VARIOUS MEASUREMENTS ON THE SPACE OF CONTACT
FORMS

LYU CHANGLE

ABSTRACT. There are various types of numerical measurements on the space of
contact forms on a Liouville fillable contact manifold. These measurements include
the interleaving distance between a logarithmic version of the contact persistence
modules of Cant[Can23], the contact Banach-Mazur distance dapy between contact
forms[RZ21], the fine symplectic Banach-Mazur distance dsgy between the graph

domains, and so on. In this paper we give some comparison results between them.
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2 LYU CHANGLE
1. INTRODUCTION AND MAIN RESULTS

The numerical measurements on geometric objects have been intensely studied by
symplectic and contact geometers. In terms of symplectic geometry, firstly one can
define measurements on the space of Hamiltonian diffeomorphism. Hofer’s distance
dy [Hof90] founded the base of Hofer geometry. Many have adapted various tools in
Hamiltonian dynamics to study Hofer geometry (for instance [LM95, Ush13, PS16]),
and conversely, many phenomena in Hofer geometry have also indicated plenty of ap-
plications to Hamiltonian dynamics [Pol01, Sch00, Sch06]. Using spectral invariants
extracted from Floer homology, one can also define spectral norm and study some
properties of it, for example C°-continuity[Sey12, BHS21, Kaw22] and large-scale
geometry[FZ25]. Besides, one can also define distances on the space of symplectic do-
mains. Fine and coarse symplectic Banach-Mazur distances, which can be seen as non-
linear analogues of the standard Banach-Mazur distance in convex geometry[Rud00],
on the star-shaped domains in a Liouville manifold, have interesting large-scale ge-
ometry properties|Ush22, SZ21, CGH23].

As for contact geometry, Shelukhin[Shel7]| defined a Hofer-like distance d, be-
tween contactomorphisms on a contact manifold (M, «), and Rosen-Zhang[RZ21]
constructed a contact Banach-Mazur distance between “contact domains” of some
contact manifolds.

In this article, we place our attention on the space of contact forms supporting a
certain contact structure. We describe our set-up first.

Let (M, &) be a closed contact manifold and & is co-orientable. We fix a contact
1-form «ap and assume (M, £ = ker o) is Liouville fillable. To be precise, we suppose
that there is a Liouville domain (W, w) with complete Liouville flow X for ¢ < 0,
satisfying OW = M and (txw)|y = ap. Define the following family of contact forms

O¢(ap) = {efao | feC™(M,R)}.

There are many numerical measurements on this family.

1.1. Symplectic Banach-Mazur distance. For a Liouville domain (W,w) with
Liouville flow X, let W be its completion. For any open star-shaped domain U,V
in W and real number C' > 0, write OV := ro(V) = ¢2¢(V), where ¢x is the flow

along Liouville flow X and CU is defined similarly. Then we can define the coarse
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symplectic Banach-Mazur distance as
1

CU%V%OU},

dpm(U, V) :=inf{lnC' | C > 1,3¢,v,s.t.

where %U i§> V' means there is Hamiltonian isotopy ¢ on W with ¢ = id and
$1(FU) C V, similarly we impose the conditions on .
We focus more on the fine symplectic Banach-Mazur distance, denoted by dsgwm,

in this article. It is defined in a same pattern as above, but we require that:

(1) ¢ and ¢ are exact Liouville embeddings. Here an embedding ¢ is said to be
an exact Liouville embeddings if ¢*A — Ay = df for some smooth function f,
and A\ = txw is the Liouville primitive.

(2) Both ¢po¢ : £U — CU and ¢(C)otp(C) : £V — CV are strongly unknotted.
Here ¢(C) =rcoporyc and (C~') = ryjcotpore. And an exact Liouville
embedding n : A — B is called strongly unknotted if there exists an isotopy
of exact Liouville embeddings 7, : A — B, t € [0, 1] so that ny =4 p5,m1 = 0.

Clearly one has dgy < dspu-

Remark 1.1. Here our definition of fine symplectic Banach-Mazur distance uses the
unknottedness condition introduced by [GU19, Ush22]. Note that [RZ21] required
that the homotopy in the unknottedness condition should be inside the corresponding

target domain.

Remark 1.2. One can impose different kinds of restriction in the above definition to
obtain many kinds of symplectic Banach-Mazur distance. For example a 7 -trivial
condition is required in the definition of [SZ21], and a homological Banach-Mazur

distance is defined in [ZZ26] by adding H;-trivial restriction.

A

For the contact manifold (M, ayp) with the Liouville filling (W, w) above, by [AM19],

there is a decomposition

W = SM U Core(M),

where SM is the symplectization of M, and the coordinate (z,u) defines an identifi-
cation between SM and M x R,.
For any a € O¢(ayp), there is a smooth function f on M with a = e/, then there

is an open Liouville domain in W as follow:

Wy ={(z,u) € W | /™ —u>0}.
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Then both dgym(Wa,, Wa,) and dspy(Wa,, Wa,) give numerical measurements on
the space of supporting contact forms. We will also called these measurements as

(coarse or fine) symplectic Banach-Mazur distances.

There is also a contact analogue of symplectic Banach-Mazur distance.

Definition 1.3. ([RZ21, Definition 1.12]) Let (M,£) be a closed contact manifold

with £ co-orientable, and O¢(ay) is as above for a fixed contact form ay.
(1) If a1, a0 € Og(ap) with o = efiag(i = 1,2), then we say a; < s if and only
if f1 < fa.
(2) For any ay, as € O¢(ayp), the contact Banach-Mazur distance depy is defined

as

1
dCBM(Oél,CKQ) = 1nf{lnC ’ C Z 1, E'COHto(M, 5),S.t.6041 j ¢*CY2 j Cal},

where Conty (M, §) is the identity component of the contactomorphism group
of (M,¢).

Remark 1.4. For any Liouville manifold W, Rosen-Zhang[RZ21] constructed a can-
didate for contact Banach-Mazur distance between fiberwise star-shaped domains in
W x S'. Their distance is sometimes not well-defined and the non-triviality of this

distance has connection with non-squeezing domains.

There is also a simple C°-type distance measurement on Og¢(ag). Let ag, a9 €
O¢(av), so there exists f € C*(M;R,) so that a; = f - as. Then we can define

5(a17042) = ||10ngCO-

1.2. The bottleneck distance. In the persistent homology theory, the isometry
theorem gives an isometry to the space of persistence modules (a persistence module
can be roughly regarded as a filtered family of vector spaces), equipped with the
interleaving distance diyer, and the space of barcodes (a barcode is a multiset of
intervals), equipped with the bottleneck distance dyote-

Since there is an action functional and thus energy filtration in Floer theory, a
Floer theory usually induces a persistence module, so also a barcode by the isometry
theorem. See [UZ16, PRSZ20] for barcodes associated to classical Hamiltonian Floer
theory, [CGG24, Die25] for Lagrangian Floer theory, [Fer24] for wrapped Floer theory
and [FLS26] for symplectic homology.
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We consider two types of barcodes in this article. Recall that W, = {(z,u) € W |
e/@® — >0}, s0 W, = {(z,u) € W | e/® =4}, and

r'y: (M, 06) — (aWaa)‘|3Wa>

is a contactomorphism, where \ is the Liouville form on W. So W, is a non-degenerate
Liouville domain if and only if « is a non-degenerate contact form on M. Then one
can define a filtered version of positive symplectic homology SH{(W,,) for any a > 0,
and let SH,(W,) and B.(W,) be the corresponding persistence module and barcode.
Write

log SH: (W,,) = SH® (W,),Vs € R.

Then there is also a resulting persistence module log SH,(W,,) and barcode log B.(W,,).
If both oy, ap € O¢(ay) are non-degenerate, we can consider the bottleneck distance

between the logarithmic symplectic homology barcode

dpottlesu (1, a2) 1= dpottle ( log B, (W, ), log B. (Waz)) .

The other barcode arises from the persistence module defined by Dylan Cant[Can23].
Recall that a discriminant point of ¢ € Contg(M,€) is a point x € M with

¢($) =, (qb*a)z = Q.

For a contact form a, let Ry, = RS be the corresponding Reeb flow. A translated
point of length s is a discriminant point of ¢~! o R,. The spectrum of ¢, written
as Spec, (¢), is the set of lengths of translated points. See [San12, AM13, Shel7] for
more work on translated points.

We let Contg (M, &) be the subset of Conty(M, &) consisting of contactomorphisms
without discriminant point. For any contact isotopy ¢; € Conty(M,§) with ¢; €
Contg(M, €), there is an associated Floer cohomology HF(¢) given by the Floer coho-
mology on W with respect to any Hamiltonian system whose ideal restriction agrees
with ¢. Then for any s ¢ Spec,(¢1), define

Va,s(¢) = HF((b;l ° R?t)a

and the continuation map V,s(¢) — Vas(4),s < s is given by counting certain
twisted cylinders. The detailed construction will be discussed in Section 3.
The family {V, s(¢)}s along with the continuation maps form a persistence module

V. (¢) and there is a corresponding barcode B, (¢).
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For any s € R, define
lOg Va,s((b) = Va,es (¢)7

then there is also a continuation map logV,, s(¢) — logV, «(¢) for any s < s’. We
write log V,,(¢) and log B,(¢) be the associated persistence module and barcode. For
different contact forms oy, as € O¢(a), it is also natural to consider the bottleneck

distance dpottie(10g Ba, (¢),log By, (¢)). In particular, we write
dbottle,cont (041, a?) - dbottle ( 1Og Boq (1d>7 log Bag (1d))
1.3. Main results. The main result of this paper is the following.

Theorem 1.5. Let (M, &) be a closed contact manifold and & is a co-oriented contact
structure, then for a fized contact form oy and any oy, 09 € O¢(a), we have the
following.
(1) For every Cant system ¢, t € [0, 1], with ¢9 = id and ¢, € Conty(M,E), and
for any € > 0, there exists x. € Conty(M,&) so that

dbottle( log Bal (gb)’ log Ba2 (X€¢X;1)) < dCBM(ala a2) +e. (1-1)

(2) If both ay and o are non-degenerate, there is
dpottle,su(r, a2) < dsm(Way, Wa,) < dem(an, az) < 0(aq, az). (1.2)

Theorem 1.5 can be interpreted in two complementary ways. First, it gives upper
bounds on Floer-theoretic measurements in terms of Banach-Mazur type measure-
ments of contact forms. Second, after reversing the inequalities, the barcode distances
provide computable lower bounds for degy and, in the symplectic homology case, for

dspwm-
Let us spell out a few immediate consequences.

Corollary 1.6 (Lipschitz continuity with respect to conformal changes). Let o/ €

O¢(w) be of the form o = ea.. Then, for every Cant system ¢y,

dbottle (log Bi(‘b)? log B;r’ (¢)) S ||gHCD'

In particular, the map
a — log B (id)

is 1-Lipschitz with respect to the elementary C°-measurement §(a, o) = || log(a//a)||co.
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Proof. If o/ = e%a, then e l9lcoq < of < elldllcon.  Applying Theorem 1.7 with
C = eldlco gives the result. O

Ezample 1.7 (Constant rescaling). Let o, := e®«a for a constant a € R. Since R* =

e *R*, one has
Vaus(¢) = HF (¢ ' o Ry) = HF (67" 0 Ri-ay) = Viyemas(9).

Thus the logarithmic persistence module satisfies

log Vy, (¢) = log V,~(¢),
and consequently
log BY. (¢) = log B (¢) + a.
In particular,
dvortte (log BY (¢),log BY () < |al,

which agrees with the estimate 0(a, o) = |al.

Ezample 1.8 (Small non-constant conformal perturbations). Suppose o’ = eY« with
lg(z)] < e for all x € M. Then

e fa=a <ea.

Hence

dbottle (10g B;F(Cb)a log B;r/ (¢)) <e.
Equivalently, every bar endpoint in the logarithmic barcode can move by at most ¢
under such a perturbation, up to the usual bottleneck matching. In the original action
variable, this means that relevant action levels are controlled up to a multiplicative

factor e°.

Corollary 1.9 (Lower bounds for Banach-Mazur measurements). For oy, as € O¢(ay),

Theorem 1.5 implies
depm(ar, as) > diporne (log By, (id), log BY, (id)) .
If a1 and oy are non-degenerate, then it also implies
dspM(Way s Way) = dyottie(log B« (W, ), log B.(W,,)) .

Thus barcode computations can be used as obstructions to contact or symplectic squeez-

ng.
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1.4. Outline of the proof. Now we give a sketch of the proof. The first part is to
show the inequality (1.1). The main ingredient is to connect the interleaving distance
of the Cant persistence module to the squeezing constant controlling two contact

forms. The precise statement is the following.

Theorem 1.10. For o, f € O¢(w), if for some real number C' > 1, there is
Cl'a == Ca,
then for any contact isotopy ¢, log V,(¢) and log Vz(¢) are log C-interleaved.

To construct interleaving persistence morphism, we need the order and rescaling
funtoriality of Cant’s persistence module. This would lead to Theorem 1.10 as in
Section 4.2.

Theorem 1.11. The following properties hold.

(A1) If oy < g, then there exists a canonical persistence morphism

hyar © Vi (6) — Vi (9).

2,01

That is, for every 0 < s < ', the square

h¢73

Va2,8(¢) ﬂ) Val,s(¢)
w2 | [
é,s'

ho‘Qvo‘l
Vaz,S’(¢) — Va1,5’(¢)

commutes.
(A2) If a; < oy = ag, then

ho = h? o h?

3,01 2,01 ag,02

as persistence morphisms

Va§<¢) — vozt ((b)
In particular,
d) o
h‘a,a — ldv(j-(qs)
(A3) For every constant C > 0, there exists a canonical multiplicative-shift persis-

tence isomorphism

P VH(G) S (me) Ve (6),  me(s) = Cs.
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Moreover, for every 0 < s < &,

Cn,¢ ne _ 9o 7,
cCs,Cs’ © pC,s - pC,s’ © Cs,s"

(A4) If aq = «g, then, for every C' > 0 and every s > 0, the following diagram

commutes:
h¢,s

Va2,5(¢) _"gil_) Va1,s(¢)
2 | 5
®,C's
VCOC27CS(¢) VCal,Cs(¢)-

Cag,Cay
Remark 1.12. The item (A4) is actually not necessary for our proof of Theorem 1.10,

thus Theorem 1.5. However, we include the statement and proof of it here.

The above theorem will be proved in Section 4.1. Along with the following conju-

gation invariance of Cant’s barcode, it would yield (1.1).

Theorem 1.13. Let x € Conty(M, &) and a € O¢(ap). If B = x*a, then there is a

persistence isomorphism

log Vs(¢) = log Vi (xox ™).

Proof of (1.1), assuming Theorem 1.10 and Theorem 1.13. Now let ¢ > 0. By the
definition of depm(c, @), choose C. > 1 and x. € Contg(M, &) such that log C. <
depm(a, @) + € and
Cla = xid =< C.a.
Set B: := xta/. Then
Cla < B. < C.a.
By Theorem 1.10,
dpottle (10g B;r(@; log BEE (¢)) < logC..
By Theorem 1.13,
log BY (¢) = log B, (x=0x:") -
Therefore
dnottie (og B (¢),log BY, (x=0x: ")) < logC..

Using the choice of C¢, we obtain
dpottle (log Bi(@, log B;r/ (X5¢Xe_1)) < dcpm(av, 0/) +eE.

This proves the desired statement. ([l
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Then we need to show dyottiesu(, a2) < dspm(Wa,, Wa,). This inequality is a

direct result from the following more general stability theorem.

Theorem 1.14. Let U,V C W be nondegenerate star-shaped Liouville domains in
W. Then
dbottle (log S[H*(U)a IOg S[H*(V)) < dSBM<U7 V)

This result is based on the following properties of symplectic homology barcode,

the proof is given in Section 4.3.

Theorem 1.15. Let U,V W C W be nondegenerate star-shaped Liouville domains.
The following statements hold.

(B1) If ¢ : U < V is an exact Liouville embedding, then for every reqular action

value a > 0 there is a Viterbo restriction map
hg : SHE(V) — SHL(U).
And hg = {h}}a>0 is a morphism of persistence modules
hg : SH(V) — SH.(U).
Namely, for 0 < a < b, the diagram
SH%(V) IREN SH®(V)
ha

gl &

LU
SHY(U) —= SH®(U)
commutes.

(B2) The assignment U — SH,(U) is contravariantly functorial. More precisely, if
Uvsvhw
are exact Liouville embeddings, then
hpop = hg © hy.
(B3) For every C' > 0 there is a canonical scaling isomorphism
rY(a) : SHY(U) = SHE(CU).

And they define an isomorphism of persistence modules

o

rY : SH,(U) = SH.(CU)[log C],
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where the shift is understood in logarithmic parameter:
log SHE02C(CU) =2 log SHL(U).

Moreover, scaling is compatible with Viterbo restriction maps, that is, for every

a > 0 the diagram

h(l
SHY(V) —%» SHYU
ré (a)l% l%rg(a)

hCa
SHC*(CV) —2<% SHO*(CU)
commutes.

(B4) Let C > 1. For the standard inclusion i : U — CU, the restriction map

induced by i is the persistence comparison map after scaling. More precisely,
hi®oré(a) = tg o

In particular, for the standard inclusion j : C~'U — CU, the restriction

map
a . a a —1
hi - SH{(CU) — SHY(CU)
becomes exactly the persistence comparison map
LaU/C,Ca : SHi/C(U) — SH*CQ(U)a

after the scaling identifications SH(CU) = SHYC(U), SHY(C~'U) = SHE(U).
(B5) If U CV and ¢ : U — V is strongly unknotted, i.e. Liouville-isotopic through

exact Liouville embeddings to the standard inclusion iy : U — V', then
hg = hy,.

As in [PRSZ20, Section 9.6], the above properties implies Theorem 1.14, thus
dpottie,sn (0, a2) < dspyv(Way, Wa,). We will lay out the argument in Section 4.4.

Remark 1.16. Theorem 1.14 was stated in [PRSZ20, Theorem 9.4.9], where the nota-
tions of symplectic Banach-Mazur distance is different from ours. The key to their
stability theorem is the functoriality result Theorem 9.5.1 therein(which is also dif-

ferent to our Theorem 1.15), which the authors did not present a complete proof
of.
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The inequality dsgm(Wa,, Wa,) < depm(ai, ae) is obtained in [RZ21, Theorem
1.14]. Although the definition of the fine symplectic Banach-Mazur distance of Rosen-
Zhang does not require the embeddings to be exact Liouville embeddings, the diffeo-
morphism constructed therein for the proof is actually Hamiltonian, so exact. Then

their proof works in our setting and yields dspy(Wa,, Wa,) < depm(aq, ag).

Now the only remaining piece is dopm(aq, a) < d(aq, ). This is rather direct so

we give a proof here.

Proof of depy < 0. Write o = e/t for some f; € C(M,R). Since ay = faq, we
have ay = ef17108 /.
Set § := d(aq, ) = ||log f||co. By definition, —0 < log f(z) < ¢ for every x € M.

Hence
fil@) — 5 < fi(w) +log f(2) < fi(e) + 8 for every @ € M.
By the definition of the order < on O¢(wy), this gives

€f1_5040 < 6fl—l-logfom < €f1+5040.

Equivalently,
675041 < ag X e‘soq.

Taking ¢ = idy; € Conty(M, ) in the defining infimum of degy(aq, o), we obtain

depum(an, an) < 6 = (g, aa).

So the above ingredients would complete the proof of Theorem 1.5.

The paper is organized as follows.

In Section 2, we review the basics of topological data analysis, spelling out the
necessary definitions and results in the persistent homology theory, including the
isometry theorem connecting persistence modules and barcodes. In Section 3, we sep-
arately study the barcodes arising from symplectic homology and Cant’s construction
in detail, giving a proof of invariance result Theorem 1.13. In Section 4 the proof
of Theorem 1.11 and Theorem 1.15 will be presented, thus concluding the proof of
Theorem 1.5.

Acknowledgments.
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2. PERSISTENCE MODULE AND BARCODE

In this section we provide basic definitions and results in the theory of persistence
module. Our conventions follow [PRSZ20] and one can find more details in [BL15,

UZ16, PSS17], etc. First we lay out the relevant definitions about persistence module.

Definition 2.1. ([PRSZ20, Definition 1.1]) Let F be a field.

(1) A persistence module (V,7) consists of a finite dimensional [F-vector space
V, associated to each ¢ € R with homomorphisms m,,: Vi — V, whenever
s < t satisfying the functoriality properties that 7, s = Iy,, the identity map
on module V;, and 7, = 7, o m5;. We require that
(a) For all but a finite number of points ¢t € R there exists a neighborhood U
of t, such that 7, is an isomorphism for any s < r in U.
(b) For any ¢ € R and any s < t sufficiently close to ¢, the map mg, is an
isomorphism.
We omit the symbol 7 from the notation if it causes no problem of ambiguity.
(2) Let V be a persistence module and § € R. The J-shift of V' is the persistence
module V[§] with V[6]* = V** and 7[0]%" = mei5.46-
(3) Let V and W be two persistence modules. A morphism from V to W is a
collection of linear maps f = (f° : V¥ — W?)cg such that for all s < ¢ the

following diagram commutes.

e Loy

v
7rs,t \L

Vi — Wt

A morphism A : V — V’ is an isomorphism if there is a morphism
B : V' — V such that Ao B and B o A are the identity morphisms on

the corresponding persistence module.

Remark 2.2. There are many different definitions of persistence modules. The differ-

ences mainly take place in the condition imposed on the module.
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(1)

(2)
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In some texts, for example [CB15, FLS26], the vector spaces V are not re-
quired to be finite dimensional in the definition of persistence module. How-
ever, since the finite dimensional condition is necessary in the structure the-
orem and all the persistence modules that we concern in this paper are all
finite dimensional in a natural way, we omit the condition in the definition.

The condition(a) in the definition is called finite type condition in [FLS26].
Since it enables us to count the number of intervals and this condition is met
by the persistence module that we define through Floer-theoretic construction,

we put this condition in our definition.

There are many examples of persistence modules that appear in applications.

Ezample 2.3. (1) Let X be a closed manifold (i.e. a smooth compact manifold

without boundary) and let f : X — R be a Morse function. Fix 0 < k € Z
and put

Vi=H,({f <thF).
Consider the natural inclusion {f < s} CT {f <t} for s <t. It induces

the map 7y, := (is4)« : Vs — V4 in homology, and one can verify that we get
a persistence module.
Every non-empty interval I C R defines a persistence module F/ as follows:

Fiftel, idg if s,t € 1,

FI, := st 1=

0 otherwise. 0 otherwise.
More generally,let {[;|i € an index set J} be a collection of intervals I; C R.
Let {(mi),,}s<: be the collection of linear maps for the interval persistence
module FI; for all © € J. Then, this collection defines a persistence module
D,c, F1; as follows:

(EB [F]Z-> = @ (FL),,mss = EB (Tri>s,t )

ieJ icJ ieJ
For a persistence module (V,7) and 6 € R, define a persistence module
(V[0], w[0]) by taking (V[d]), = Viys and ([d]),, = Tstss+s. This new per-
sistence module is called a d-shift of V. For § > 0, the map ®° : (V,7) —
(V[6], 7[6]) defined by ®) = m, ;5 is a morphism of persistence modules (it will

be referred to as 0-shift morphism). Also, if we have a morphism F : V — W
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between two persistence modules, let us denote by F[d] : V[§] — W[d] the
corresponding morphism between their d-shifts.
(4) Let (V,m) be a persistence module, and let 7" be a real number. Then, the

truncation of V at T, denoted by V7T, is a persistence module

VT = ({‘/;T}teﬂ?a {Wg,b}agbeﬂ?) 5
defined as follows:

Viift<T T Tap £ 0 <T

V;S - . 77Ta,b - .
0 otherwise 0 otherwise

In fact, any persistence module can be decomposed into the above defined interval
modules. This is the structure theorem(also known as normal form theorem), which
is fundamental in the persistence theory. To better describe the result of the theorem,

we firstly introduce the definition of barcode.

Definition 2.4. A barcode B is a locally finite multiset of intervals, namely a
collection {(/;, m;)};es of intervals with multiplicities m; € N, such that only finitely
many intervals meet any compact subset of R in a nontrivial interval. The intervals

in a barcode will be sometimes called bars.

Theorem 2.5 (Structure Theorem). Let (V,m) be a persistence module. Then there
exists a locally finite collection {(I;,m;)}X., of intervals I; with their multiplicities m;,
where I; = [a;,b;) or I; = [a;,00), m; € N, I; # I; fori# j, such that

N
V=@Fu)m.
=1

By equality here we mean that they are isomorphic as persistence modules.
Moreover, this data is unique up to permutations, i.e., to any persistence module there
corresponds a unique barcode B(V'), which consists of the intervals I; with multiplicity
m,. This barcode will be called the barcode of V.

Proof. See [Gab72, CB15] and [PRSZ20]. O

Remark 2.6. The definition of our barcode is different from the one in [FLS26] since
we imposed the semicontinuity condition on the persistence module, which restricts

the type of intervals appearing in the decomposition.



16 LYU CHANGLE

One can define a distance on isomorphism classes of persistence modules with the

same vector space at +o0.

Definition 2.7. ([PRSZ20, Definition 1.3.1]) Given a 6 > 0, we say that two per-
sistence modules (V,7) and (W, 0) are d-interleaved if there exist two morphisms
F:V — W] and G : W — V], such that the following diagrams commute:

v s Y pas w -G v T g
\/, \/,
e o

where ¢ and ¢ are the shift morphisms. We will also refer to such a pair of
morphisms F' and G as d-interleaving morphisms.
For two persistence modules (V,7) and (W, 0), define the interleaving distance

between them to be
dint(V, W) =inf {§ > 0 | (V,7) and (W, 0) are d-interleaved}.

Now we move on to show that this distance actually defines a metric, i.e. it is
non-degenerate. The structure theorem connects persistence module and barcode, in
fact one can define a distance on the space of barcodes to upgrade this connection to

the metric level.

Given an interval I = [a,b), denote by I7° = [a — 0,b + &) the interval obtained
from I by expanding by § on both sides. Let B be a barcode. For £ > 0, denote by
B. the set of all bars from B of length greater than . (That is, by considering B, we
neglect “short bars".)

A matching between two finite multi-sets X, Y is a bijection p : X’ — Y’, where
X' C X, Y CVY. In this case, X' = coimu, Y’ = impu, and we say that elements
of X’ and Y’ are matched. If an element appears in the multi-set several times, we
treat its different copies separately, e.g. it could happen that only part of its copies

are matched.

Definition 2.8. A §-matching between two barcodes B and C is a matching pu : B — C,
such that:

(1) Bys C coimy,
(2) Co5 Cimyp
(3) If u(I)=J, then I Cc J=°, J C I°.
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Definition 2.9. The bottleneck distance, dpy(B,C), between two barcodes B,C is
defined to be the infimum over all § for which there is a §-matching between B and

C.

The following isometry theorem shows that this is the desired metric on the space

of barcodes that corresponds to the interleaving distance of persistence modules.

Theorem 2.10 (Isometry Theorem). The map V +— B(V) is an isometry, i.e. for
any two persistence modules V, W, we have dipt(V, W) = dpot(B(V'), B(W)) .

Proof. See [BL15, PRSZ20]. O

It is straightforward to check that dpy(B,C) = 0 if and only if B = C, so the

isometry theorem gives
Corollary 2.11. d;(V,W) = 0 if and only if V and W are isomorphic.

Remark 2.12. If one drops the semicontinuity condition(c) in the definition of persis-
tence module, then the interleaving distance is only a pseudometric on the isomor-
phism class of persistence modules. For example for a ground field K, K]0, 1] and

K(0, 1) have vanishing interleaving distance, but they are not isomorphic.

3. BARCODES FROM FLOER THEORY

3.1. Floer cohomology of contact isotopy. In this section we follow [Can23] to
define a Floer cohomology with respect to a contact isotopy. We always consider
a family ¢, € Conto(M,&),t € [0,1] with ¢9 = id, ¢; € Conty(M,E), the subset of
contactomorphism group consisting of elements lacking discriminant point. We might
also consider a smooth extension tot € R by ¢;11 = ¢rp1. A contact-at-infinity system
is a symplectic isotopy W that commutes with the Liouville flow outside of a compact
set, and the generator is a time-dependent and 1-periodic Hamiltonian vector field.
The generating Hamiltonian functions is always assumed to be normalized in the

sense of [AAC25]. We fix our ground field to be Zs.

Remark 3.1. If a contactomorphism ¢ has no discriminant points, then any Hamil-
tonian lift of a contact-at-infinity system with ideal restriction ¢ has no fixed points
escaping to the cylindrical end. Consequently the relevant fixed-point Floer complex

is generated by finitely many points in a compact region after a generic perturbation.
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Almost complex structures. Suppose that the ideal restriction of 1, is the chosen
contact isotopy ¢;. To define Floer cohomology, we choose a time-dependent almost

complex structure J;(t € R) satisfying the following conditions.

(1) Each J; is w-tame.
(2) On the cylindrical end of /W, the family J; is Liouville-equivariant; see [BC24].

(3) The family is twisted-periodic with respect to the time-one map 1, namely

Je1(2) = dvy " T (2)) dir.

(4) On a compact subset containing all relevant fixed points, .J; is chosen generi-

cally so that the Floer moduli spaces appearing below are regular.

Floer cohomology. A pair (v, J;) satisfying these conditions will be called an admis-
sible Floer datum if the fixed points of ¢); are non-degenerate and all moduli spaces
used to define the differential are cut out transversely. For such a datum, define
CF (¢4, J;) to be the Zs-vector space generated by the fixed points of ¢)1. The finite-
ness of this generating set follows from the contact-at-infinity condition and from the
assumption that the ideal restriction of 1), avoids the discriminant locus.

The differential is defined by counting finite-energy twisted holomorphic cylinders
w: Ry x Ry —> W

satisfying
P (w(s,t+1)) =w(s,t), Osw + Jy(w)dyw = 0.

The asymptotic limits of w as s — £oo are fixed points of 1;. Equivalently, after the

change of variables
u(s,t) = P (w(s,t)),

one obtains the usual Hamiltonian Floer equation for the system 1,. The twisted
formulation is useful because the equation is written directly in terms of the time-one
map 1.

Over Zs, the coefficient of a generator x, in dx_ is the modulo-two count of rigid
such cylinders from z_ to .. We denote the resulting cohomology by HF (¢4, J;). The
priori energy bound [MU19] and maximum principle for contact-at-infinity systems
[Can23, Section 2.2.6] ensures that the relevant solutions stay in a compact subset of
/W, so the differential is well-defined and satisfies d* = 0.
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The group HF (¢, J;) is independent of the auxiliary choices in the following sense.
If (¢, J?) and (¢}, J!') are two admissible Floer data with the same ideal restriction
¢y, then they can be connected by compactly supported continuation data. The asso-
ciated continuation map is an isomorphism, and these isomorphisms are compatible
with composition. Hence one defines HF (¢;) to be the canonically defined Floer co-
homology group associated to the contact isotopy ¢;. Its isomorphism class depends

only on the element represented by ¢; in the universal cover of Conty(M,¢).

3.1.1. Persistence module. We next recall the continuation maps needed for the per-
sistence module. Let ¢, 7 € [0, 1], be a smooth family of contact isotopies such that
the path of time-one maps 7 — ¢, is non-negative. Choose a contact-at-infinity lift
¥, of this family, together with a compatible family of almost complex structures.

The corresponding s-dependent Floer equation defines a continuation map
HF (¢o,.) — HF(¢1,0).

The non-negativity assumption is precisely what gives the required energy bound near
infinity. Standard continuation arguments imply that this map is independent of the
chosen lift and almost complex structures, up to the canonical identifications above.
Moreover, continuation maps are functorial under concatenation of non-negative ho-
motopies [CHK23, Section 2.2].

Now fix a contact form o € O¢(ay), and let RY denote its Reeb flow. For every

regular parameter s, define

Va,s(‘b) = HF (¢;1 o R?t)'

Here “regular” means that the time-one map of the contact isotopy ¢; * o R% lies in
the admissible locus, so that the above Floer cohomology group is defined.

For s < &', choose a smooth cut-off function
f:R—10,1]

such that (1) = 0 for 7 < 0, (1) = 1 for 7 > 0, and f'(7) > 0. Consider the

family of contact isotopies

., = ¢, o RY .
1= ((1=B(r)s+8(r))t
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Since the Reeb time is increased monotonically, this family gives a non-negative con-

tinuation datum. Therefore it induces a continuation map

cjﬁ Vo) — Vaw ().

This map is independent of the choice of 5. Furthermore, the usual homotopy-

invariance and gluing properties of continuation maps imply

O(,Q5 = O‘a¢ — CY,¢ a7¢
cs,s — 1d7 Cs,s” - cs/,s” © cs,s’

whenever s < ¢ < §” are regular parameters.

So Cant persistence module associated to (v, ¢) is

Va(@) = ({Vas(@e {0 hus ).

where s ranges over regular parameters. The structure maps are the continuation
maps defined above.

In other words, V,(¢) records how the Floer cohomology of ¢; ' o R¢,changes as
the Reeb-time parameter s increases. Cant proves that this persistence module is
locally constant on intervals containing no exceptional parameters [Can23, Lemma
1.2]. Therefore, after applying the structure theorem for locally finite persistence

modules, one obtains a barcode B,(¢). The bars are intervals of the form
[a,b), —o00 < a<b< +o00.

Strictly speaking, Cant first defines V, (¢) for s ¢ Spec,(¢). Throughout the rest
of this paper we use the standard extension of a tame persistence module across its
spectrum, so that V, s(¢) is defined for all s > 0 and is locally constant on each
component of the complement of the spectrum. All continuation maps below are first
constructed for regular parameters and then extended by this convention.

The logarithmic version of the persistence module and barcode is defined precisely
as in the introduction.

Now we prove the contact invariance of Cant persistence module, Theorem 1.13, to

conclude this section.

Proof of Theorem 1.13. We first compare the Reeb flows of f§ = y*a and «a. It is
direct to check that
R} =x""oRfox.

Equivalently, we claim that y,R”® = R®.
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Now consider the Cant system ¢; ' o th defining Vj s(¢). Using the Reeb-flow

identity above, we compute
¢ o Ry =y ox o RGox.
Conjugating this system by y, we obtain
xo (¢l oxoRyox)oxT = xo¢ oxT o Ry = (x¢ex ) o Ry

This is precisely the Cant system defining V,, ((xox ™).

It remains to explain why conjugate contact-at-infinity systems have canonically
isomorphic Floer cohomology in Cant’s framework, and why these isomorphisms com-
mute with the persistence structure maps.

Since y € Contg(M, &), choose a contact isotopy x,, 7 € [0, 1], such that xo = id
and y; = x. By the path-lifting property for contact-at-infinity Floer data in Cant’s
setup, we may choose a contact-at-infinity exact symplectic isotopy =, of W whose
ideal restriction is y,. Let = := =;.

Choose admissible Floer data (U, .J;) whose ideal restriction is ¢; ' o th. Then the

conjugated data
(\T’t, jt) = (EoV, 027", B
has ideal restriction
(x¢ex )7 o R,

Admissibility is preserved under conjugation: non-degenerate fixed points are sent
bijectively to non-degenerate fixed points, transversality of the Floer moduli spaces
is preserved because the relevant Floer equations are identified by =, and the contact-
at-infinity conditions are preserved because = is contact-at-infinity.

The fixed points of U, are in bijection with the fixed points of ¥; by x =(x).
This gives a vector-space identification of the corresponding Floer chain groups.

If u is a Floer cylinder for (¥,,.,), then Z o u is a Floer cylinder for (¥, J;). Con-
versely, every Floer cylinder for the conjugated data arises uniquely in this way. Thus
conjugation gives a bijection between the zero-dimensional moduli spaces counted by
the differential. Hence the above identification is a chain isomorphism.

Passing to Floer cohomology gives an isomorphism

HF (¢, ' o R,) = HF ((x¢ex ") ™' o RS,
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or equivalently
Oy 1 Vio(9) — Vas(xox ).

We now verify compatibility with the persistence structure maps. Let 0 < s < s,

The structure map

B¢ . V. V.

oy Vas(0) — Vau(9)
is defined by Cant’s continuation map associated to the continuation path

-1 8
¢ 0 Ryioys
where A(7) is a non-decreasing function satisfying
A(—00) = s, A(+o0) = ¢

Conjugating this whole continuation datum by y gives

(xx ™)t o RSy

This is exactly the continuation datum defining the structure map

a, -1 _ _
Cs7§¢x :Va,S(X(bX 1) — Va,S’(X¢X 1)-

The same conjugation argument identifies the continuation cylinders on the two sides.

Therefore

-1
@s’ o Cf,lj: = Ca,X(ﬁX o @s-

s,s’

Hence {O;}s>0 is an isomorphism of persistence modules.

Consequently the associated barcodes agree:
Bi(¢) = By (xox ).
Applying the change of parameter s — log s gives

log Bf (¢) = log BE (xox ™).

This proves the lemma. ([l
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3.2. Filtered symplectic homology for the graph domains. We now define the
symplectic homology persistence module associated to the Liouville domain W, C
W. The construction is the standard filtered symplectic homology construction for
Liouville domains, using an inverse limit over compactly supported Hamiltonians; see
[SZ21, Section 3.1] for construction in cotangent bundles and [CO18] for the general
Liouville-domain framework. The point of the present subsection is to spell out the
same construction for the graph domains arising from contact forms in the Liouville
filling.

Again we work over the field Z,. All Floer homology groups, symplectic homology
groups, persistence modules, and barcodes below are taken over Z,. Thus HF[“’I’)(H ),
SH*(U,), and S*(U,) below denote ungraded Zy-vector spaces.

Remark 3.2. Since the stability statement we need is purely a statement about per-
sistence modules and bottleneck distance, we do not use a grading. If one fixes an
additional grading datum(for example a trivialization of the canonical bundle or a
vanishing condition on 2¢;(TW)), the same construction may be refined degree by
degree as in [SZ21].

Recall that (M, ¢ = kerayg) is a closed co-oriented contact manifold which admits
a Liouville filling (W, w, X). We write

A= 1xw, Mow = .

Let (I7V\, X) be the completion of . On the positive symplectization end we use the

coordinate

(u,z) € Rag X M, = uQ.
Thus W = {u < 1} and OW = {u = 1}. For a contact form a = e/ay € O¢(ay) we
consider the domain

W, ={(u,x) € W |u < ef @Y,
Its boundary is W, = {u = ¢/(*)} and the boundary contact form on Y, is precisely
a. In particular, the Reeb dynamics of OW® are the Reeb dynamics of the contact
form a.

The completion of W, is canonically identified with w. Indeed, the cylindrical end
of W, is
[1,00), x OW,, Ao = ro,



24 LYU CHANGLE

and the map
[1,00) x W, — {u> /@YW,  (r, (/@ 2)) — (re/ @, 2)

identifies ra with uagy. We shall therefore freely regard Floer data for W, as Floer
data on /W, cylindrical with respect to the hypersurface 0W,,.

Definition 3.3. Let R, be the Reeb vector field of o, we say that W, is non-
degenerate if every closed Reeb orbit of (OW,, ) is non-degenerate. Its Reeb period

spectrum is
Spec(W,) = Spec(a) := {T > 0 | there exists a closed Reeb orbit of R, of period T'}.

For a non-degenerate contact form this spectrum is discrete, and below any fixed

action level there are only finitely many Reeb orbits.

Hamiltonians and action filtration. Let U = W,. Denote by U the completion of U,
which we identify with W. For a smooth loop z : St — U , define the symplectic

action functional by
1
Ap(z) = / Hy(z(t)) dt — / DY
0 st

Let P(H) be the set of all one-periodic Hamiltonian orbits of H, and define

Spec(H) := {Ag(z) |z € P(H)}.
For

Hy = {H e C™(S' x U) | suppH C S* x Int(U)}
and real numbers a < b, where a,b € RU {£o0}, define
%U,a,b = {H - HU ‘ Cl,b ¢ Spec(H)}.

When b = 400, write Hy o := Hua,400-
In the construction of symplectic homology below we shall only use [a, 00)-windows
with a > 0. Thus the constant orbits of action zero, which occur outside the support

of a compactly supported Hamiltonian, do not enter the chain groups.
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Almost complex structures. Let Jy be the class of S'-families J = {J;};cq1 of w-
compatible almost complex structures on U satisfying the following conditions.
(1) Each J; is w-compatible.
(2) On the cylindrical end
[1,00), x OW,, A= ro,
Ji is of contact type:

Jt(rar) = Ra, Jt(Ra) = —7"67»,

and

Ji (&) =€, da(-, Ji-)|¢ is positive definite.

(3) On the cylindrical end, J; is independent of the radial coordinate 7.
(4) On a compact subset containing the supports of the Hamiltonians under con-
sideration, J; is chosen generically so that all relevant Floer moduli spaces are

regular.

For continuation maps one uses s-dependent families J,; with the same cylindrical-
end behavior and with fixed limiting almost complex structures as s — 4+00. Because
all Hamiltonians used below are compactly supported in Int(U), the usual maximum
principle for contact-type almost complex structures prevents Floer cylinders with

asymptotics in a compact set from escaping to the positive cylindrical end.

Filtered Floer homology. Let H € Hy 5 be non-degenerate in the action window [a, b).
Define CFI*Y (H) to be the Z,-vector space generated by all one-periodic Hamiltonian
orbits z € P(H) satisfying
Ap(x) € |a,b).
The Floer differential is defined by counting rigid solutions
u: Ry x S} — U
of the Floer equation
Osu + Ji(u) (@u — Xy, (u)) =0

with asymptotic conditions

lim wu(s, ) =z_, lim u(s,:) = xy.
$—»—00 §—+00
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Over Z,, the coefficient of z, in dx_ is the modulo-two count of such rigid Floer

cylinders. We denote the resulting filtered Floer homology by
HF“Y(H) := H(CF"Y (H),0).

If H is degenerate, HF[a’b)(H ) is defined by a sufficiently small non-degenerate pertur-

bation whose action spectrum still avoids a and b. This gives a canonically well-defined

group.

The Hamiltonian partial order and continuation maps. Define a standard partial or-

der on Hyop by
H, = Hy, <= Hi(t,z)> Hy(t,z) forall (t,z) € S* xU.
If Hy =< Hsy, choose a smooth homotopy H such that
H,=H, fors<0, H,=Hy, for s> 0,

and

0:H, <0.

Such a homotopy is called monotone. Counting solutions of the continuation equation
Osu + Jg 1 (u) ((9tu — XHS,t(u)) =0

defines a continuation map
012 : HF®Y (H)) — HFY (H,).

This map is independent of the chosen monotone homotopy by a standard Floer
continuation argument. Moreover, if H; < Hs =X Hj, then a similar argument to
[BPS03] gives

013 = 0230 012.

The partially ordered set (Hy,qp, <) is downward directed: for any Hs, Hs € Hyap,
there exists H; € Hyqp such that

Hy X Hy, H, < Hj.

Consequently,
{HF[CL»b) (I—I)7 oy’ }HE'HU,a,b

is an inverse system of Z,-vector spaces.
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Explicitly, the inverse limit is

lim HFY(H) = (@mn e [[ HFY(H) | oum(vn) = vp whenever H < H'
HeHy,ap HeHy,a,p
Definition 3.4 (Filtered symplectic homology). Assume that U = W, is non-degenerate.
For a > 0 with
a ¢ Spec(U) = Spec(a),
define
SHY(U) := lim HF**(H).

HeHy,q

Thus an element of SH*(U) is a compatible family
(Tr)HeHy . zy € HF“)(H),

such that

O'HH/(SZJH) =Ty whenever H j Hl.

Remark 3.5. Stojisavljevi¢—Zhang define SH*(U; ¢) for a fixed free homotopy class ¢,
and their class-wise functoriality requires the Liouville embeddings to preserve ¢. In

the present paper we use the total symplectic homology
SH*(U) = @5 SH(U; ¢),

whenever this decomposition is invoked. The total Viterbo transfer map is defined for
ordinary exact Liouville embeddings and does not require choosing or preserving a
particular free homotopy class. Therefore the class-triviality hypothesis is unnecessary
for the total persistence module. This is the version naturally compatible with the

comparison
dspm(Way, Wa,) < depm(ar, ag),
where no free homotopy class is specified.
Persistence maps. Let 0 < a < b,a,b ¢ Spec(U). For every H € Hy,, N Huy, there is
a natural map
JH, HF)(H) — HFP™) (H).
induced by the quotient map

CFl®) () := CF(~)([[) / CF~9) ([} — CF)(H) = CF>) (1)) CF8 (1),
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and commute with continuation maps. So there is a well-defined map on inverse
limits:

Lap s SHY(U) — SH*(U).
by La,b((:vH)H) = (Lgb(xH))H. The maps satisfy

la,q = id, lae = lheOlgy for0<a<b<ec

If a € Spec(U), choose € > 0 such that (a,a+ €] contains no point of Spec(U) other
than possibly a itself, and define

SHY(U) := lim SH'(U).

te(a,a+te)

Equivalently, we define SH*(U) by requiring that
Laate : SHY(U) — SHT(U)
be an isomorphism.

Definition 3.6 (Symplectic persistence module). The total symplectic persistence
module of U = W, is

SH,(U) := ({SH*(U) }as0, {tap : SH*(U) — SH*(U) }o<a<s) -
Recall that for any ¢ € R, define
log SHL(U) :=log SHE' (U).

For s <'t, let
L}:f = Lfget : log SHE(U) — log SH (U).

The logarithmic symplectic persistence module is

log SH.(U) = ({log SH. (U) e, {155}t ) -

Since U is non-degenerate, the module log SH,(U) is pointwise finite-dimensional
under the standard finiteness assumption for non-degenerate Liouville domains. Its

spectrum is
log Spec(U) = {logT | T € Spec(U)}.

Let log B.(U) be the corresponding barcodes, then the bars are of the form

p.q), p<q<+oo.
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4. PROOF OF MAIN RESULTS

4.1. Proof of Theorem 1.11. We use the following formal properties of Cant’s
continuation-map construction. By standard arguments [F1o89, SZ92], these continu-
ation maps are invariant under homotopies of continuation data with fixed endpoints,
up to chain homotopy and hence on cohomology. Finally, we use the standard gluing
property that continuation maps compose under concatenation of continuation data;
Cant invokes this explicitly in [Can23, Section 2.3.1].

We first record the elementary contact-Hamiltonian calculation underlying the or-
der morphisms. Suppose ay = fay, where f > 0. We claim that R*? is the a;-
contact Hamiltonian vector field with Hamiltonian 1/f. Indeed, as(R*?) = 1 gives
aj(R*) = 1/f. For v € £ = keray, using day = d(faq) = df A aq + fday, we

compute
0= dOég(Ra2, 'U) = (df A\ Oél)(RoQ, U) + de(l(ROQ, U).

Since a;(v) =0 and a1 (R*?) = 1/f, the first term is

(@f M) () = —df(w)an () =~
Hence 0 = —df (v)/f + fdai(R*?,v), so day(R*?,v) = df (v)/f?. Since d(1/f)(v) =
—df(v)/f?, we have da;(R*2,v) = —d(1/f)(v) for every v € £ Together with

ap(R*?) = 1/f, this is precisely the defining equation for the a;-contact Hamiltonian
vector field with Hamiltonian 1/f. Therefore the Reeb system ¢ — RS is generated,
with respect to ay, by the autonomous contact Hamiltonian s/f. Similarly, ¢t — RZ;'
is generated by the constant Hamiltonian s.

We now prove (Al). Assume a3 = ag, so ay = fay with f > 1. For fixed s > 0,
the two Reeb systems are generated, with respect to aq, by s/f and s. Because f > 1,

one has s/f <'s. Choose the linear homotopy of contact Hamiltonians

S

HT:(l—T)%+TS, 0<7<1.

Then 0,H] = s —s/f > 0. Let p,; be the contact isotopy generated by H. The
condition 0,H] > 0 implies that 7 — p,; is a non-negative path. Indeed, if K is
the contact Hamiltonian of the variation vector field 0,p,1 o p;i, then the standard
contact variation formula expresses K, as an integral of 0, H] multiplied by positive

conformal factors; hence K. > 0.
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Now consider the path of systems U, ; := ¢, 1o prt. 1ts time-one pathis ¥, ; = (;51’1 o
pr1. Left multiplication by the fixed contactomorphism ¢7 ' preserves non-negativity:
if p. has contact Hamiltonian K. > 0, then ¢; ' o p, has contact Hamiltonian equal to
K. multiplied by the positive conformal factor of ¢;'. Thus 7 +— ¥, ; is non-negative.

Cant’s continuation construction therefore gives a map

hes HF(¢; ' o R%2) — HF(¢; " o RY),

Q2,01

ie. amap h%’, 1 Va,s(¢) = Va,s(¢). By homotopy invariance of continuation maps,
this map is independent of the chosen monotone interpolation from s/f to s; hence
it is canonical.

It remains to prove that the maps h?*_  form a persistence morphism. Let 0 <

2,01

s < s'. We need to prove

Coz1,¢ o hd),s _ h¢7s/ o Ca2,¢>

8,8’ ag,a 2,01 s,8"

In «;-Hamiltonian notation, the left-hand side is represented by the concatenated
monotone path s/f — s — s, while the right-hand side is represented by the con-
catenated monotone path s/f — §'/f — 5.

Both are monotone paths from the same initial Hamiltonian s/f to the same final
Hamiltonian s’. After smoothing the corners of the concatenated paths, they lie in
the convex space of monotone Hamiltonian homotopies from s/ f to s’. Indeed, if Hj
and HT are two such smoothed monotone homotopies with fixed endpoints, then (1 —
r)H{+rH], r € [0,1], is again a monotone homotopy with the same endpoints. After
composing on the left by ¢; ', this gives a homotopy through Cant-admissible non-
negative continuation data with fixed endpoints. Therefore, by homotopy invariance
of Cant’s continuation maps, the two concatenated continuation maps agree. This
proves that

Cal’d) o h(b)s — h¢75/ o) Ca27d)

s,s! 9,01 ag,01 s,s! *
Thus the required square commutes.

We next prove (A2). Assume oy < ay X az. Write ap = fay and a3 = gay.
The order assumptions imply 1 < f < g. At level s, the three Reeb systems are
generated, with respect to ay, by s, s/f, and s/g, respectively. Since 1 < f < g, we
have s/g < s/f < 's. The map h?’,, is the continuation map from s/g to s/f, and

h&s . is the continuation map from s/f to s. Their composition is the continuation

map associated to the concatenated monotone path s/g — s/f — s. By functoriality
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under concatenation, this equals the direct continuation map from s/g to s, namely
h®:s . Thus

Q3,0 "

hes  — pos o pos

a3z, Q2,01 3,02

for every s > 0. Since all maps involved are persistence morphisms by (A1), this
equality holds as an equality of persistence morphisms. Taking a; = an = a3 = «
gives Ry , = idy 4. This proves (A2).

We now prove (A3). Let A > 0. The Reeb vector field rescales as R = A~'R®.
Therefore R4 = R% for every s > 0 and every ¢t. Consequently,

-1
¢; o Ast—¢t o Rg;.

Thus V, s(¢) = HF(¢; "o R) and Viaa, as(¢) = HF(¢; ' o R4%) are defined by the same
contact-at-infinity system. We define pj’fﬁ : Vas(@) = Vi, as(@) to be this canonical
identification. Replacing A by 1/A immediately gives (p%?)~' = pf/‘;d’.

Now let 0 < s < §’. The structure map c ’¢ is induced by the continuation path

¢, ' o RSy A1) = (1= p(1))s + B(1)s’

where [ is a non-decreasing cutoff function. The structure map o As, ¢

"1 1s induced by
o7t o R‘jA . Since R4¢ A/\ = RA(T)t, the two continuation data are identical under

the 1dent1ﬁcat10ns L and p A’f,. Therefore

Aa¢ _ 7¢
CAsAs’opAs pAs’ocss

This proves (A3).
Finally, we prove (A4). Assume a3 =< . Write ap = fay with f > 1. Then
Aas = f(Aay), so Aa; <X Aas. At level s, the map ha2 o

Hamiltonian notation, by increasing the Hamiltonian s/f to s. After applying the

is represented, in -

rescaling identifications pjm and pim the source and target become the systems
¢;to Rz‘g‘f and ¢; ' o R Ao‘l With respect to the contact form Aaq, the first of these
is generated by s/f, and the second by s. Thus the order morphism hﬁ’a% Aoy 18
represented by the same monotone continuation data as h* o, under the canonical

rescaling identifications. Consequently,

¢,As a2,¢ ,¢ ,
hAa2 Aaq pAQS p s hig,al

This proves (A4), and hence the theorem.
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4.2. Proof of Theorem 1.10. Now we use Theorem 1.11 to prove Theorem 1.10.
Since C~'a < 8 < Ca, (A1) gives order morphisms

h(ga,ﬁ : VCJ'ra((b) — VﬁJr((b)
and
WG gt Vi (0) — Vi, (9).

(A3) also gives rescaling isomorphisms

and
ple s V(@) = (maye) Vi, (¢).

For every s > 0, define

by
Fy = hie5 0 piit.
Similarly, define
G Vas(@) — Vacs(@)
by
G, := (pi“/’é@)_l o hg:scfla'
We first show that F is a multiplicative-shift persistence morphism. Let 0 < s < §'.
We need to prove
ctloy o Fy=Fyocs.

Using the definition of Fj, the left-hand side is

B7¢ ¢7CS a7¢
Cos,cos © hCa,ﬁ O Pos

Since h(éa 5 Is a persistence morphism, there is

oy © hiay = hiay © Cont-
Therefore
CCocy © Fs = hiis o el o 0.
By (A3),

COZ,(b Cl{,¢ _ a)d) a»¢
CCS,CS/ o pC,s - pC,s’ © Cs,s/'
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Hence
cg’jjcs, o F, = hgg‘; o pcc“’f:, o c(;j?
But
Fyo = hgl o pdly
Thus

/37¢ JR— a7¢
CCS,CS’ © FS - FS' © Cs,s"

So F'is a multiplicative-shift persistence morphism.

The proof that GG is a multiplicative-shift persistence morphism is the same. Indeed,
it follows from the persistence-morphism property of hg,c—la and from the compati-
bility of the rescaling maps ,0‘1)‘/% with the persistence structure maps.

We now verify the two interleaving identities. First, we prove
Goso Fy, = cj”ggs.
By definition,
Geoso F, = (p‘l)‘féc%)l o hg:gs,la o h‘gg‘; o pgf
Since
Cla=xp=Ca,
the functoriality part (A2) gives

»,Cs »,Cs _ 1 ¢,Cs
hﬁ,cfla 0 hia s = hca,cfla'

Hence
-1
) ’C ’
GCS © FS = (p?/(é,025> © hga,sc’*la © pg,(ﬁ'
We now identify this map. The rescaling map pg’yfidentiﬁes ¢, o RS with ¢, Lo REY,.

h¢’cs

. . . — _ —1
Co.C—14 18 the order continuation map from ¢, Lo RE2 to ¢, ' o RS, @. But

The map

Cla _ pa
RCst — 1YC2t-

1
Finally, (p?}déc?s) identifies Vio-14,05(¢) with V,, c25(¢). Thus the entire composi-

tion is exactly the Cant continuation map

Va,s((b) — Va,CQs((b)

induced by increasing the Reeb parameter from s to C?%s. That is,

a7¢
GCS o Fs = 65,025'
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Similarly there is Fp, 0 Gy = cf ”225. Then we have shown that F and G define a
multiplicative C-interleaving between V,(¢) and V" (¢).

Now pass to logarithmic parameters. For ¢t € R, then F, = F,: and G; = Gt gives
a log C-interleaving between log V,(¢) and log Vs(¢). Then we obtain the desired

result.

4.3. Proof of Theorem 1.15. Now we prove the properties of the symplectic ho-
mology barcode defined in the last section, which is, Theorem 1.15. We first prove
(B1). Let

o:U—=V

be an exact Liouville embedding. Thus
P*Av — Av = df

for some smooth function f on U.

In order to avoid artificial periodic orbits created by smoothing an extension by
zero, we compute the inverse limit over the following cofinal subclass of Hamiltonians.
We restrict to Hamiltonians H € Hy, such that H vanishes on a neighborhood of
the boundary of its support. This subclass is cofinal for the inverse system in the
following sense: for every K € Hy, there exists H in the subclass with H < K, i.e.
H > K, and with a ¢ Spec(H). Therefore restricting the indexing set to this subclass
does not change the inverse limit.

We use the above cofinal subclass of Hamiltonians H € Hy, which vanish on a
neighborhood of OU. For such an H, define

H(t,¢7'(2)), z € o(U),
0, 2 ¢ o(U).

Since H vanishes near OU and ¢ is an embedding, this extension by zero is smooth

<¢'H) (t7 Z) =

and compactly supported in Int(V).

The Hamiltonian vector fields are related by
dp(Xy) = Xg,m 0 ¢

on the support of H. The non-constant one-periodic orbits of ¢H in the action
window [a,00) are precisely the images under ¢ of the one-periodic orbits of H in

the same action window. The constant orbits outside the support of ¢;H have action
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0, and hence do not enter the window because a > 0. Thus, in the relevant filtered
complex, periodic orbits are identified by x(t) — ¢(z(t)).
We now check that the action filtration is preserved. For a loop = : St — U,

An(@oa) = [ @i d~ [ @0y

- /01 Ht(x(t))dt—/gl " (¢"Av)
- /1 H,(z(t)) dt — /S z* (A + df)
- ).

/Ht .

=Apy(x

lx*)\U—/Sld(fox)

because x is a closed loop. Therefore the orbit bijection induces an isomorphism of

filtered Floer chain complexes
Oy : CFle) (H) 5 CFle) (¢, H),
and hence an isomorphism
Oy« HF9®) (H) S HFS™) (6, H).
Let
i : SHY(V) — HF“)(K)

be the canonical projection from the inverse limit, for K € Hy,. We define hf by
specifying its components in the inverse limit defining SH{(U), that is, for every
H e Hyg, set

p% o) h; = (D;Il op(‘;H.
We must check that these components are compatible with the inverse system over
Hu o Suppose Hy < Hy, then ¢ H; = ¢ H,. Let
oV,  HF»>)(H,) — HF*>)(H,)
and
Ottty - HES ™ (G0 H) — HFS ) (61 Hy)

be the monotone continuation maps. The orbit-identification maps commute with

continuation, because the monotone homotopy from ¢ H; to ¢ H> is the push-forward
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of the monotone homotopy from H; to Hy. Thus

v _ V
®H2 © 012 - O-¢!H1,¢'!H2 © q)Hl‘

For x € SH(V'), the coherence of the inverse-limit projections gives

ngHQ (l‘) = O-Q‘;!Hh@Hz (p};!Hl (x))
Therefore
012 (PP, (7)) = P08y oo (P, ()
So the map
4 =®y opyy : SHI(V) — SHL(U).
is well defined.

We now prove compatibility with the persistence structure maps. For a < b, the

quotient map

CFl) () — CFP)(H)
commutes with the orbit-identification isomorphism ®, because ® 5 preserves action
exactly. Hence

b,00 a,00

CI)[H Vo qg,b,H = q¢‘7,/,b,¢1H © CI)[H )v
where g, ;, denotes the filtered quotient map. Passing to homology and then to inverse
limits gives
hl(; o L[‘l/:b = Lgb o hg.
This proves (B1).
We prove (B2). Let
ULsvLw

be exact Liouville embeddings. For H € Hy,, one has

(Yo o) H =h(pH).

Moreover, the orbit-identification isomorphism for i o ¢ is the composition of the

orbit-identification isomorphisms for ¢ and :

DY = DY 4y 0 DY
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Using the componentwise definition of restriction maps, for every x € SHY(W) we

compute the H-component of h}hf (v):
pgf (hzhfb(l‘)) (‘I)ﬁr) p¢.H(ha( ))
((I)?il) ((I)Z;.H) pw!(qb!H) ()
(0 -1 w
= (®%,1° %) Pliosyn (@)
= (®5") " Plosy,u ()
=Pu (hfpoqb(m))
Since this holds for every H € Hy,,, the two inverse-limit elements agree. Thus
Mgag = Tig © Dy

This proves (B2).
We prove (B3). Let d¢ : W — W denote the Liouville scaling by factor C, so that
6c(U) = OU and 55\ = CA. For H € Hy,, define a Hamiltonian H©) € Hep oo by

Nt,60(2)) == C H(t, 2).
The Hamiltonian orbits of H are in bijection with the Hamiltonian orbits of H(©) by
z(t) — o (x(t)).

The action is multiplied by C"

Apier (36 0 7) = /CHt ))dt—/ (6c 0 )\

Sl

_0/ Hy(x dt—/ 2 (550)
—0/ Hy(x dt—(]/ )
Sl

=CAp(x

Therefore there is a canonical chain isomorphism
CFle)(H) 5 CFlCa) (@),
and hence an isomorphism

HF>>) (1) = HFC%>) (H(©),

*
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This construction respects monotone continuation maps and hence passes to inverse
limits, giving

r8(a) : SHY(U) = SHE*(CU).
The compatibility with persistence maps follows from the same action-scaling identity.

Namely, the quotient
CFl)(H) — CF»)(H)
is carried to the quotient
CFIC)(H(©) — CFC)(H (),
Therefore
re(b) o LU LgaUCb org(a).

It remains to prove the compatibility with restriction maps. Let ¢ : U — V be
exact. The scaled embedding

»(C): CU = CV
satisfies

P(C)(0cz) = do(9(2)).

For every H € Hy,, one has the identity of Hamiltonians

(B(ON(HD) = (¢ H)©)

Moreover, the orbit-identification map for ¢(C) applied to H(®) is the scaling of the
orbit-identification map for ¢ applied to H. Thus the two ways of going around the

square
HF>)(¢H) —— HF)(H)

HEFIC)(6,H)(©)) —— HFI%)(H(©))
agree. Passing to inverse limits gives
( )Oh;—hqxc 07’0( )-
This proves (B3).
Now we prove (B4). Let ¢ : U < CU be the standard inclusion. The identity

hi'® o r¢(a) = tg o
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is the standard compatibility between the Viterbo restriction map for the Liouville
scaling inclusion and the persistence comparison map. Indeed, in the standard con-
struction of filtered symplectic homology, the scaling map identifies the action window
[a,00) for U with the action window [Ca,o0) for CU, while the restriction map for
1 identifies the scaled complex back with the quotient of the original complex by

generators of action below C'a. This gives the natural quotient map
CFl@*)(H) — CFI“>>)(H),
and hence, after passing to homology and the inverse limit,
hf“ o rg(a) = Lgca.

For the second assertion, let j : C7'U — CU be the standard inclusion. Applying
the first assertion first to the inclusion C~'U < U and then to the inclusion U — CU,
and using functoriality of Viterbo restriction maps, we obtain that, after the scaling

identifications
SH*(CU) = SHYC(U),  SHYC~'U) = SH(U),
the map h$ : SH*(CU) — SH*(C~'U) becomes
1 6ca - SHYC(U) — SHO(U).

This proves the second assertion of (B4).

Finally, we prove (B5). We use the standard isotopy invariance of Viterbo restric-
tion maps. Namely, if two exact Liouville embeddings ¢q, ¢; : U — V are connected
by a smooth isotopy ¢, : U — V through exact Liouville embeddings, then the
associated Viterbo restriction maps agree: hg, = hg,; see [CO18].

Indeed, after choosing primitives for ¢ Ay — Ay, the exact embedding isotopy can
be treated, on a collar of the image, as an exact Hamiltonian deformation. The
naturality of filtered Floer complexes under exact Hamiltonian conjugation and the
homotopy invariance of continuation maps imply that the component maps in the
inverse-limit definition of Viterbo restriction are independent of 7. This argument is
standard in the construction of Viterbo transfer maps.

Applying this to the isotopy from the standard inclusion iy : U < V to ¢, we
obtain

hg = hi, .

This proves (B5), and hence completes the proof of the theorem.
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4.4. Proof of Theorem 1.14. Now we give a proof of Theorem 1.14.
Let

r > dSBM(U, V)

be arbitrary, and set C' = e¢". By the definition of the symplectic Banach—-Mazur

distance, there exist exact Liouville embeddings
cluSvheu

with the corresponding strongly unknotted condition. We shall prove that the loga-
rithmic persistence modules log SH,(U) and log SH. (V') are r-interleaved.
For any t € R, let a = e!. Define a map

F : log SH: (U) — log SHLT" (V).
by
F, = hi“ orl(a).
Similarly, define
Gy - log SH: (V) — log SHL™"(U)
by
Gy = TgilU(a) © hg,
We first verify that F' = {F}},cg is a morphism of persistence modules
F :log SH,(U) — log SH.(V)[r].
Let tg < t; and set a; = e'*. We must prove

U _ Vv
El © Lao,al - LCaO,Cal © FtO'

Using the naturality of scaling with respect to the persistence maps (B3), we have

ro(a1) © g 0y = 1Gay ca © 70 (0).

Since hy, is a persistence morphism by (B1), we also have

Caq cU _ Vv Cag
hz[J © LCCLo,C(I1 - [’Cao,Ca,l © hw .
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Therefore
U _ 1Caq U U
Ftl © Lao,al - hlp © TC’<a1) © Lao,al
_ 1.Cay cU U
- h’t/} © LCa() Caq TC(aO)

v Cag . .U
= lCag,Car © hw org(ao)

= Lgao,CCU © EO'
Thus F' is a persistence morphism. The same argument proves that G is also a
persistence morphism.
We now compute the two interleaving composites. Fix t € R and set a = ef. Then
the composite
Gtir 0 Fy 1 SHI(U) — SHE™(U)
is
Gipr o Fy = (rg (Ca) 0 hg") o (hy" or¢(a))
=5 'U(Ca) o hga o hG* o rgi(a).
By (B2),
Ca
hg® o hw h¢o¢
Therefore
Gip 0 by = TgilU(Ca) hwoqs org(a).
Also by (B5), one has
Ca
h¢o¢ = h;".
Note that for j : C7'U — CU, by the observation in (B4), the map

re Y (Ca) o h§* o r(a)
is exactly the persistence comparison map
WV a1 SHY(U) — SHE ().
Thus
Giro by = LZCQ(Z.
In logarithmic notation this says

Glr]o F = 1855,

The computation of the other composite is almost a word-by-word repetition of

above so we omit here.
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We have therefore constructed persistence morphisms

F :log SH.(U) — log SH.(V)[r], G : log SH. (V) — log SH.(U)|[r],

whose shifted composites are the corresponding 2r-structure maps. Hence log SH, (U)

and log SH,(V) are r-interleaved. Since the modules are locally finite, the isometry

theorem gives

Abottle (log SH,(U), log S[H*(V)) <r.

Since r > dspm (U, V') was arbitrary, we conclude

[AAC25)

[AM13]

[AM19]
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[BHS21]

[BL15]

[BPSO03]
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dpottte (log SH,(U), log SH,(V)) < dspum(U, V).
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