
VARIOUS MEASUREMENTS ON THE SPACE OF CONTACT
FORMS

LYU CHANGLE

Abstract. There are various types of numerical measurements on the space of
contact forms on a Liouville fillable contact manifold. These measurements include
the interleaving distance between a logarithmic version of the contact persistence
modules of Cant[Can23], the contact Banach-Mazur distance dCBM between contact
forms[RZ21], the fine symplectic Banach-Mazur distance dSBM between the graph
domains, and so on. In this paper we give some comparison results between them.
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1. Introduction and main results

The numerical measurements on geometric objects have been intensely studied by
symplectic and contact geometers. In terms of symplectic geometry, firstly one can
define measurements on the space of Hamiltonian diffeomorphism. Hofer’s distance
dH [Hof90] founded the base of Hofer geometry. Many have adapted various tools in
Hamiltonian dynamics to study Hofer geometry (for instance [LM95, Ush13, PS16]),
and conversely, many phenomena in Hofer geometry have also indicated plenty of ap-
plications to Hamiltonian dynamics [Pol01, Sch00, Sch06]. Using spectral invariants
extracted from Floer homology, one can also define spectral norm and study some
properties of it, for example C0-continuity[Sey12, BHS21, Kaw22] and large-scale
geometry[FZ25]. Besides, one can also define distances on the space of symplectic do-
mains. Fine and coarse symplectic Banach-Mazur distances, which can be seen as non-
linear analogues of the standard Banach-Mazur distance in convex geometry[Rud00],
on the star-shaped domains in a Liouville manifold, have interesting large-scale ge-
ometry properties[Ush22, SZ21, CGH23].

As for contact geometry, Shelukhin[She17] defined a Hofer-like distance dα be-
tween contactomorphisms on a contact manifold (M,α), and Rosen-Zhang[RZ21]
constructed a contact Banach-Mazur distance between “contact domains” of some
contact manifolds.

In this article, we place our attention on the space of contact forms supporting a
certain contact structure. We describe our set-up first.

Let (M, ξ) be a closed contact manifold and ξ is co-orientable. We fix a contact
1-form α0 and assume (M, ξ = kerα0) is Liouville fillable. To be precise, we suppose
that there is a Liouville domain (W,ω) with complete Liouville flow X for t < 0,
satisfying ∂W =M and (ιXω)|M = α0. Define the following family of contact forms

Oξ(α0) = {efα0 | f ∈ C∞(M,R)}.

There are many numerical measurements on this family.

1.1. Symplectic Banach-Mazur distance. For a Liouville domain (W,ω) with
Liouville flow X, let Ŵ be its completion. For any open star-shaped domain U, V

in Ŵ and real number C > 0, write CV := rC(V ) = φlnC
X (V ), where φX is the flow

along Liouville flow X and CU is defined similarly. Then we can define the coarse
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symplectic Banach-Mazur distance as

dBM(U, V ) := inf{lnC | C > 1, ∃φ, ψ, s.t. 1
C
U

ϕ
↪−→ V

ψ
↪−→ CU},

where 1
C
U

ϕ
↪−→ V means there is Hamiltonian isotopy φ on Ŵ with φ0 = id and

φ1(
1
C
U) ⊆ V , similarly we impose the conditions on ψ.

We focus more on the fine symplectic Banach-Mazur distance, denoted by dSBM,
in this article. It is defined in a same pattern as above, but we require that:

(1) φ and ψ are exact Liouville embeddings. Here an embedding φ is said to be
an exact Liouville embeddings if φ∗λ − λ0 = df for some smooth function f ,
and λ = ιXω is the Liouville primitive.

(2) Both ψ◦φ : 1
C
U → CU and φ(C)◦ψ(C−1) : 1

C
V → CV are strongly unknotted.

Here φ(C) = rC ◦ φ ◦ r1/C and ψ(C−1) = r1/C ◦ψ ◦ rC . And an exact Liouville
embedding η : A → B is called strongly unknotted if there exists an isotopy
of exact Liouville embeddings ηt : A→ B, t ∈ [0, 1] so that η0 = iA,B, η1 = η.

Clearly one has dBM ≤ dSBM.

Remark 1.1. Here our definition of fine symplectic Banach-Mazur distance uses the
unknottedness condition introduced by [GU19, Ush22]. Note that [RZ21] required
that the homotopy in the unknottedness condition should be inside the corresponding
target domain.

Remark 1.2. One can impose different kinds of restriction in the above definition to
obtain many kinds of symplectic Banach-Mazur distance. For example a π̃1-trivial
condition is required in the definition of [SZ21], and a homological Banach-Mazur
distance is defined in [ZZ26] by adding H1-trivial restriction.

For the contact manifold (M,α0) with the Liouville filling (Ŵ , ω) above, by [AM19],
there is a decomposition

Ŵ = SM t Core(M),

where SM is the symplectization of M , and the coordinate (x, u) defines an identifi-
cation between SM and M × R+.

For any α ∈ Oξ(α0), there is a smooth function f on M with α = efα0, then there
is an open Liouville domain in Ŵ as follow:

Wα = {(x, u) ∈ Ŵ | ef(x) − u > 0}.
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Then both dBM(Wα1 ,Wα2) and dSBM(Wα1 ,Wα2) give numerical measurements on
the space of supporting contact forms. We will also called these measurements as
(coarse or fine) symplectic Banach-Mazur distances.

There is also a contact analogue of symplectic Banach-Mazur distance.

Definition 1.3. ([RZ21, Definition 1.12]) Let (M, ξ) be a closed contact manifold
with ξ co-orientable, and Oξ(α0) is as above for a fixed contact form α0.

(1) If α1, α2 ∈ Oξ(α0) with αi = efiα0(i = 1, 2), then we say α1 � α2 if and only
if f1 ≤ f2.

(2) For any α1, α2 ∈ Oξ(α0), the contact Banach-Mazur distance dCBM is defined
as

dCBM(α1, α2) = inf{lnC | C ≥ 1, ∃Cont0(M, ξ), s.t. 1
C
α1 � φ∗α2 � Cα1},

where Cont0(M, ξ) is the identity component of the contactomorphism group
of (M, ξ).

Remark 1.4. For any Liouville manifold W , Rosen-Zhang[RZ21] constructed a can-
didate for contact Banach-Mazur distance between fiberwise star-shaped domains in
W × S1. Their distance is sometimes not well-defined and the non-triviality of this
distance has connection with non-squeezing domains.

There is also a simple C0-type distance measurement on Oξ(α0). Let α1, α2 ∈
Oξ(α0), so there exists f ∈ C∞(M ;R+) so that α1 = f · α2. Then we can define

δ(α1, α2) = ‖log f‖C0 .

1.2. The bottleneck distance. In the persistent homology theory, the isometry
theorem gives an isometry to the space of persistence modules (a persistence module
can be roughly regarded as a filtered family of vector spaces), equipped with the
interleaving distance dinter, and the space of barcodes (a barcode is a multiset of
intervals), equipped with the bottleneck distance dbottle.

Since there is an action functional and thus energy filtration in Floer theory, a
Floer theory usually induces a persistence module, so also a barcode by the isometry
theorem. See [UZ16, PRSZ20] for barcodes associated to classical Hamiltonian Floer
theory, [CGG24, Die25] for Lagrangian Floer theory, [Fer24] for wrapped Floer theory
and [FLS26] for symplectic homology.
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We consider two types of barcodes in this article. Recall that Wα = {(x, u) ∈ Ŵ |
ef(x) − u > 0}, so ∂Wα = {(x, u) ∈ Ŵ | ef(x) = u}, and

Γα : (M,α)→ (∂Wα, λ|∂Wα)

is a contactomorphism, where λ is the Liouville form on Ŵ . So Wα is a non-degenerate
Liouville domain if and only if α is a non-degenerate contact form on M . Then one
can define a filtered version of positive symplectic homology SHa

∗(Wα) for any a > 0,
and let SH∗(Wα) and B∗(Wα) be the corresponding persistence module and barcode.
Write

log SHs
∗(Wα) = SHes

∗ (Wα), ∀s ∈ R.

Then there is also a resulting persistence module logSH∗(Wα) and barcode logB∗(Wα).
If both α1, α2 ∈ Oξ(α0) are non-degenerate, we can consider the bottleneck distance
between the logarithmic symplectic homology barcode

dbottle,SH(α1, α2) := dbottle
(
logB∗(Wα1), logB∗(Wα2)

)
.

The other barcode arises from the persistence module defined by Dylan Cant[Can23].
Recall that a discriminant point of φ ∈ Cont0(M, ξ) is a point x ∈M with

φ(x) = x, (φ∗α)x = αx.

For a contact form α, let Rs = Rα
s be the corresponding Reeb flow. A translated

point of length s is a discriminant point of φ−1 ◦ Rs. The spectrum of φ, written
as Specα(φ), is the set of lengths of translated points. See [San12, AM13, She17] for
more work on translated points.

We let Cont∗0(M, ξ) be the subset of Cont0(M, ξ) consisting of contactomorphisms
without discriminant point. For any contact isotopy φt ∈ Cont0(M, ξ) with φ1 ∈
Cont∗0(M, ξ), there is an associated Floer cohomology HF(φ) given by the Floer coho-
mology on Ŵ with respect to any Hamiltonian system whose ideal restriction agrees
with φ. Then for any s /∈ Specα(φ1), define

Vα,s(φ) = HF(φ−1
t ◦Rα

st),

and the continuation map Vα,s(φ) → Vα,s′(φ), s ≤ s′ is given by counting certain
twisted cylinders. The detailed construction will be discussed in Section 3.

The family {Vα,s(φ)}s along with the continuation maps form a persistence module
Vα(φ) and there is a corresponding barcode Bα(φ).
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For any s ∈ R, define

log Vα,s(φ) = Vα,es(φ),

then there is also a continuation map log Vα,s(φ) → log Vα,s′(φ) for any s ≤ s′. We
write log Vα(φ) and logBα(φ) be the associated persistence module and barcode. For
different contact forms α1, α2 ∈ Oξ(α0), it is also natural to consider the bottleneck
distance dbottle(logBα1(φ), logBα2(φ)). In particular, we write

dbottle,cont(α1, α2) = dbottle
(
logBα1(id), logBα2(id)

)
1.3. Main results. The main result of this paper is the following.

Theorem 1.5. Let (M, ξ) be a closed contact manifold and ξ is a co-oriented contact
structure, then for a fixed contact form α0 and any α1, α2 ∈ Oξ(α0), we have the
following.

(1) For every Cant system φt, t ∈ [0, 1], with φ0 = id and φ1 ∈ Cont∗0(M, ξ), and
for any ε > 0, there exists χε ∈ Cont0(M, ξ) so that

dbottle
(
logBα1(φ), logBα2(χεφχ

−1
ε )
)
≤ dCBM(α1, α2) + ε. (1.1)

(2) If both α1 and α2 are non-degenerate, there is

dbottle,SH(α1, α2) ≤ dSBM(Wα1 ,Wα2) ≤ dCBM(α1, α2) ≤ δ(α1, α2). (1.2)

Theorem 1.5 can be interpreted in two complementary ways. First, it gives upper
bounds on Floer-theoretic measurements in terms of Banach-Mazur type measure-
ments of contact forms. Second, after reversing the inequalities, the barcode distances
provide computable lower bounds for dCBM and, in the symplectic homology case, for
dSBM.

Let us spell out a few immediate consequences.

Corollary 1.6 (Lipschitz continuity with respect to conformal changes). Let α′ ∈
Oξ(α0) be of the form α′ = egα. Then, for every Cant system φt,

dbottle
(
logB+

α (φ), logB+
α′(φ)

)
≤ ‖g‖C0 .

In particular, the map

α 7−→ logB+
α (id)

is 1-Lipschitz with respect to the elementary C0-measurement δ(α, α′) = ‖ log(α′/α)‖C0.
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Proof. If α′ = egα, then e−∥g∥C0α � α′ � e∥g∥C0α. Applying Theorem 1.7 with
C = e∥g∥C0 gives the result. □

Example 1.7 (Constant rescaling). Let αa := eaα for a constant a ∈ R. Since Rαa =

e−aRα, one has

Vαa,s(φ) = HF(φ−1
t ◦Rαa

st ) = HF(φ−1
t ◦Rα

e−ast) = Vα,e−as(φ).

Thus the logarithmic persistence module satisfies

log V t
αa
(φ) = log V t−a

α (φ),

and consequently
logB+

αa
(φ) = logB+

α (φ) + a.

In particular,
dbottle

(
logB+

α (φ), logB+
αa
(φ)
)
≤ |a|,

which agrees with the estimate δ(α, αa) = |a|.

Example 1.8 (Small non-constant conformal perturbations). Suppose α′ = egα with
|g(x)| ≤ ε for all x ∈M . Then

e−εα � α′ � eεα.

Hence
dbottle

(
logB+

α (φ), logB+
α′(φ)

)
≤ ε.

Equivalently, every bar endpoint in the logarithmic barcode can move by at most ε
under such a perturbation, up to the usual bottleneck matching. In the original action
variable, this means that relevant action levels are controlled up to a multiplicative
factor eε.

Corollary 1.9 (Lower bounds for Banach–Mazur measurements). For α1, α2 ∈ Oξ(α0),
Theorem 1.5 implies

dCBM(α1, α2) ≥ dbottle
(
logB+

α1
(id), logB+

α2
(id)
)
.

If α1 and α2 are non-degenerate, then it also implies

dSBM(Wα1 ,Wα2) ≥ dbottle(logB∗(Wα1), logB∗(Wα2)) .

Thus barcode computations can be used as obstructions to contact or symplectic squeez-
ing.
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1.4. Outline of the proof. Now we give a sketch of the proof. The first part is to
show the inequality (1.1). The main ingredient is to connect the interleaving distance
of the Cant persistence module to the squeezing constant controlling two contact
forms. The precise statement is the following.

Theorem 1.10. For α, β ∈ Oξ(α0), if for some real number C > 1, there is

C−1α � β � Cα,

then for any contact isotopy φ, log Vα(φ) and log Vβ(φ) are logC-interleaved.

To construct interleaving persistence morphism, we need the order and rescaling
funtoriality of Cant’s persistence module. This would lead to Theorem 1.10 as in
Section 4.2.

Theorem 1.11. The following properties hold.

(A1) If α1 � α2, then there exists a canonical persistence morphism

hϕα2,α1
: V +

α2
(φ) −→ V +

α1
(φ).

That is, for every 0 < s ≤ s′, the square

Vα2,s(φ)
hϕ,sα2,α1−−−−→ Vα1,s(φ)

c
α2,ϕ

s,s′

y ycα1,ϕ

s,s′

Vα2,s′(φ)
hϕ,s

′
α2,α1−−−−→ Vα1,s′(φ)

commutes.
(A2) If α1 � α2 � α3, then

hϕα3,α1
= hϕα2,α1

◦ hϕα3,α2

as persistence morphisms

V +
α3
(φ) −→ V +

α1
(φ).

In particular,
hϕα,α = idV +

α (ϕ).

(A3) For every constant C > 0, there exists a canonical multiplicative-shift persis-
tence isomorphism

ρη,ϕC : V +
η (φ)

∼=−→ (mC)
∗V +

Cη(φ), mC(s) = Cs.
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Moreover, for every 0 < s ≤ s′,

cCη,ϕCs,Cs′ ◦ ρ
η,ϕ
C,s = ρη,ϕC,s′ ◦ c

η,ϕ
s,s′ .

(A4) If α1 � α2, then, for every C > 0 and every s > 0, the following diagram
commutes:

Vα2,s(φ)
hϕ,sα2,α1−−−−→ Vα1,s(φ)

ρ
α2,ϕ
C,s

y∼=
yρα1,ϕ

C,s

VCα2,Cs(φ)
hϕ,Cs
Cα2,Cα1−−−−−→ VCα1,Cs(φ).

Remark 1.12. The item (A4) is actually not necessary for our proof of Theorem 1.10,
thus Theorem 1.5. However, we include the statement and proof of it here.

The above theorem will be proved in Section 4.1. Along with the following conju-
gation invariance of Cant’s barcode, it would yield (1.1).

Theorem 1.13. Let χ ∈ Cont0(M, ξ) and α ∈ Oξ(α0). If β = χ∗α, then there is a
persistence isomorphism

log Vβ(φ) ∼= log Vα(χφχ
−1).

Proof of (1.1), assuming Theorem 1.10 and Theorem 1.13. Now let ε > 0. By the
definition of dCBM(α, α

′), choose Cε ≥ 1 and χε ∈ Cont0(M, ξ) such that logCε ≤
dCBM(α, α

′) + ε and
C−1
ε α � χ∗

εα
′ � Cεα.

Set βε := χ∗
εα

′. Then
C−1
ε α � βε � Cεα.

By Theorem 1.10,
dbottle

(
logB+

α (φ), logB+
βε
(φ)
)
≤ logCε.

By Theorem 1.13,
logB+

βε
(φ) = logB+

α′

(
χεφχ

−1
ε

)
.

Therefore
dbottle

(
logB+

α (φ), logB+
α′

(
χεφχ

−1
ε

))
≤ logCε.

Using the choice of Cε, we obtain

dbottle
(
logB+

α (φ), logB+
α′

(
χεφχ

−1
ε

))
≤ dCBM(α, α

′) + ε.

This proves the desired statement. □
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Then we need to show dbottle,SH(α1, α2) ≤ dSBM(Wα1 ,Wα2). This inequality is a
direct result from the following more general stability theorem.

Theorem 1.14. Let U, V ⊂ Ŵ be nondegenerate star-shaped Liouville domains in
Ŵ . Then

dbottle
(
logSH∗(U), logSH∗(V )

)
≤ dSBM(U, V ).

This result is based on the following properties of symplectic homology barcode,
the proof is given in Section 4.3.

Theorem 1.15. Let U, V,W ⊂ Ŵ be nondegenerate star-shaped Liouville domains.
The following statements hold.

(B1) If φ : U ↪→ V is an exact Liouville embedding, then for every regular action
value a > 0 there is a Viterbo restriction map

haϕ : SH
a
∗(V ) −→ SHa

∗(U).

And hϕ = {haϕ}a>0 is a morphism of persistence modules

hϕ : SH∗(V ) −→ SH∗(U).

Namely, for 0 < a ≤ b, the diagram

SHa
∗(V )

ιVa,b−−−→ SHb
∗(V )

haϕ

y yhbϕ
SHa

∗(U)
ιUa,b−−−→ SHb

∗(U)

commutes.
(B2) The assignment U 7→ SH∗(U) is contravariantly functorial. More precisely, if

U
ϕ−→ V

ψ−→ W

are exact Liouville embeddings, then

hψ◦ϕ = hϕ ◦ hψ.

(B3) For every C > 0 there is a canonical scaling isomorphism

rUC (a) : SH
a
∗(U)

∼=−→ SHCa
∗ (CU).

And they define an isomorphism of persistence modules

rUC : SH∗(U)
∼=−→ SH∗(CU)[logC],
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where the shift is understood in logarithmic parameter:

log SHt+logC
∗ (CU) ∼= log SHt

∗(U).

Moreover, scaling is compatible with Viterbo restriction maps, that is, for every
a > 0 the diagram

SHa
∗(V )

haϕ−−−→ SHa
∗(U)

rVC (a)

y∼=
y∼=rUC (a)

SHCa
∗ (CV )

hCa
ϕ(C)−−−→ SHCa

∗ (CU)

commutes.
(B4) Let C ≥ 1. For the standard inclusion i : U ↪→ CU, the restriction map

induced by i is the persistence comparison map after scaling. More precisely,

hCai ◦ rUC (a) = ιUa,Ca.

In particular, for the standard inclusion j : C−1U ↪→ CU , the restriction
map

haj : SH
a
∗(CU) −→ SHa

∗(C
−1U)

becomes exactly the persistence comparison map

ιUa/C,Ca : SH
a/C
∗ (U) −→ SHCa

∗ (U),

after the scaling identifications SHa
∗(CU)

∼= SHa/C
∗ (U), SHa

∗(C
−1U) ∼= SHCa

∗ (U).
(B5) If U ⊂ V and φ : U ↪→ V is strongly unknotted, i.e. Liouville-isotopic through

exact Liouville embeddings to the standard inclusion iU : U ↪→ V , then

hϕ = hiU .

As in [PRSZ20, Section 9.6], the above properties implies Theorem 1.14, thus
dbottle,SH(α1, α2) ≤ dSBM(Wα1 ,Wα2). We will lay out the argument in Section 4.4.

Remark 1.16. Theorem 1.14 was stated in [PRSZ20, Theorem 9.4.9], where the nota-
tions of symplectic Banach-Mazur distance is different from ours. The key to their
stability theorem is the functoriality result Theorem 9.5.1 therein(which is also dif-
ferent to our Theorem 1.15), which the authors did not present a complete proof
of.
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The inequality dSBM(Wα1 ,Wα2) ≤ dCBM(α1, α2) is obtained in [RZ21, Theorem
1.14]. Although the definition of the fine symplectic Banach-Mazur distance of Rosen-
Zhang does not require the embeddings to be exact Liouville embeddings, the diffeo-
morphism constructed therein for the proof is actually Hamiltonian, so exact. Then
their proof works in our setting and yields dSBM(Wα1 ,Wα2) ≤ dCBM(α1, α2).

Now the only remaining piece is dCBM(α1, α2) ≤ δ(α1, α2). This is rather direct so
we give a proof here.

Proof of dCBM ≤ δ. Write α1 = ef1α0 for some f1 ∈ C∞(M,R). Since α2 = fα1, we
have α2 = ef1+log fα0.

Set δ := δ(α1, α2) = ‖log f‖C0 . By definition, −δ ≤ log f(x) ≤ δ for every x ∈ M .
Hence

f1(x)− δ ≤ f1(x) + log f(x) ≤ f1(x) + δ for every x ∈M.

By the definition of the order � on Oξ(α0), this gives

ef1−δα0 � ef1+log fα0 � ef1+δα0.

Equivalently,

e−δα1 � α2 � eδα1.

Taking φ = idM ∈ Cont0(M, ξ) in the defining infimum of dCBM(α1, α2), we obtain

dCBM(α1, α2) ≤ δ = δ(α1, α2).

□

So the above ingredients would complete the proof of Theorem 1.5.

The paper is organized as follows.
In Section 2, we review the basics of topological data analysis, spelling out the

necessary definitions and results in the persistent homology theory, including the
isometry theorem connecting persistence modules and barcodes. In Section 3, we sep-
arately study the barcodes arising from symplectic homology and Cant’s construction
in detail, giving a proof of invariance result Theorem 1.13. In Section 4 the proof
of Theorem 1.11 and Theorem 1.15 will be presented, thus concluding the proof of
Theorem 1.5.

Acknowledgments.
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2. Persistence module and barcode

In this section we provide basic definitions and results in the theory of persistence
module. Our conventions follow [PRSZ20] and one can find more details in [BL15,
UZ16, PSS17], etc. First we lay out the relevant definitions about persistence module.

Definition 2.1. ([PRSZ20, Definition 1.1]) Let F be a field.

(1) A persistence module (V, π) consists of a finite dimensional F-vector space
Vt associated to each t ∈ R with homomorphisms πs,t : Vs → Vt whenever
s ≤ t satisfying the functoriality properties that πs,s = IVs , the identity map
on module Vs, and πs,u = πt,u ◦ πs,t. We require that
(a) For all but a finite number of points t ∈ R there exists a neighborhood U

of t, such that πs,r is an isomorphism for any s < r in U .
(b) For any t ∈ R and any s ≤ t sufficiently close to t, the map πs,t is an

isomorphism.
We omit the symbol π from the notation if it causes no problem of ambiguity.

(2) Let V be a persistence module and δ ∈ R. The δ-shift of V is the persistence
module V [δ] with V [δ]s = V s+δ and π[δ]s,t = πs+δ,t+δ.

(3) Let V and W be two persistence modules. A morphism from V to W is a
collection of linear maps f = (f s : V s → W s)s∈R such that for all s ≤ t the
following diagram commutes.

V s
fs

//

πV
s,t

��

W s

πW
s,t

��

V t

f t
// W t

A morphism A : V → V ′ is an isomorphism if there is a morphism
B : V ′ → V such that A ◦ B and B ◦ A are the identity morphisms on
the corresponding persistence module.

Remark 2.2. There are many different definitions of persistence modules. The differ-
ences mainly take place in the condition imposed on the module.
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(1) In some texts, for example [CB15, FLS26], the vector spaces Vs are not re-
quired to be finite dimensional in the definition of persistence module. How-
ever, since the finite dimensional condition is necessary in the structure the-
orem and all the persistence modules that we concern in this paper are all
finite dimensional in a natural way, we omit the condition in the definition.

(2) The condition(a) in the definition is called finite type condition in [FLS26].
Since it enables us to count the number of intervals and this condition is met
by the persistence module that we define through Floer-theoretic construction,
we put this condition in our definition.

There are many examples of persistence modules that appear in applications.

Example 2.3. (1) Let X be a closed manifold (i.e. a smooth compact manifold
without boundary) and let f : X → R be a Morse function. Fix 0 ≤ k ∈ Z

and put
Vt = Hk({f < t};F).

Consider the natural inclusion {f < s} � �

is,t

// {f < t} for s ≤ t. It induces

the map πs,t := (is,t)∗ : Vs → Vt in homology, and one can verify that we get
a persistence module.

(2) Every non-empty interval I ⊂ R defines a persistence module FI as follows:

FIt :=

F if t ∈ I,

0 otherwise.
πs,t :=

idF if s, t ∈ I,

0 otherwise.

More generally,let {Ii|i ∈ an index set J} be a collection of intervals Ii ⊂ R.
Let {(πi)s,t}s≤t be the collection of linear maps for the interval persistence
module FIi for all i ∈ J . Then, this collection defines a persistence module⊕

i∈J FIi as follows:(⊕
i∈J

FIi

)
t

:=
⊕
i∈J

(FIi)t , πs,t :=
⊕
i∈J

(πi)s,t .

(3) For a persistence module (V, π) and δ ∈ R, define a persistence module
(V [δ], π[δ]) by taking (V [δ])t = Vt+δ and (π[δ])s,t = πs+δ,t+δ. This new per-
sistence module is called a δ-shift of V . For δ > 0, the map Φδ : (V, π) →
(V [δ], π[δ]) defined by Φδ

t = πt,t+δ is a morphism of persistence modules (it will
be referred to as δ-shift morphism). Also, if we have a morphism F : V → W
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between two persistence modules, let us denote by F [δ] : V [δ] → W [δ] the
corresponding morphism between their δ-shifts.

(4) Let (V, π) be a persistence module, and let T be a real number. Then, the
truncation of V at T , denoted by V T , is a persistence module

V T :=
(
{V T

t }t∈R, {πTa,b}a≤b∈R

)
,

defined as follows:

V T
t =

Vt if t < T

0 otherwise
, πTa,b =

πa,b if b < T

0 otherwise
.

In fact, any persistence module can be decomposed into the above defined interval
modules. This is the structure theorem(also known as normal form theorem), which
is fundamental in the persistence theory. To better describe the result of the theorem,
we firstly introduce the definition of barcode.

Definition 2.4. A barcode B is a locally finite multiset of intervals, namely a
collection {(Ij,mj)}j∈J of intervals with multiplicities mj ∈ N, such that only finitely
many intervals meet any compact subset of R in a nontrivial interval. The intervals
in a barcode will be sometimes called bars.

Theorem 2.5 (Structure Theorem). Let (V, π) be a persistence module. Then there
exists a locally finite collection {(Ii,mi)}Ni=1 of intervals Ii with their multiplicities mi,
where Ii = [ai, bi) or Ii = [ai,∞), mi ∈ N, Ii 6= Ij for i 6= j, such that

V =
N⊕
i=1

F(Ii)
mi .

By equality here we mean that they are isomorphic as persistence modules.
Moreover, this data is unique up to permutations, i.e., to any persistence module there
corresponds a unique barcode B(V ), which consists of the intervals Ii with multiplicity
mi. This barcode will be called the barcode of V .

Proof. See [Gab72, CB15] and [PRSZ20]. □

Remark 2.6. The definition of our barcode is different from the one in [FLS26] since
we imposed the semicontinuity condition on the persistence module, which restricts
the type of intervals appearing in the decomposition.
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One can define a distance on isomorphism classes of persistence modules with the
same vector space at +∞.

Definition 2.7. ([PRSZ20, Definition 1.3.1]) Given a δ > 0, we say that two per-
sistence modules (V, π) and (W, θ) are δ-interleaved if there exist two morphisms
F : V → W [δ] and G : W → V [δ], such that the following diagrams commute:

V W [δ] V [2δ]
F G[δ]

ϕ2δ
V

W V [δ] W [2δ]
G F [δ]

ϕ2δ
W ,

where ϕ2δ
V and ϕ2δ

W are the shift morphisms. We will also refer to such a pair of
morphisms F and G as δ-interleaving morphisms.

For two persistence modules (V, π) and (W, θ), define the interleaving distance
between them to be

dint(V,W ) = inf {δ > 0 | (V, π) and (W, θ) are δ-interleaved}.

Now we move on to show that this distance actually defines a metric, i.e. it is
non-degenerate. The structure theorem connects persistence module and barcode, in
fact one can define a distance on the space of barcodes to upgrade this connection to
the metric level.

Given an interval I = [a, b), denote by I−δ = [a − δ, b + δ) the interval obtained
from I by expanding by δ on both sides. Let B be a barcode. For ε > 0, denote by
Bε the set of all bars from B of length greater than ε. (That is, by considering Bε we
neglect “short bars".)

A matching between two finite multi-sets X,Y is a bijection µ : X ′ → Y ′, where
X ′ ⊂ X, Y ′ ⊂ Y . In this case, X ′ = coimµ, Y ′ = imµ, and we say that elements
of X ′ and Y ′ are matched. If an element appears in the multi-set several times, we
treat its different copies separately, e.g. it could happen that only part of its copies
are matched.

Definition 2.8. A δ-matching between two barcodes B and C is a matching µ : B → C,
such that:

(1) B2δ ⊂ coimµ,
(2) C2δ ⊂ imµ ,
(3) If µ(I) = J , then I ⊂ J−δ, J ⊂ I−δ.
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Definition 2.9. The bottleneck distance, dbot(B, C), between two barcodes B, C is
defined to be the infimum over all δ for which there is a δ-matching between B and
C.

The following isometry theorem shows that this is the desired metric on the space
of barcodes that corresponds to the interleaving distance of persistence modules.

Theorem 2.10 (Isometry Theorem). The map V 7→ B(V ) is an isometry, i.e. for
any two persistence modules V,W , we have dint(V,W ) = dbot(B(V ),B(W )) .

Proof. See [BL15, PRSZ20]. □

It is straightforward to check that dbot(B, C) = 0 if and only if B = C, so the
isometry theorem gives

Corollary 2.11. dint(V,W ) = 0 if and only if V and W are isomorphic.

Remark 2.12. If one drops the semicontinuity condition(c) in the definition of persis-
tence module, then the interleaving distance is only a pseudometric on the isomor-
phism class of persistence modules. For example for a ground field K, K[0, 1] and
K(0, 1) have vanishing interleaving distance, but they are not isomorphic.

3. Barcodes from Floer theory

3.1. Floer cohomology of contact isotopy. In this section we follow [Can23] to
define a Floer cohomology with respect to a contact isotopy. We always consider
a family φt ∈ Cont0(M, ξ), t ∈ [0, 1] with φ0 = id, φ1 ∈ Cont∗0(M, ξ), the subset of
contactomorphism group consisting of elements lacking discriminant point. We might
also consider a smooth extension to t ∈ R by φt+1 = φtφ1. A contact-at-infinity system
is a symplectic isotopy Ψ that commutes with the Liouville flow outside of a compact
set, and the generator is a time-dependent and 1-periodic Hamiltonian vector field.
The generating Hamiltonian functions is always assumed to be normalized in the
sense of [AAC25]. We fix our ground field to be Z2.

Remark 3.1. If a contactomorphism φ has no discriminant points, then any Hamil-
tonian lift of a contact-at-infinity system with ideal restriction φ has no fixed points
escaping to the cylindrical end. Consequently the relevant fixed-point Floer complex
is generated by finitely many points in a compact region after a generic perturbation.



18 LYU CHANGLE

Almost complex structures. Suppose that the ideal restriction of ψt is the chosen
contact isotopy φt. To define Floer cohomology, we choose a time-dependent almost
complex structure Jt(t ∈ R) satisfying the following conditions.

(1) Each Jt is ω-tame.
(2) On the cylindrical end of Ŵ , the family Jt is Liouville-equivariant; see [BC24].
(3) The family is twisted-periodic with respect to the time-one map ψ1, namely

Jt+1(z) = dψ−1
1 Jt(ψ1(z)) dψ1.

(4) On a compact subset containing all relevant fixed points, Jt is chosen generi-
cally so that the Floer moduli spaces appearing below are regular.

Floer cohomology. A pair (ψt, Jt) satisfying these conditions will be called an admis-
sible Floer datum if the fixed points of ψ1 are non-degenerate and all moduli spaces
used to define the differential are cut out transversely. For such a datum, define
CF(ψt, Jt) to be the Z2-vector space generated by the fixed points of ψ1. The finite-
ness of this generating set follows from the contact-at-infinity condition and from the
assumption that the ideal restriction of ψ1 avoids the discriminant locus.

The differential is defined by counting finite-energy twisted holomorphic cylinders

w : Rs × Rt −→ Ŵ

satisfying

ψ1(w(s, t+ 1)) = w(s, t), ∂sw + Jt(w)∂tw = 0.

The asymptotic limits of w as s→ ±∞ are fixed points of ψ1. Equivalently, after the
change of variables

u(s, t) = ψt(w(s, t)),

one obtains the usual Hamiltonian Floer equation for the system ψt. The twisted
formulation is useful because the equation is written directly in terms of the time-one
map ψ1.

Over Z2, the coefficient of a generator x+ in dx− is the modulo-two count of rigid
such cylinders from x− to x+. We denote the resulting cohomology by HF(ψt, Jt). The
priori energy bound [MU19] and maximum principle for contact-at-infinity systems
[Can23, Section 2.2.6] ensures that the relevant solutions stay in a compact subset of
Ŵ , so the differential is well-defined and satisfies d2 = 0.
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The group HF(ψt, Jt) is independent of the auxiliary choices in the following sense.
If (ψ0

t , J
0
t ) and (ψ1

t , J
1
t ) are two admissible Floer data with the same ideal restriction

φt, then they can be connected by compactly supported continuation data. The asso-
ciated continuation map is an isomorphism, and these isomorphisms are compatible
with composition. Hence one defines HF(φt) to be the canonically defined Floer co-
homology group associated to the contact isotopy φt. Its isomorphism class depends
only on the element represented by φt in the universal cover of Cont0(M, ξ).

3.1.1. Persistence module. We next recall the continuation maps needed for the per-
sistence module. Let φτ,t, τ ∈ [0, 1], be a smooth family of contact isotopies such that
the path of time-one maps τ 7→ φτ,1 is non-negative. Choose a contact-at-infinity lift
ψτ,t of this family, together with a compatible family of almost complex structures.
The corresponding s-dependent Floer equation defines a continuation map

HF(φ0,t) −→ HF(φ1,t).

The non-negativity assumption is precisely what gives the required energy bound near
infinity. Standard continuation arguments imply that this map is independent of the
chosen lift and almost complex structures, up to the canonical identifications above.
Moreover, continuation maps are functorial under concatenation of non-negative ho-
motopies [CHK23, Section 2.2].

Now fix a contact form α ∈ Oξ(α0), and let Rα
s denote its Reeb flow. For every

regular parameter s, define

Vα,s(φ) := HF
(
φ−1
t ◦Rα

st

)
.

Here “regular” means that the time-one map of the contact isotopy φ−1
t ◦ Rα

st lies in
the admissible locus, so that the above Floer cohomology group is defined.

For s ≤ s′, choose a smooth cut-off function

β : R −→ [0, 1]

such that β(τ) = 0 for τ � 0, β(τ) = 1 for τ � 0, and β′(τ) ≥ 0. Consider the
family of contact isotopies

Φτ,t := φ−1
t ◦Rα(

(1−β(τ))s+β(τ)s′
)
t
.
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Since the Reeb time is increased monotonically, this family gives a non-negative con-
tinuation datum. Therefore it induces a continuation map

cα,ϕs,s′ : Vα,s(φ) −→ Vα,s′(φ).

This map is independent of the choice of β. Furthermore, the usual homotopy-
invariance and gluing properties of continuation maps imply

cα,ϕs,s = id, cα,ϕs,s′′ = cα,ϕs′,s′′ ◦ c
α,ϕ
s,s′

whenever s ≤ s′ ≤ s′′ are regular parameters.
So Cant persistence module associated to (α, φ) is

Vα(φ) :=
(
{Vα,s(φ)}s, {cα,ϕs,s′}s≤s′

)
,

where s ranges over regular parameters. The structure maps are the continuation
maps defined above.

In other words, Vα(φ) records how the Floer cohomology of φ−1
t ◦ Rα

stchanges as
the Reeb-time parameter s increases. Cant proves that this persistence module is
locally constant on intervals containing no exceptional parameters [Can23, Lemma
1.2]. Therefore, after applying the structure theorem for locally finite persistence
modules, one obtains a barcode Bα(φ). The bars are intervals of the form

[a, b), −∞ ≤ a < b ≤ +∞.

Strictly speaking, Cant first defines Vα,s(φ) for s /∈ Specα(φ). Throughout the rest
of this paper we use the standard extension of a tame persistence module across its
spectrum, so that Vα,s(φ) is defined for all s > 0 and is locally constant on each
component of the complement of the spectrum. All continuation maps below are first
constructed for regular parameters and then extended by this convention.

The logarithmic version of the persistence module and barcode is defined precisely
as in the introduction.

Now we prove the contact invariance of Cant persistence module, Theorem 1.13, to
conclude this section.

Proof of Theorem 1.13. We first compare the Reeb flows of β = χ∗α and α. It is
direct to check that

Rβ
t = χ−1 ◦Rα

t ◦ χ.

Equivalently, we claim that χ∗R
β = Rα.
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Now consider the Cant system φ−1
t ◦ R

β
st defining Vβ,s(φ). Using the Reeb-flow

identity above, we compute

φ−1
t ◦R

β
st = φ−1

t ◦ χ−1 ◦Rα
st ◦ χ.

Conjugating this system by χ, we obtain

χ ◦
(
φ−1
t ◦ χ−1 ◦Rα

st ◦ χ
)
◦ χ−1 = χ ◦ φ−1

t ◦ χ−1 ◦Rα
st = (χφtχ

−1)−1 ◦Rα
st..

This is precisely the Cant system defining Vα,s(χφχ−1).
It remains to explain why conjugate contact-at-infinity systems have canonically

isomorphic Floer cohomology in Cant’s framework, and why these isomorphisms com-
mute with the persistence structure maps.

Since χ ∈ Cont0(M, ξ), choose a contact isotopy χτ , τ ∈ [0, 1], such that χ0 = id

and χ1 = χ. By the path-lifting property for contact-at-infinity Floer data in Cant’s
setup, we may choose a contact-at-infinity exact symplectic isotopy Ξτ of W whose
ideal restriction is χτ . Let Ξ := Ξ1.

Choose admissible Floer data (Ψt, Jt) whose ideal restriction is φ−1
t ◦R

β
st. Then the

conjugated data

(Ψ̃t, J̃t) := (Ξ ◦Ψt ◦ Ξ−1, Ξ∗Jt)

has ideal restriction

(χφtχ
−1)−1 ◦Rα

st.

Admissibility is preserved under conjugation: non-degenerate fixed points are sent
bijectively to non-degenerate fixed points, transversality of the Floer moduli spaces
is preserved because the relevant Floer equations are identified by Ξ, and the contact-
at-infinity conditions are preserved because Ξ is contact-at-infinity.

The fixed points of Ψ1 are in bijection with the fixed points of Ψ̃1 by x 7→ Ξ(x).
This gives a vector-space identification of the corresponding Floer chain groups.

If u is a Floer cylinder for (Ψt, Jt), then Ξ ◦ u is a Floer cylinder for (Ψ̃t, J̃t). Con-
versely, every Floer cylinder for the conjugated data arises uniquely in this way. Thus
conjugation gives a bijection between the zero-dimensional moduli spaces counted by
the differential. Hence the above identification is a chain isomorphism.

Passing to Floer cohomology gives an isomorphism

HF(φ−1
t ◦R

β
st)
∼= HF

(
(χφtχ

−1)−1 ◦Rα
st

)
,
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or equivalently

Θs : Vβ,s(φ)
∼=−→ Vα,s(χφχ

−1).

We now verify compatibility with the persistence structure maps. Let 0 < s ≤ s′.
The structure map

cβ,ϕs,s′ : Vβ,s(φ) −→ Vβ,s′(φ)

is defined by Cant’s continuation map associated to the continuation path

φ−1
t ◦R

β
λ(τ)t,

where λ(τ) is a non-decreasing function satisfying

λ(−∞) = s, λ(+∞) = s′.

Conjugating this whole continuation datum by χ gives

(χφtχ
−1)−1 ◦Rα

λ(τ)t.

This is exactly the continuation datum defining the structure map

cα,χϕχ
−1

s,s′ : Vα,s(χφχ
−1) −→ Vα,s′(χφχ

−1).

The same conjugation argument identifies the continuation cylinders on the two sides.
Therefore

Θs′ ◦ cβ,ϕs,s′ = cα,χϕχ
−1

s,s′ ◦Θs.

Hence {Θs}s>0 is an isomorphism of persistence modules.
Consequently the associated barcodes agree:

B+
β (φ) = B

+
α (χφχ

−1).

Applying the change of parameter s 7→ log s gives

logB+
β (φ) = logB+

α (χφχ
−1).

This proves the lemma. □
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3.2. Filtered symplectic homology for the graph domains. We now define the
symplectic homology persistence module associated to the Liouville domain Wα ⊆
Ŵ . The construction is the standard filtered symplectic homology construction for
Liouville domains, using an inverse limit over compactly supported Hamiltonians; see
[SZ21, Section 3.1] for construction in cotangent bundles and [CO18] for the general
Liouville-domain framework. The point of the present subsection is to spell out the
same construction for the graph domains arising from contact forms in the Liouville
filling.

Again we work over the field Z2. All Floer homology groups, symplectic homology
groups, persistence modules, and barcodes below are taken over Z2. Thus HF[a,b)(H),
SHa(Uα), and St(Uα) below denote ungraded Z2-vector spaces.

Remark 3.2. Since the stability statement we need is purely a statement about per-
sistence modules and bottleneck distance, we do not use a grading. If one fixes an
additional grading datum(for example a trivialization of the canonical bundle or a
vanishing condition on 2c1(TŴ )), the same construction may be refined degree by
degree as in [SZ21].

Recall that (M, ξ = kerα0) is a closed co-oriented contact manifold which admits
a Liouville filling (W,ω,X). We write

λ := ιXω, λ|∂W = α0.

Let (Ŵ , λ̂) be the completion of W . On the positive symplectization end we use the
coordinate

(u, x) ∈ R>0 ×M, λ̂ = uα0.

Thus W = {u ≤ 1} and ∂W = {u = 1}. For a contact form α = efα0 ∈ Oξ(α0) we
consider the domain

Wα = {(u, x) ∈ Ŵ | u < ef(x)}.

Its boundary is ∂Wα = {u = ef(x)} and the boundary contact form on Yα is precisely
α. In particular, the Reeb dynamics of ∂W α are the Reeb dynamics of the contact
form α.

The completion of Wα is canonically identified with Ŵ . Indeed, the cylindrical end
of Wα is

[1,∞)r × ∂Wα, λ̂α = rα,
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and the map

[1,∞)× ∂Wα −→ {u ≥ ef(x)} ⊂ Ŵ , (r, (ef(x), x)) 7−→ (ref(x), x)

identifies rα with uα0. We shall therefore freely regard Floer data for Wα as Floer
data on Ŵ , cylindrical with respect to the hypersurface ∂Wα.

Definition 3.3. Let Rα be the Reeb vector field of α, we say that Wα is non-
degenerate if every closed Reeb orbit of (∂Wα, α) is non-degenerate. Its Reeb period
spectrum is

Spec(Wα) = Spec(α) := {T > 0 | there exists a closed Reeb orbit of Rα of period T}.

For a non-degenerate contact form this spectrum is discrete, and below any fixed
action level there are only finitely many Reeb orbits.

Hamiltonians and action filtration. Let U = Wα. Denote by Û the completion of U ,
which we identify with Ŵ . For a smooth loop x : S1 → Û , define the symplectic
action functional by

AH(x) =
∫ 1

0

Ht(x(t)) dt−
∫
S1

x∗λ̂.

Let P(H) be the set of all one-periodic Hamiltonian orbits of H, and define

Spec(H) := {AH(x) | x ∈ P(H)}.

For

HU :=
{
H ∈ C∞(S1 × Û)

∣∣∣ suppH ⊂ S1 × Int(U)
}

and real numbers a < b, where a, b ∈ R ∪ {±∞}, define

HU,a,b := {H ∈ HU | a, b /∈ Spec(H)}.

When b = +∞, write HU,a := HU,a,+∞.

In the construction of symplectic homology below we shall only use [a,∞)-windows
with a > 0. Thus the constant orbits of action zero, which occur outside the support
of a compactly supported Hamiltonian, do not enter the chain groups.
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Almost complex structures. Let JU be the class of S1-families J = {Jt}t∈S1 of ω-
compatible almost complex structures on Û satisfying the following conditions.

(1) Each Jt is ω-compatible.
(2) On the cylindrical end

[1,∞)r × ∂Wα, λ̂ = rα,

Jt is of contact type:

Jt(r∂r) = Rα, Jt(Rα) = −r∂r,

and

Jt(ξ) = ξ, dα(·, Jt·)|ξ is positive definite.

(3) On the cylindrical end, Jt is independent of the radial coordinate r.
(4) On a compact subset containing the supports of the Hamiltonians under con-

sideration, Jt is chosen generically so that all relevant Floer moduli spaces are
regular.

For continuation maps one uses s-dependent families Js,t with the same cylindrical-
end behavior and with fixed limiting almost complex structures as s→ ±∞. Because
all Hamiltonians used below are compactly supported in Int(U), the usual maximum
principle for contact-type almost complex structures prevents Floer cylinders with
asymptotics in a compact set from escaping to the positive cylindrical end.

Filtered Floer homology. Let H ∈ HU,a,b be non-degenerate in the action window [a, b).
Define CF[a,b)(H) to be the Z2-vector space generated by all one-periodic Hamiltonian
orbits x ∈ P(H) satisfying

AH(x) ∈ [a, b).

The Floer differential is defined by counting rigid solutions

u : Rs × S1
t −→ Û

of the Floer equation

∂su+ Jt(u)
(
∂tu−XHt(u)

)
= 0

with asymptotic conditions

lim
s→−∞

u(s, ·) = x−, lim
s→+∞

u(s, ·) = x+.
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Over Z2, the coefficient of x+ in ∂x− is the modulo-two count of such rigid Floer
cylinders. We denote the resulting filtered Floer homology by

HF[a,b)(H) := H
(
CF[a,b)(H), ∂

)
.

If H is degenerate, HF[a,b)(H) is defined by a sufficiently small non-degenerate pertur-
bation whose action spectrum still avoids a and b. This gives a canonically well-defined
group.

The Hamiltonian partial order and continuation maps. Define a standard partial or-
der on HU,a,b by

H1 � H2 ⇐⇒ H1(t, z) ≥ H2(t, z) for all (t, z) ∈ S1 × U.

If H1 � H2, choose a smooth homotopy Hs such that

Hs = H1 for s� 0, Hs = H2 for s� 0,

and
∂sHs ≤ 0.

Such a homotopy is called monotone. Counting solutions of the continuation equation

∂su+ Js,t(u)
(
∂tu−XHs,t(u)

)
= 0

defines a continuation map

σ12 : HF
[a,b)(H1) −→ HF[a,b)(H2).

This map is independent of the chosen monotone homotopy by a standard Floer
continuation argument. Moreover, if H1 � H2 � H3, then a similar argument to
[BPS03] gives

σ13 = σ23 ◦ σ12.

The partially ordered set (HU,a,b,�) is downward directed: for any H2, H3 ∈ HU,a,b,
there exists H1 ∈ HU,a,b such that

H1 � H2, H1 � H3.

Consequently, {
HF[a,b)(H), σHH′

}
H∈HU,a,b

is an inverse system of Z2-vector spaces.
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Explicitly, the inverse limit is

lim←−
H∈HU,a,b

HF [a,b)(H) =

(xH)H ∈
∏

H∈HU,a,b

HF[a,b)(H)

∣∣∣∣∣∣ σHH′(xH) = xH′ whenever H � H ′

 .

Definition 3.4 (Filtered symplectic homology). Assume that U = Wα is non-degenerate.
For a > 0 with

a /∈ Spec(U) = Spec(α),

define
SHa(U) := lim←−

H∈HU,a

HF[a,∞)(H).

Thus an element of SHa(U) is a compatible family

(xH)H∈HU,a
, xH ∈ HF[a,∞)(H),

such that
σHH′(xH) = xH′ whenever H � H ′.

Remark 3.5. Stojisavljević–Zhang define SHa(U ; c) for a fixed free homotopy class c,
and their class-wise functoriality requires the Liouville embeddings to preserve c. In
the present paper we use the total symplectic homology

SHa(U) =
⊕
c

SHa(U ; c),

whenever this decomposition is invoked. The total Viterbo transfer map is defined for
ordinary exact Liouville embeddings and does not require choosing or preserving a
particular free homotopy class. Therefore the class-triviality hypothesis is unnecessary
for the total persistence module. This is the version naturally compatible with the
comparison

dSBM(Wα1 ,Wα2) ≤ dCBM(α1, α2),

where no free homotopy class is specified.

Persistence maps. Let 0 < a ≤ b, a, b /∈ Spec(U). For every H ∈ HU,a ∩HU,b, there is
a natural map

ιHa,b : HF
[a,∞)(H) −→ HF[b,∞)(H).

induced by the quotient map

CF[a,∞)(H) := CF(−∞,∞)(H)/CF(−∞,a)(H) −→ CF[b,∞)(H) = CF(−∞,∞)(H)/CF(−∞,b)(H).
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and commute with continuation maps. So there is a well-defined map on inverse
limits:

ιa,b : SH
a(U) −→ SHb(U).

by ιa,b
(
(xH)H

)
=
(
ιHa,b(xH)

)
H

. The maps satisfy

ιa,a = id, ιa,c = ιb,c ◦ ιa,b for 0 < a ≤ b ≤ c.

If a ∈ Spec(U), choose ε > 0 such that (a, a+ ε] contains no point of Spec(U) other
than possibly a itself, and define

SHa(U) := lim←−
t∈(a,a+ϵ]

SHt(U).

Equivalently, we define SHa(U) by requiring that

ιa,a+ϵ : SH
a(U) −→ SHa+ϵ(U)

be an isomorphism.

Definition 3.6 (Symplectic persistence module). The total symplectic persistence
module of U = Wα is

SH∗(U) :=
(
{SHa(U)}a>0, {ιa,b : SHa(U)→ SHb(U)}0<a≤b

)
.

Recall that for any t ∈ R, define

log SHt
∗(U) := log SHet

∗ (U).

For s ≤ t, let
ιlogs,t := ιSHes,et : log SH

s
∗(U) −→ log SHt

∗(U).

The logarithmic symplectic persistence module is

logSH∗(U) :=
(
{log SHt

∗(U)}t∈R, {ιlogs,t }s≤t
)
.

Since U is non-degenerate, the module logSH∗(U) is pointwise finite-dimensional
under the standard finiteness assumption for non-degenerate Liouville domains. Its
spectrum is

log Spec(U) = {log T | T ∈ Spec(U)}.

Let logB∗(U) be the corresponding barcodes, then the bars are of the form

[p, q), p < q ≤ +∞.
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4. Proof of main results

4.1. Proof of Theorem 1.11. We use the following formal properties of Cant’s
continuation-map construction. By standard arguments [Flo89, SZ92], these continu-
ation maps are invariant under homotopies of continuation data with fixed endpoints,
up to chain homotopy and hence on cohomology. Finally, we use the standard gluing
property that continuation maps compose under concatenation of continuation data;
Cant invokes this explicitly in [Can23, Section 2.3.1].

We first record the elementary contact-Hamiltonian calculation underlying the or-
der morphisms. Suppose α2 = fα1, where f > 0. We claim that Rα2 is the α1-
contact Hamiltonian vector field with Hamiltonian 1/f . Indeed, α2(R

α2) = 1 gives
α1(R

α2) = 1/f . For v ∈ ξ = kerα1, using dα2 = d(fα1) = df ∧ α1 + f dα1, we
compute

0 = dα2(R
α2 , v) = (df ∧ α1)(R

α2 , v) + f dα1(R
α2 , v).

Since α1(v) = 0 and α1(R
α2) = 1/f , the first term is

(df ∧ α1)(R
α2 , v) = −df(v)α1(R

α2) = −df(v)
f

.

Hence 0 = −df(v)/f + f dα1(R
α2 , v), so dα1(R

α2 , v) = df(v)/f 2. Since d(1/f)(v) =
−df(v)/f 2, we have dα1(R

α2 , v) = −d(1/f)(v) for every v ∈ ξ. Together with
α1(R

α2) = 1/f , this is precisely the defining equation for the α1-contact Hamiltonian
vector field with Hamiltonian 1/f . Therefore the Reeb system t 7→ Rα2

st is generated,
with respect to α1, by the autonomous contact Hamiltonian s/f . Similarly, t 7→ Rα1

st

is generated by the constant Hamiltonian s.
We now prove (A1). Assume α1 � α2, so α2 = fα1 with f ≥ 1. For fixed s > 0,

the two Reeb systems are generated, with respect to α1, by s/f and s. Because f ≥ 1,
one has s/f ≤ s. Choose the linear homotopy of contact Hamiltonians

Hτ
s = (1− τ) s

f
+ τs, 0 ≤ τ ≤ 1.

Then ∂τH
τ
s = s − s/f ≥ 0. Let ρτ,t be the contact isotopy generated by Hτ

s . The
condition ∂τH

τ
s ≥ 0 implies that τ 7→ ρτ,1 is a non-negative path. Indeed, if Kτ is

the contact Hamiltonian of the variation vector field ∂τρτ,1 ◦ ρ−1
τ,1, then the standard

contact variation formula expresses Kτ as an integral of ∂τHτ
s multiplied by positive

conformal factors; hence Kτ ≥ 0.
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Now consider the path of systems Ψτ,t := φ−1
t ◦ρτ,t. Its time-one path is Ψτ,1 = φ−1

1 ◦
ρτ,1. Left multiplication by the fixed contactomorphism φ−1

1 preserves non-negativity:
if ρτ has contact Hamiltonian Kτ ≥ 0, then φ−1

1 ◦ρτ has contact Hamiltonian equal to
Kτ multiplied by the positive conformal factor of φ−1

1 . Thus τ 7→ Ψτ,1 is non-negative.
Cant’s continuation construction therefore gives a map

hϕ,sα2,α1
: HF(φ−1

t ◦R
α2
st ) −→ HF(φ−1

t ◦R
α1
st ),

i.e. a map hϕ,sα2,α1
: Vα2,s(φ)→ Vα1,s(φ). By homotopy invariance of continuation maps,

this map is independent of the chosen monotone interpolation from s/f to s; hence
it is canonical.

It remains to prove that the maps hϕ,sα2,α1
form a persistence morphism. Let 0 <

s ≤ s′. We need to prove

cα1,ϕ
s,s′ ◦ h

ϕ,s
α2,α1

= hϕ,s
′

α2,α1
◦ cα2,ϕ

s,s′ .

In α1-Hamiltonian notation, the left-hand side is represented by the concatenated
monotone path s/f → s → s′, while the right-hand side is represented by the con-
catenated monotone path s/f → s′/f → s′.

Both are monotone paths from the same initial Hamiltonian s/f to the same final
Hamiltonian s′. After smoothing the corners of the concatenated paths, they lie in
the convex space of monotone Hamiltonian homotopies from s/f to s′. Indeed, if Hτ

0

and Hτ
1 are two such smoothed monotone homotopies with fixed endpoints, then (1−

r)Hτ
0 +rH

τ
1 , r ∈ [0, 1], is again a monotone homotopy with the same endpoints. After

composing on the left by φ−1
t , this gives a homotopy through Cant-admissible non-

negative continuation data with fixed endpoints. Therefore, by homotopy invariance
of Cant’s continuation maps, the two concatenated continuation maps agree. This
proves that

cα1,ϕ
s,s′ ◦ h

ϕ,s
α2,α1

= hϕ,s
′

α2,α1
◦ cα2,ϕ

s,s′ .

Thus the required square commutes.
We next prove (A2). Assume α1 � α2 � α3. Write α2 = fα1 and α3 = gα1.

The order assumptions imply 1 ≤ f ≤ g. At level s, the three Reeb systems are
generated, with respect to α1, by s, s/f , and s/g, respectively. Since 1 ≤ f ≤ g, we
have s/g ≤ s/f ≤ s. The map hϕ,sα3,α2

is the continuation map from s/g to s/f , and
hϕ,sα2,α1

is the continuation map from s/f to s. Their composition is the continuation
map associated to the concatenated monotone path s/g → s/f → s. By functoriality
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under concatenation, this equals the direct continuation map from s/g to s, namely
hϕ,sα3,α1

. Thus

hϕ,sα3,α1
= hϕ,sα2,α1

◦ hϕ,sα3,α2

for every s > 0. Since all maps involved are persistence morphisms by (A1), this
equality holds as an equality of persistence morphisms. Taking α1 = α2 = α3 = α

gives hϕα,α = idV +
α (ϕ). This proves (A2).

We now prove (A3). Let A > 0. The Reeb vector field rescales as RAα = A−1Rα.
Therefore RAα

Ast = Rα
st for every s > 0 and every t. Consequently,

φ−1
t ◦RAα

Ast = φ−1
t ◦Rα

st.

Thus Vα,s(φ) = HF(φ−1
t ◦Rα

st) and VAα,As(φ) = HF(φ−1
t ◦RAα

Ast) are defined by the same
contact-at-infinity system. We define ρα,ϕA,s : Vα,s(φ) → VAα,As(φ) to be this canonical
identification. Replacing A by 1/A immediately gives (ρα,ϕA )−1 = ρAα,ϕ1/A .

Now let 0 < s ≤ s′. The structure map cα,ϕs,s′ is induced by the continuation path

φ−1
t ◦Rα

λ(τ)t, λ(τ) = (1− β(τ))s+ β(τ)s′,

where β is a non-decreasing cutoff function. The structure map cAα,ϕAs,As′ is induced by
φ−1
t ◦ RAα

Aλ(τ)t. Since RAα
Aλ(τ)t = Rα

λ(τ)t, the two continuation data are identical under
the identifications ρα,ϕA,s and ρα,ϕA,s′ . Therefore

cAα,ϕAs,As′ ◦ ρ
α,ϕ
A,s = ρα,ϕA,s′ ◦ c

α,ϕ
s,s′ .

This proves (A3).
Finally, we prove (A4). Assume α1 � α2. Write α2 = fα1 with f ≥ 1. Then

Aα2 = f(Aα1), so Aα1 � Aα2. At level s, the map hϕ,sα2,α1
is represented, in α1-

Hamiltonian notation, by increasing the Hamiltonian s/f to s. After applying the
rescaling identifications ρα2,ϕ

A,s and ρα1,ϕ
A,s , the source and target become the systems

φ−1
t ◦ RAα2

Ast and φ−1
t ◦ RAα1

Ast . With respect to the contact form Aα1, the first of these
is generated by s/f , and the second by s. Thus the order morphism hϕ,AsAα2,Aα1

is
represented by the same monotone continuation data as hϕ,sα2,α1

under the canonical
rescaling identifications. Consequently,

hϕ,AsAα2,Aα1
◦ ρα2,ϕ

A,s = ρα1,ϕ
A,s ◦ h

ϕ,s
α2,α1

.

This proves (A4), and hence the theorem.



32 LYU CHANGLE

4.2. Proof of Theorem 1.10. Now we use Theorem 1.11 to prove Theorem 1.10.
Since C−1α � β � Cα, (A1) gives order morphisms

hϕCα,β : V +
Cα(φ) −→ V +

β (φ)

and
hϕβ,C−1α : V +

β (φ) −→ V +
C−1α(φ).

(A3) also gives rescaling isomorphisms

ρα,ϕC : V +
α (φ)

∼=−→ (mC)
∗V +

Cα(φ),

and
ρα,ϕ1/C : V +

α (φ)
∼=−→ (m1/C)

∗V +
C−1α(φ).

For every s > 0, define
Fs : Vα,s(φ) −→ Vβ,Cs(φ)

by
Fs := hϕ,CsCα,β ◦ ρ

α,ϕ
C,s.

Similarly, define
Gs : Vβ,s(φ) −→ Vα,Cs(φ)

by

Gs :=
(
ρα,ϕ1/C,Cs

)−1

◦ hϕ,sβ,C−1α.

We first show that F is a multiplicative-shift persistence morphism. Let 0 < s ≤ s′.
We need to prove

cβ,ϕCs,Cs′ ◦ Fs = Fs′ ◦ cα,ϕs,s′ .

Using the definition of Fs, the left-hand side is

cβ,ϕCs,Cs′ ◦ h
ϕ,Cs
Cα,β ◦ ρ

α,ϕ
C,s.

Since hϕCα,β is a persistence morphism, there is

cβ,ϕCs,Cs′ ◦ h
ϕ,Cs
Cα,β = hϕ,Cs

′

Cα,β ◦ c
Cα,ϕ
Cs,Cs′ .

Therefore
cβ,ϕCs,Cs′ ◦ Fs = hϕ,Cs

′

Cα,β ◦ c
Cα,ϕ
Cs,Cs′ ◦ ρ

α,ϕ
C,s.

By (A3),
cCα,ϕCs,Cs′ ◦ ρ

α,ϕ
C,s = ρα,ϕC,s′ ◦ c

α,ϕ
s,s′ .
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Hence
cβ,ϕCs,Cs′ ◦ Fs = hϕ,Cs

′

Cα,β ◦ ρ
α,ϕ
C,s′ ◦ c

α,ϕ
s,s′ .

But
Fs′ = hϕ,Cs

′

Cα,β ◦ ρ
α,ϕ
C,s′ .

Thus
cβ,ϕCs,Cs′ ◦ Fs = Fs′ ◦ cα,ϕs,s′ .

So F is a multiplicative-shift persistence morphism.
The proof that G is a multiplicative-shift persistence morphism is the same. Indeed,

it follows from the persistence-morphism property of hϕβ,C−1α and from the compati-
bility of the rescaling maps ρα,ϕ1/C with the persistence structure maps.

We now verify the two interleaving identities. First, we prove

GCs ◦ Fs = cα,ϕs,C2s.

By definition,

GCs ◦ Fs =
(
ρα,ϕ1/C,C2s

)−1

◦ hϕ,Csβ,C−1α ◦ h
ϕ,Cs
Cα,β ◦ ρ

α,ϕ
C,s.

Since
C−1α � β � Cα,

the functoriality part (A2) gives

hϕ,Csβ,C−1α ◦ h
ϕ,Cs
Cα,β = hϕ,CsCα,C−1α.

Hence
GCs ◦ Fs =

(
ρα,ϕ1/C,C2s

)−1

◦ hϕ,CsCα,C−1α ◦ ρ
α,ϕ
C,s.

We now identify this map. The rescaling map ρα,ϕC,sidentifies φ−1
t ◦Rα

st with φ−1
t ◦RCα

Cst.
The map hϕ,CsCα,C−1α is the order continuation map from φ−1

t ◦RCα
Cst to φ−1

t ◦RC−1α
Cst . But

RC−1α
Cst = Rα

C2st.

Finally,
(
ρα,ϕ1/C,C2s

)−1

identifies VC−1α,Cs(φ) with Vα,C2s(φ). Thus the entire composi-
tion is exactly the Cant continuation map

Vα,s(φ) −→ Vα,C2s(φ)

induced by increasing the Reeb parameter from s to C2s. That is,

GCs ◦ Fs = cα,ϕs,C2s.
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Similarly there is FCs ◦ Gs = cβ,ϕs,C2s. Then we have shown that F and G define a
multiplicative C-interleaving between V +

α (φ) and V +
β (φ).

Now pass to logarithmic parameters. For t ∈ R, then F̂t = Fet and Ĝt = Get gives
a logC-interleaving between log Vα(φ) and log Vβ(φ). Then we obtain the desired
result.

4.3. Proof of Theorem 1.15. Now we prove the properties of the symplectic ho-
mology barcode defined in the last section, which is, Theorem 1.15. We first prove
(B1). Let

φ : U ↪→ V

be an exact Liouville embedding. Thus

φ∗λV − λU = df

for some smooth function f on U .
In order to avoid artificial periodic orbits created by smoothing an extension by

zero, we compute the inverse limit over the following cofinal subclass of Hamiltonians.
We restrict to Hamiltonians H ∈ HU,a such that H vanishes on a neighborhood of
the boundary of its support. This subclass is cofinal for the inverse system in the
following sense: for every K ∈ HU,a there exists H in the subclass with H � K, i.e.
H ≥ K, and with a /∈ Spec(H). Therefore restricting the indexing set to this subclass
does not change the inverse limit.

We use the above cofinal subclass of Hamiltonians H ∈ HU,a which vanish on a
neighborhood of ∂U . For such an H, define

(φ!H)(t, z) =

H(t, φ−1(z)), z ∈ φ(U),

0, z /∈ φ(U).

Since H vanishes near ∂U and φ is an embedding, this extension by zero is smooth
and compactly supported in Int(V ).

The Hamiltonian vector fields are related by

dφ(XH) = Xϕ!H ◦ φ

on the support of H. The non-constant one-periodic orbits of φ!H in the action
window [a,∞) are precisely the images under φ of the one-periodic orbits of H in
the same action window. The constant orbits outside the support of φ!H have action
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0, and hence do not enter the window because a > 0. Thus, in the relevant filtered
complex, periodic orbits are identified by x(t) 7→ φ(x(t)).

We now check that the action filtration is preserved. For a loop x : S1 → U ,

Aϕ!H(φ ◦ x) =
∫ 1

0

(φ!H)t(φ(x(t))) dt−
∫
S1

(φ ◦ x)∗λV

=

∫ 1

0

Ht(x(t)) dt−
∫
S1

x∗(φ∗λV )

=

∫ 1

0

Ht(x(t)) dt−
∫
S1

x∗(λU + df)

=

∫ 1

0

Ht(x(t)) dt−
∫
S1

x∗λU −
∫
S1

d(f ◦ x)

= AH(x),

because x is a closed loop. Therefore the orbit bijection induces an isomorphism of
filtered Floer chain complexes

ΦH : CF[a,∞)
∗ (H)

∼=−→ CF[a,∞)
∗ (φ!H),

and hence an isomorphism

ΦH : HF[a,∞)
∗ (H)

∼=−→ HF[a,∞)
∗ (φ!H).

Let
pVK : SHa

∗(V ) −→ HF[a,∞)
∗ (K)

be the canonical projection from the inverse limit, for K ∈ HV,a. We define haϕ by
specifying its components in the inverse limit defining SHa

∗(U), that is, for every
H ∈ HU,a, set

pUH ◦ haϕ := Φ−1
H ◦ p

V
ϕ!H

.

We must check that these components are compatible with the inverse system over
HU,a. Suppose H1 � H2, then φ!H1 � φ!H2. Let

σU12 : HF
[a,∞)
∗ (H1)→ HF[a,∞)

∗ (H2)

and
σVϕ!H1,ϕ!H2

: HF[a,∞)
∗ (φ!H1)→ HF[a,∞)

∗ (φ!H2)

be the monotone continuation maps. The orbit-identification maps commute with
continuation, because the monotone homotopy from φ!H1 to φ!H2 is the push-forward
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of the monotone homotopy from H1 to H2. Thus

ΦH2 ◦ σU12 = σVϕ!H1,ϕ!H2
◦ ΦH1 .

For x ∈ SHa
∗(V ), the coherence of the inverse-limit projections gives

pVϕ!H2
(x) = σVϕ!H1,ϕ!H2

(
pVϕ!H1

(x)
)
.

Therefore
σU12
(
Φ−1
H1
pVϕ!H1

(x)
)
= Φ−1

H2
σVϕ!H1,ϕ!H2

(
pVϕ!H1

(x)
)

= Φ−1
H2
pVϕ!H2

(x).

So the map

haϕ = Φ−1
H ◦ p

V
ϕ!H

: SHa
∗(V )→ SHa

∗(U).

is well defined.
We now prove compatibility with the persistence structure maps. For a ≤ b, the

quotient map

CF[a,∞)
∗ (H)→ CF[b,∞)

∗ (H)

commutes with the orbit-identification isomorphism ΦH , because ΦH preserves action
exactly. Hence

Φ
[b,∞)
H ◦ qUa,b,H = qVa,b,ϕ!H ◦ Φ

[a,∞)
H ,

where qa,b denotes the filtered quotient map. Passing to homology and then to inverse
limits gives

hbϕ ◦ ιVa,b = ιUa,b ◦ haϕ.

This proves (B1).
We prove (B2). Let

U
ϕ−→ V

ψ−→ W

be exact Liouville embeddings. For H ∈ HU,a, one has

(ψ ◦ φ)!H = ψ!(φ!H).

Moreover, the orbit-identification isomorphism for ψ ◦ φ is the composition of the
orbit-identification isomorphisms for φ and ψ:

Φψ◦ϕ
H = Φψ

ϕ!H
◦ Φϕ

H .
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Using the componentwise definition of restriction maps, for every x ∈ SHa
∗(W ) we

compute the H-component of haϕhaψ(x):

pUH
(
haϕh

a
ψ(x)

)
= (Φϕ

H)
−1pVϕ!H

(
haψ(x)

)
= (Φϕ

H)
−1(Φψ

ϕ!H
)−1pWψ!(ϕ!H)(x)

=
(
Φψ
ϕ!H
◦ Φϕ

H

)−1
pW(ψ◦ϕ)!H(x)

= (Φψ◦ϕ
H )−1pW(ψ◦ϕ)!H(x)

= pUH
(
haψ◦ϕ(x)

)
.

Since this holds for every H ∈ HU,a, the two inverse-limit elements agree. Thus

haψ◦ϕ = haϕ ◦ haψ.

This proves (B2).
We prove (B3). Let δC : Ŵ → Ŵ denote the Liouville scaling by factor C, so that

δC(U) = CU and δ∗Cλ = Cλ. For H ∈ HU,a, define a Hamiltonian H(C) ∈ HCU,Ca by

H(C)(t, δC(z)) := C H(t, z).

The Hamiltonian orbits of H are in bijection with the Hamiltonian orbits of H(C) by

x(t) 7−→ δC(x(t)).

The action is multiplied by C:

AH(C)(δC ◦ x) =
∫ 1

0

CHt(x(t)) dt−
∫
S1

(δC ◦ x)∗λ

= C

∫ 1

0

Ht(x(t)) dt−
∫
S1

x∗(δ∗Cλ)

= C

∫ 1

0

Ht(x(t)) dt− C
∫
S1

x∗λ

= CAH(x).

Therefore there is a canonical chain isomorphism

CF[a,∞)
∗ (H)

∼=−→ CF[Ca,∞)
∗ (H(C)),

and hence an isomorphism

HF[a,∞)
∗ (H)

∼=−→ HF[Ca,∞)
∗ (H(C)).
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This construction respects monotone continuation maps and hence passes to inverse
limits, giving

rUC (a) : SH
a
∗(U)

∼=−→ SHCa
∗ (CU).

The compatibility with persistence maps follows from the same action-scaling identity.
Namely, the quotient

CF[a,∞)
∗ (H)→ CF[b,∞)

∗ (H)

is carried to the quotient

CF[Ca,∞)
∗ (H(C))→ CF[Cb,∞)

∗ (H(C)).

Therefore
rUC (b) ◦ ιUa,b = ιCUCa,Cb ◦ rUC (a).

It remains to prove the compatibility with restriction maps. Let φ : U ↪→ V be
exact. The scaled embedding

φ(C) : CU ↪→ CV

satisfies
φ(C)(δCz) = δC(φ(z)).

For every H ∈ HU,a, one has the identity of Hamiltonians

(φ(C))!
(
H(C)

)
= (φ!H)(C).

Moreover, the orbit-identification map for φ(C) applied to H(C) is the scaling of the
orbit-identification map for φ applied to H. Thus the two ways of going around the
square

HF[a,∞)
∗ (φ!H) −−−→ HF[a,∞)

∗ (H)y∼=
y∼=

HF[Ca,∞)
∗ ((φ!H)(C)) −−−→ HF[Ca,∞)

∗ (H(C))

agree. Passing to inverse limits gives

rUC (a) ◦ haϕ = hCaϕ(C) ◦ rVC (a).

This proves (B3).
Now we prove (B4). Let i : U ↪→ CU be the standard inclusion. The identity

hCai ◦ rUC (a) = ιUa,Ca
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is the standard compatibility between the Viterbo restriction map for the Liouville
scaling inclusion and the persistence comparison map. Indeed, in the standard con-
struction of filtered symplectic homology, the scaling map identifies the action window
[a,∞) for U with the action window [Ca,∞) for CU , while the restriction map for
i identifies the scaled complex back with the quotient of the original complex by
generators of action below Ca. This gives the natural quotient map

CF[a,∞)(H) −→ CF[Ca,∞)(H),

and hence, after passing to homology and the inverse limit,

hCai ◦ rUC (a) = ιUa,Ca.

For the second assertion, let j : C−1U ↪→ CU be the standard inclusion. Applying
the first assertion first to the inclusion C−1U ↪→ U and then to the inclusion U ↪→ CU ,
and using functoriality of Viterbo restriction maps, we obtain that, after the scaling
identifications

SHa(CU) ∼= SHa/C(U), SHa(C−1U) ∼= SHCa(U),

the map haj : SH
a(CU)→ SHa(C−1U) becomes

ιUa/C,Ca : SH
a/C(U) −→ SHCa(U).

This proves the second assertion of (B4).
Finally, we prove (B5). We use the standard isotopy invariance of Viterbo restric-

tion maps. Namely, if two exact Liouville embeddings φ0, φ1 : U ↪→ V are connected
by a smooth isotopy φτ : U ↪→ V through exact Liouville embeddings, then the
associated Viterbo restriction maps agree: hϕ0 = hϕ1 ; see [CO18].

Indeed, after choosing primitives for φ∗
τλV − λU , the exact embedding isotopy can

be treated, on a collar of the image, as an exact Hamiltonian deformation. The
naturality of filtered Floer complexes under exact Hamiltonian conjugation and the
homotopy invariance of continuation maps imply that the component maps in the
inverse-limit definition of Viterbo restriction are independent of τ . This argument is
standard in the construction of Viterbo transfer maps.

Applying this to the isotopy from the standard inclusion iU : U ↪→ V to φ, we
obtain

hϕ = hiU .

This proves (B5), and hence completes the proof of the theorem.
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4.4. Proof of Theorem 1.14. Now we give a proof of Theorem 1.14.
Let

r > dSBM(U, V )

be arbitrary, and set C = er. By the definition of the symplectic Banach–Mazur
distance, there exist exact Liouville embeddings

C−1U
ϕ−→ V

ψ−→ CU

with the corresponding strongly unknotted condition. We shall prove that the loga-
rithmic persistence modules logSH∗(U) and logSH∗(V ) are r-interleaved.

For any t ∈ R, let a = et. Define a map

Ft : log SH
t
∗(U) −→ log SHt+r

∗ (V ).

by

Ft := hCaψ ◦ rUC (a).

Similarly, define

Gt : log SH
t
∗(V ) −→ log SHt+r

∗ (U)

by

Gt := rC
−1U

C (a) ◦ haϕ,

We first verify that F = {Ft}t∈R is a morphism of persistence modules

F : log SH∗(U) −→ logSH∗(V )[r].

Let t0 ≤ t1 and set ai = eti . We must prove

Ft1 ◦ ιUa0,a1 = ιVCa0,Ca1 ◦ Ft0 .

Using the naturality of scaling with respect to the persistence maps (B3), we have

rUC (a1) ◦ ιUa0,a1 = ιCUCa0,Ca1 ◦ r
U
C (a0).

Since hψ is a persistence morphism by (B1), we also have

hCa1ψ ◦ ιCUCa0,Ca1 = ιVCa0,Ca1 ◦ h
Ca0
ψ .
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Therefore
Ft1 ◦ ιUa0,a1 = hCa1ψ ◦ rUC (a1) ◦ ιUa0,a1

= hCa1ψ ◦ ιCUCa0,Ca1 ◦ r
U
C (a0)

= ιVCa0,Ca1 ◦ h
Ca0
ψ ◦ rUC (a0)

= ιVCa0,Ca1 ◦ Ft0 .
Thus F is a persistence morphism. The same argument proves that G is also a
persistence morphism.

We now compute the two interleaving composites. Fix t ∈ R and set a = et. Then
the composite

Gt+r ◦ Ft : SHa
∗(U) −→ SHC2a

∗ (U)

is
Gt+r ◦ Ft =

(
rC

−1U
C (Ca) ◦ hCaϕ

)
◦
(
hCaψ ◦ rUC (a)

)
= rC

−1U
C (Ca) ◦ hCaϕ ◦ hCaψ ◦ rUC (a).

By (B2),
hCaϕ ◦ hCaψ = hCaψ◦ϕ.

Therefore
Gt+r ◦ Ft = rC

−1U
C (Ca) ◦ hCaψ◦ϕ ◦ rUC (a).

Also by (B5), one has
hCaψ◦ϕ = hCaj .

Note that for j : C−1U ↪→ CU , by the observation in (B4), the map

rC
−1U

C (Ca) ◦ hCaj ◦ rUC (a)

is exactly the persistence comparison map

ιUa,C2a : SH
a
∗(U) −→ SHC2a

∗ (U).

Thus
Gt+r ◦ Ft = ιUa,C2a.

In logarithmic notation this says

G[r] ◦ F = ι
log SH∗(U)
•,•+2r .

The computation of the other composite is almost a word-by-word repetition of
above so we omit here.
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We have therefore constructed persistence morphisms

F : log SH∗(U)→ logSH∗(V )[r], G : log SH∗(V )→ logSH∗(U)[r],

whose shifted composites are the corresponding 2r-structure maps. Hence logSH∗(U)

and logSH∗(V ) are r-interleaved. Since the modules are locally finite, the isometry
theorem gives

dbottle
(
logSH∗(U), logSH∗(V )

)
≤ r.

Since r > dSBM(U, V ) was arbitrary, we conclude

dbottle
(
logSH∗(U), logSH∗(V )

)
≤ dSBM(U, V ).
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