
(T M) -trajectory which depends on {ime Aas low! dim22
Odoesn't codribite 4o (Fr.d) !

(V) &wnfoo'h ess

Prop (M) monvtone ond (T H) regular . then the component
of MI%Y) of dim 0 ae pt C(lence finite)
of dim 1 ane opt except fo- sequences of
trojechorieS uhich split up n tuo



Pf- lonsider (W MY)  with pllUs)=m
then {(Us) bourded DUy unifomly bousded n W (P¥S)

(VP s unifornly bounded in W5 (PuS) P
then 3subseqrence (alvo coled Ua) Uy <% u
D V{lUao 6= fUst (*+6u)) C.,:M( Converges o v

C‘ewh, v E C"(IPKS') ;‘Hvso liv) cag De M'M('.‘ﬂ')
Since  there ane oaly fiute possiele limits VioVe Viem (2. 2)
M(Ua)= T (Vi)

=) a0 SP“‘&/;ﬂ Z‘f ﬂ‘@:“ Dﬁ@ S’)l,/t' to two [af ﬂ(d¢)=2

(VI U not uniformly boded & w (vp>2)
the, Lj bum;..j oﬁ‘ agument, Asubseguence Uy
converges to & R-trajectony v whth finite Thol sphee A-Ap
JuVI+2C(A) + - +2C (Ap)= 4y Ua )= if m<2
f v & st coastet > pv) 2|
wAYs0 "= €1 (Ao

F v 8 constuct x=Y then p=| cCAI=)

> X

then o 5 o ngle poit on the bubble
bud this  doesn't hafper for gevere T -



