QUANTITIES FROM S!-EQUIVARIANT RABINOWITZ FLOER
HOMOLOGY

LYU CHANGLE

ABSTRACT. In this paper we develop the quantitative theory of S'-equivariant
Rabinowitz Floer homology. We will define spectral invariant on the universal
covering of contactomorphism group of Liouville fillable contact manifolds and give
a new criterion of orderability on such manifolds. We will also construct integral-
valued contact capacity on periodic contact manifolds and obtain some contact

non-squeezing type results.
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1. INTRODUCTION AND RESULTS

Throughout the introduction we assume that (X, ) fits condition (H):

Assumption (H): (3, ) admits a Liouville filling (X, d)) so that the S'-equivariant
Rabinowitz Floer homology RFH? 1(Z, X)) is non-zero.

The precise definitions involved in the above condition will be presented in Section 2.
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2 LYU CHANGLE

The purpose of this article is to define some basics objects in quantitative contact
geometry from the S'-equivariant Rabinowitz homology. We construct a contact

spectral invariant first.

Theorem 1.1. For (3,€) satisfying Assumption (H), for any 0 # 0 € RFHfI(E,X)
there is a map c(-,0) : PConty(X, &) — R that is C*-continuous, so that
(1) c(-,0) descends to a map c(-,0) : 60\/nt0(2,§) — R,
(2) If ¢, € PConto(X, &) with contact Hamiltonians hy, hy, respectively satisfies
hy > hy, then c(p,0) < c(v,0),
(3) Let ¢ be the Reeb flow of a 1-form « defining &, then for any m € R, let o
be the path given by
t= Do
one has

6(90277 9) = C(Id27 9) -m,

The above spectral invariant will be constructed in Section 3. We observe that this

quantity has connection with the orderability question in contact geometry.

Remark 1.2. [AFM15] is the first to adapt Rabinowitz Floer homology as a tool to
study orderability. Since the Rabinowitz Floer homology is closely related to the
translated point of a contactomorphism, this method can be seen as a special route

from translated point to orderability, which is discovered first by [Sanl1].
Proposition 1.3. For (X,&) satisfying Assumption (H) then C/]o\n/to(Z, €) is orderable.

Proof. 1t 6c;/nt0(2,§ ) is not orderable, then there is a contractible loop ¢ of contac-
tomorphism with contact Hamiltonian h; > 0. Then since ¢ is contractible, one has
c(p,0) = c(ldg, 0).
On the other hand since X is closed there exists 6 > 0 so that h; > 4, then by
Theorem 1.1(3) one has
c(p,0) < —0 + ¢(Idg, 0) < c¢(I1ds, 0),

which leads to a contradiction. O

The above can be rewritten into the following.

Corollary 1.4. If (X,€) is a closed contact manifold with (7(\)_11/130(2,5) not orderable,
then RFHfl(Z, X) wanishes for all Liouville filling X of (%,&).
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Combining this with the known orderability result, one can derive some examples

of the contact manifolds with vanishing S'-equivariant Rabinowitz Floer homology.

Ezxample 1.5. The standard contact structure on S?**! is not orderable, so the van-
ishing of S'-equivariant Rabinowitz Floer homology of the sphere follows as a conse-

quence of Corollary 1.4.

The second quantities is the contact capacity. In the rest of this section we assume
that a = M|y is periodic, that is, the Reeb flow of « is 1-periodic. Our main result is

the construction of a contact capacity that is invariant under contact transformation.
Theorem 1.6. For p € 68_11/’50(2,5) we define cz(p,0) = [c(p,0)] and

c(U,0) = sup{cz(p,0) | Supp(¢) CU} € ZU {o0}. (1.1)

For any 1 € Conty(%, ) one has
c(p(U),0) = c(U, ).

This result will be proved in Proposition 4.5. The key step is to show that the inte-
gral spectral invariant cz(+, #) enjoys a conjugation invariance property, see Corollary
4.3.

Having constructed the invariant capacity, we can obtain a contact non-squeezing

type result.

Theorem 1.7. (Corollary 1.7) If U C V C ¥ with ¢(U,0) < ¢(V,80) there is no
contact isotopy mapping V into U.

Acknowledgements. To be added.

2. RABINOWITZ FLOER THEORY

2.1. Introduction and non-equivariant Rabinowitz Floer homology. We re-
call the construction of non-equivariant Rabinowitz Floer theory and lay out some of
its applications.

Let (X,€) be a connected coorientable closed contact manifold. To define Rabi-

nowitz Floer theory, we require this manifold to be Liouville fillable.

Definition 2.1. A Liouville domain (W, A\y/) is a compact exact symplectic mani-

fold so that Ay |sw is a positive contact form on OW.
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We say a connected coorientable closed contact manifold (3, €) is Liouville fillable
if there is a Liouville domain (W, Ay) so that ¥ = OW and a = (Aw )y is a positive

contact form on 3 satisfying ker o = &.

Given a Liouville domain, one can complete it into a Liouville manifold. By the

definition of Liouville domain, the Liouville vector field Z defined by
LZ)\W = d)\w

is guaranteed to be transverse to OW, pointing outwards. Let ¢ be the flow of Z

defined for ¢ < 0, then we define the “completion” as
X =W Ugw (OW x [1,00)),

with an embedding W x (0,1] — W defined by (z,7) — ¢22" ().

Aw can be extended to a 1-form on X by defining A = r(Aw)|sw on OW X [1, 00).
Then (X, d\) is a Liouville manifold and called the filling of X.

The symplectization SY of a contact manifold (3,& = ker, «) is the symplectic
manifold 3 x (0, c0) equipped with the symplectic form d(ra). If 3 is Liouville fillable
with filling (X, d\) then one can embed SY < X by using the flow of the Liouville
vector field.

Let PContg (X, &) be the set of smoothly parametrized paths {p;}o<i<1 with ¢y =
Idy. For a path ¢ = {¢:}o<i<1, let pfa = pypy, then define @, : S¥ — S¥ by

r
Oy (x,7) = (gpt(aj), M) :
Let W be the infinitesimal generator defined by
0

W(z) = —

= ot oi()

t=0

and let
hi(x) = ag, (o)W (ge(2))-
Then the path &, is Hamiltonian with Hamiltonian function
Hi(xz,r) :=rh(x) : S¥ = R.

We define Fyy : S — R by Fy(z,r) := f(r), where

Fr) = %(72 “1) on (L,00),

f"(r)y>0 forallreR",
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. 1
I flr) = =5 +¢

for some sufficiently small € > 0.

Now we can define the perturbed Rabinowitz functional.

Definition 2.2. Fix a path ¢ € PCont((2,€) and let H; denote the Hamiltonian
as above. Let £(SY) = C*(S!,SX) be the component containing the contractible

loops. We define the perturbed Rabinowitz action functional
Ay, L(SE) xR—R
by
1 1 1
o= [ oa=n [ x@R@O - [ d0RC@.00N @)
0 0 0

where y : R/Z — [0,00) and 6 : [0,1] — [0, 1] are smooth functions. The pair (x, 6)
is called a perturbation pair. Moreover, if y satisfies

1
x(t) =0Vt e[t 1], and / x(t)dt =1,
0

and 6 satisfies that 6([0, 3]) = 0,6(1) = 1 with 0(t) € [0,4] for any 0 < t < 1, the pair
(x,0) is said to be of Moser type.

Moreover, if the functional A, is Morse-Bott, we say that ¢ is non-degenerate.

We consider the critical points of the above functional. From a straight computation

one has

Lemma 2.3. For (v,n) = (z(t),r(t),n) € Crit(Ay,), one has

0(t) = nx(t) Xp, (v) + 0(6) X (0(2), v), -
fol X(t)Fo(v)dt = 0.

and
Ay(v,n) = .

The above result exhibits the connection between our Rabinowitz functional and

leaf-wise intersection points and translated points. We first give the definitions here.

Definition 2.4. Let R, be the Reeb vector field of o and ¢§* be the Reeb flow.

(1) For ¢ € Symp(X,w), a point = € 3 is a leaf-wise intersection point for
(3, ) if there exists 7 € R so that

p(x,1) = (67(x), 1).
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(2) Fix ¢ € Conty(%, ) be a contactomorphism of (3,€). If ©*a = pa, then we
say x € X is a translated point for ¢ if there is 7 € R satisfying

() = o7 (x), plz) = 1.

When z is not a periodic point of the Reeb flow, then the real number 7 is
uniquely determined from the above equations. Then we call 7 be the time
shift of x.

The following observation from [Sanl2] gives the relation of leaf-wise intersection

point and translated point.

Lemma 2.5. For ¢ € Conty(%, &), let ¢ € Symp(SE, d(ra)) be the symplectization

given by
o) = (v ).

Then x € X is a translated point of ¥ if and only if (x,1) is a leaf-wise intersection

point for .
Using Lemma 2.3 we can obtain the following.

Proposition 2.6. Let v = @y, then if ¥ has no translated points on the closed leaves
of R, then there is a bijiection between Crit(Ay,) and the set of translated points of

Y given by
1

(Uﬂ?) = ($7T7 77) = .T(§)

Moreover, if x(%) is not a periodic point of ¢ then it has time shift —n.

Proof. Firstly if (v,n) € Crit(A,). Let ¢’ : S¥ — S¥ be the symplectization of .
For t € [0, 5] by (2.2) one has
0(t) = nx(t) X (v(t)).

Fy is constant on flow lines of nyXg,, so f(r(t)) is constant for ¢ € [0, 1], which is 0
by the condition. Then r(t) =1 for ¢ € [0, 3]. Thus v(3) = (¢2((0)),1).
On the other hand for ¢ € [L, 1] we have by (2.2)

o(t) = 0()Xu(8(t), v(t)).

So ¢'(v(3)) = (¢2,(v(3)),1), and thus v(}) is a leaf-wise intersection point of ¢, so

one direction of the proposition holds.
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Conversely, if z is a translated point of ¢ with time shift 7 then construct v : S* —
X by

(6% (02 @), 1), 0,3,
Por) (@), t €31,

and define n = —7, we have that (v,n) € Crit(A,). Since there are no translated

v(t) ==

point lying on closed leaves of R,,, it is direct to check that these two operations are

mutually inverse, thus give a bijection. ([l

We need to impose the following conditions to simplify the study of Rabinowitz

functional.

Definition 2.7. A contact 1-form « generating ¢ is said to be Morse-Bott if it satisfies
the following;:
For all positive T, define

Pr={a €S| ¢4(x) = 2}.

where ¢ is the Reeb flow with respect to «, then Pr is a closed submanifold of ¥

with rankdap, is locally constant. Moreover we require that
T:cPT = ker(ng%(x) — IdTEE)a Vo € PT.

One has to extend the definition of Rabinowitz functional to £LX x R in order to
define the Rabinowitz Floer homology. We need to extend the map Fy and H.
Firstly let F': X — R be

—%+¢, on X\SY,
Fy, on SY.

F=

Then for k > 0, let 8, € C*°([0, 00), [0, 1]) be so that

and such that

0< B.(r) <2e* forre e e,

—2 < Bu(r) <0 forr e [e e” +1].
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We define H,,(¢) : [0,1] x X — R by

0, on [0, 1] x (X\S%),
Hy(p) = . (2.3)
B (r)rf(t)how (), for (t,z,r) € [0,1] x SX.
We write H, = H.(p) if ¢ is clear.

Then the perturbed Rabinowitz functional can be extended to
A LX XR—R
by
1 1 1
Axton) = [ oa=n [xoF@@a - [ om0

Using the arguments in [AM13], there exists ro(@) so that for any x > k¢(¢) the
critical points and critical values of Af does not depend on x and actually agree with
those of A,,.

Choose a family J = (J;)es1 of w-compatible almost complex structure on X so

that J; ) is of SFT-type, we can define a L2-inner product on £X x R by

|2><[1,oo
MmM&Mh:Awammew.

For any non-degenerate ¢ and —oo < a < b < oo with a,b ¢ Spec(p) :=
A, (Crit(Ay)), the perturbed Rabinowitz functional is Morse-Bott. Choose a Morse
function h : Crit(Af) — R and a Riemannian metric g on Crit(A7) so that (h, g) is
a Morse-Smale pair. Then for ¢~,¢™ € Crit(h), let M(c*,¢”) be the moduli space
of gradient flow lines with cascades of —V ;A% and —V h from c* to ¢™. Then the
counting of this moduli space induces a boundary operator over the chain complex
RFC,(Af)5 = Crit, (h),®Z,. The induced homology will be denoted RFH, (A%)%. De-
tails about defining the homology will be presented in Section 2.3 and we temporarily
omit them here to avoid repetition.

Let ¢y be as in [AM13, Proposition 2.5], then RFH*(A:”,)I’ is independent of x if

a

k > co. Then it makes sense to define
RFH, (A, X) := RFH.({:}, %, X) := lig lim RFH,(A7);.
al—oobToo
Actually the above defined Rabinowitz Floer homology is independent of the choice
of the auxiliary perturbation data and {¢;} € PContq (%, §).
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Proposition 2.8. [AF10, Theorem 2.16] There is a canonical isomorphism
¢, : RFH, (X, X) — RFH,(A,, X).
Moreover, given two non-degenerate paths ¢, there is a map
Cop : RFH, (A, X) — RFH.(Ay, X)
satisfying Gy = Cpp © Co-

2.2. S'-equivariant Rabinowitz functional. Noe we follow the path of [FS16]
to give a Borel-type construction of S'-equivariant Rabinowitz functional. We still
assume that ¢ is non-degenerate.

For integer n > 1, let S?"*! be the unit sphere in C"**, then the complex projective
space CP" is the quotient of S*"! of the S'-action

T (215 ooy 2na1) = (T21, o, TZn41)-

Also there is S'-action on £X x R be

7 (v(),n) = (o(- = 7),n).

Then S* acts on £X x R x $?"*! diagonally and we denote the quotient of this actino
by LX x R xg S+,

Moreover, S acts on S! x S?"*1 by 7(.,2) = (- — 7,72) and we write the quo-
tient under this action by S* x g1 S?"*1. The non-perturbed equivariant Rabinowitz

functional is defined as

1 1
A (o)) = [ora—n [ Fio)e
0 0
Then we consider the perturbed case. We define a perturbation triple to be a triple
(U,0,k) € C®(S* xg1 S [0,00)) x C®(S! xg1 S* ™ R) x C=(CP",R),

where for any z € S?"*!, one has

/51 U([t, 2]) = 1.

Definition 2.9. The equivariant perturbed Rabinowitz functional with respect

to perturbation triple (¥, ©, k) is a map

1
AP et LX X Rxg S 5 R
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given by

Ag’gg,kqv,n,z]):/} U*A—n/o B([t, 2]) Fo(v(t))dt— / ([t =) Hy (v(t), O([t, 2]))dt—k([2]).

We also denote
Astg ox(lvm, 2]) + k([2]).

We can also consider the liftings of the above ingredients. Let
(‘ij, é71~§) c COO(Sl % SQn—&-l’ [0700)) % COO<Sl % S2n+l’ |R) % Coo(sZn—i-l’ IR)

be the lifting of a perturbation triple and A5 he the lifted functional, then again

00,0k
a direct computation shows the following result in comparison with Lemma 2.3.

Lemma 2.10. If (v,n,2) € Crlt(Am\;@k) then

o(t ) = nU(t, 2)Xr, (v) + O(t, 2) Xu, (v(t), O(t, 2)),
Jo T(t, 2) Fy(v)dt = 0, (24)
0= Jy Fo(v()0-U(t, 2)dt — di(z) — [ 0. (Ot 2) He(v(t), O, 2)) ) .

In order to connect the critical points of the equivariant perturbed functional to the

non-equivariant ones, we need to impose the following conditions on the perturbation

triple.

Definition 2.11. A perturbation triple (¥, ©, k) is said to be of equivariant Moser
type if it satisfies the following:

(1) For any z € S***! and (v,n) a solution to (2.2) with respect to the perturba-
tion pair (¥, ©.), there holds

Fy(v(t)dT,(z) =0, Vte S
(2) For any z ¢ Crit(k),V € T,5*! and (z,t) € X x S, one has
\dk(2)V| > |, <Ci)(t,z)HR(v(t),é(t,z))> . (2.5)

(3) The critical values of k lies in Z.

The following result shows that given any perturbation pair that is of Moser type,

one can construct a perturbation triple that is of equivariant Moser type out of it.
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Proposition 2.12. Given (x,0) a perturbation pair that is of Moser type, there exists
a perturbation triple (V,0,k) that is of equivariant Moser type, so that, for any

z € Crit(k) there ist, € S* with
Ot,z) =0t +1.),U(t,2) = x(t+1t.), VteS.

Proof. The condition (1) and (2) of equivariant Moser type perturbation triple can
be satisfied using the same argument as in [F'S16, Proposition 4.6] and the condition

(3) can be obtained from rescaling and perturbing a fixed given k. O

Critical points of the perturbed eqiuvariant functional with respect to perturbation
triple of equivariant Moser type can correspond to the critical points of the non-

equivariant functional.

Lemma 2.13. If (¥, 0, k) is a perturbation triple of equivariant Moser type, then for

k,n,St

any [(v,1, 2)] € Crit(A] Yo ), one has
(1) [z] € Crit(k).
(2) For any z € S*** over (2], (v,n) is contained in Crit(Af), where the non-

equivariant functional is with respect to the perturbation pair (\ilz, éz).

We say that (¥, 0, k) is induced from (x,0).

Proof. By comparing (2.2) and (2.4) the assertion (2) follows immediately, so it suf-
fices to show that [2] € Crit(k). By (2.4), for any V € T.S*"*! one has

1 1 .

0= [ Foo®)db.2)(V)dt ~ d(:) V)~ [ (8t H(0(0). O1¢.2) (V)i
0 0

Then by the conditions imposed in 2.11, the result follows. 0

2.3. Sl-equivariant Rabinowitz Floer homology. Having constructed the equi-
variant Rabinowitz functinoal, we can define the equivariant Rabinowitz Floer homol-
ogy.

Some technical lemmas are necessary. First we show that the s-truncation of X

does not affect our construction.

Lemma 2.14. (¢f.[AM13, Proposition 2.5]) Let (¥, ©, k) be a There is a real number
k() > 0 so that for any k > k(@) and ([v,n,z2]) € Crit(AZ’&%Q, then v(S') C S
and r(S') C (e72,e2) if v(t) = (a(t), r(t)).
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Proof. From the critical point equation (2.4) of Am&, @ ., for any v(t) € X x (e, e")
and t € [ +t.,1+¢.]( mod 1), r(t) satisfies

; Po(i+e.)(x(t)) .
()= 0t + 1) BT o)

Then the same argument of [AM13, Proposition 2.5] applies. The constant x(¢) can

be chosen as

k(p) = 8max{ /P):((i)) :(t,x) €]0,1] x Z}, (2.6)

where p; satisfies p;a = p;a. (Il

Then for k > k(yp), the critical points and critical values of .A@ v @ . is independent
of k.

Since ¢ is non-degenerate, the arguments in [AM13] show that the functional
A’;g%k is a Morse-Bott. Fix £ > r(¢) and n € N, then since the S'-action on
LX x R x S s free, Crlt(AZﬁj%,k) is a closed manifold. Fix a Riemannian metric

gn on it and choose a Morse function
hy, Crit(AZEgk) — R

so that (h{}, g,) is a Morse-Smale pair.
The chain group RCF*(AZE% y» 1iy) consists of Novikov sum Y &ctor &, € Zy,c €
Crit(h}) so that

#{c e Crit(h2) | & £ 0, AT () > e} < 00, Ve > 0.

Then we define the boundary operators. We need to fix a family of almost complex
structures first. Let J.on(SYX) be the set of almost complex structures J on S that is
convex-at-infinity and d(r«)-compatible, then we denote Jeon(X) be the set of almost
complex structure J so that J|gx € Jeon(S2).

Fix a Jy € Jeon(X) and consider a S'-invariant smooth S!' x S***1 x R family

J]n = {Jn,t,z(';TI)} C \7COD<X) with

SUp|| Jnt, (- 0)llce < 00, VL EN.
t,z,m

Moreover we assume that there is a constant ¢ > 1 so that
1
ZHJO(CC)” S H‘]n,t,Z(xvn)H S CHJU(*T)Hv V(%thﬂ?) € X X Sl X 52n+1 X R. (27)

The space J5' of such families J, is non-empty and contractible.
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In the following we fix a family J,, as above. Then we can consider the moduli space
of gradient flowlines with cascades. Given two critical points ¢, ¢~ of A7, let C*,C~
be the corresponding critical circles of the lifted function h” which is Morse-Bott.

For —0o < a < b < oo, let M"(¢t,¢™)? be the space of flowlines with cas-
cades of —V JWAZ’&,’%’,C and —Vyh? from a point in C* to a point in C'~ with
A&g:i@,k([z},n,z]) € (a,b) for any s € R.

There is a free S'-action on M" (¢, ¢™)? and the quotient of this action is equal to
M”(C, ¢™)?, the space of gradient flowlines with cascades from ¢ € C* to an arbitrary
point in C~.

The real number set R also acts freely on these moduli spaces by time shift and we

write the spaces modulo the R-action as
M (™)) = Ueer M™(c, ™)l

Given the upper bound estimate of n from the gradient flowline equation, which
is proved in [CF09, Corollary 3.3] under (2.7), the fact that the space M(c,c™)% is

a

compact follows from a standard compactness argument. Then the boundary operator
on RCF*(.AZ’,&,’%,{, h7, J,) is given by

Z\M" Ta/S e

where the sum is taken among ¢~ so that M(c*,¢™)% is O-dimensional. The resulting
homology is denoted by RFHZ’S1 (¢, X, by, Jn)2. And we let

RFH (p, X)) = lim RFH (¢, X, A7, J,)}-
n,h,J

The direct limit is taken in the following sense. Firstly note that the inclusion S***! C
S2n+3 jg Sl_equivariant, then if we choose a S'-equivariant extension of the pertur-
bation triple (U, 0,,k,) to (¥,41,0,.1,k,y1) on S?"3 one has CI‘lt(AHT&,@k) -
. k41,81
C“t(A@,\IJJ,Fe,k ).
Now we choose
1) an extension of (A", g,,) to (h™™, g,1) on Crit APLSNY dhat s Morse-Smale,
© %2 @,W,@,k
(2) A family J,; satisfying (2.7) for S extending J,,,
then there is a natural inclusion of chain subcomplex RCF*(Ag’fI,’g’k,hZ,JJn)z -

RCF. (A7 T&fé}f Bt Jnga)b and it induces a inclusion

bt RFHDS (0, X, 17, 0,) — REHITSS (0, X B 0,001,
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The homology group RFHZ’Sl(go,X, hZ,Jn)Z does not depend on any auxiliary
choice that we made so we will fix these auxiliary data (®,0,k, k, h,J) and omit
them in the notations. This is shown by Floer continuation arguments as in [CF09]
and the continuation isomorphisms commute with ¢,,, so the direct limit makes sense.

Finally we let the S'-equivariant Rabinowitz Floer homology be

RFHY" (p, X) = lim lim RFH" (¢, X))

al—oobToo
Now we spell out the properties of the above homology, which can be obtained

from standard arguments.

Proposition 2.15. (1) The S*-equivariant Rabinowitz Floer homology is indepen-
dent of . More precisely, for any non-degenerate ¢ € PCont (%, &), there is

an isomorphism
¢5' : RFHY (¢, X) — RFHY (2, X) := RFHY ({Idy}, X).
Moreover, for any non-degenerate paths p,, there is a map
¢Sy : RFHY (9, X) — RFHY (4, X)

satisfying Cil = Q;jlw o Qfl.
(2) For a non-degenerate path ¢ and [a,b] N Spec(yp) = 0, where Spec(y) =

lim Ag’gl(Crit(AZ’sl)) , there is an isomorphism
n—00 ’
b RFHY (9, X), — RFHY (0, X),.
3. SPECTRAL INVARIANTS

We assume that (X, ) satisfies condition (H). Then for a non-degenerate path ¢
and any 0 # 6 € RFHfl(E, X), define the spectral number as

c(p.0) = inf{a € R| 0, € Im(:& : RFHY (¢, X), — RFHY (p, X))}, (3.1)

where 6, is the image of § under the isomorphism RFH? (2, X) ~ RFHY' (p, X) and
Ly, 1s the natural inclusion.
Similar with the various spectral invariants in Hamiltonian Floer theory, the spec-

trality is satisfied.
Proposition 3.1. For any non-degenerate path ¢, one has c(p,0) € Spec(y).

Proof. This is a direct result of Proposition 2.15(2). O
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We establish a certain kind of continuity estimate of the spectral number to extend

the above definition to probably degenerate paths.

Lemma 3.2. Write RFHY (o, X), = RFHY (¢, X)2°, then for any two non-degenerate
paths @, 1, there is a constant K(p,1) > 0 so that there is an isomorphism

¢S RFHS (0, X)o — RFHS (4, X) ot i (o)-

P,

And the constant K (p, 1) satisfies the following estimate
K(p, ) < kg, ¢) = 4e" max {||hy — hy]|+, 0}, (3.2)
where Kk is defined as in Lemma 2.1/ and |||+ is defined by

1
Il = [ e (o)

Remark 3.3. Under the above notations, we have that if ¢, converges to ¢ in the

C?-norm, then r(ipy, ) converges to 0.

Proof of Lemma 3.2. Let H, := H(y) and Hy, := H.(1) be as in (2.3), where x >
max{k(p), k(¢))}, k defined as in Lemma 2.14.

®; = v(s)Hy + (1 —v(s)) Hy,

where v : R — [0, 1] is a smooth non-increasing function with v(s) = 1 for s < —1,
v(s) =0 for s > 1. Then we define

Ag,sl([w,z]):/o m_n/o \If([t,z])Fo(v(t))dt—k([z])—/o O([t, 2]) @4 (v(t), O(It, 2]))dt

. St
and corresponding Ay’ .
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Then by counting the moduli space of the flowlines with cascades of —V 34, and

—V,4h we can define the continuation homomorphism. We estimate

o [ [ 10.dewn. s
- /OO /1 (VAR (f0,m. 2)), (v, ) ) dds

1 SRV
/ / A”S ([v n,z])dtds+/ / 0?: ([v, 7, z])dtds
—o0 JO

A (o) = A o) - [ [ 6D
< A5 (o= 2]) = A ([0 s 24)

_ /Oo /0 o([t, 2V (8) B (1)r(t) (ho it )0 (v(E) — het2).0(v(t))) dtds.

So we have
0.< A ([o-ym-2-]) = AGS ([0s, 14, 24])
-/ / Ot ) () (r)r(t) mae { max (hee,o(@) — ey () )0 bt
< AT ([oosmey 2 ) = AR ([0as s 24))
/ ) max { max (heqt,zn,w(x) - heqm]),w(flf)) : O}dtds
= Ag ([o-sms 2 ]) o (s, 24])

1
—46/ ds/ Inax max h@([tz])@() h@([t?z]w(a:)),O}dt
0

(v(t), O([t, 2]))dtds

n, 1 !
— _A s ([ v, 1 ]) Aow ([U+, N+, Z+]) + 465/ max { meag:( (h@([tyz])#)(x) — h@([t,z}),w($)> s O}dt
0 x
< An,s ([v=,m—, 2-]) — Agﬁ ([v4, e, 24]) + 4e” maX{Hh@ - hﬂJHJraO}?
then the result follows. O
Corollary 3.4. For any two non-degenerate paths @,1), there is an inequality

c(¥,0) < c(p,0) + K, V).

Especially, if hy, hy be the contact Hamiltonians with respect to ¢ and ¢ with
hy < hy on ¥ x [0,1],



QUANTITIES FROM S'-EQUIVARIANT RABINOWITZ FLOER HOMOLOGY 17

then c(p,0) > c(,0).
Now we can show the following.

Proposition 3.5. For any nonzero class 6, there is an extension of ¢(-,8) to PCont(%,§):
for any degenerate path ¢, choose non-degenerate paths ¢y so that

02
P — P,

then define
c(p,0) = lim c(pg, 0).
k—o0

The extended spectral invariant

c(-,0) : PCont(3,¢) — R
is a C?-continuous function. In particular, this descends to a function

c(-,0) : Conto(, &) — R,
where (/381?50(2,5) is the universal cover of Conty (%, &).

Proof. Let hy be the contact Hamiltonians with respect to ¢, and h be the contact

Hamiltonian of ¢, then if py <, v, we have
K(pk, ) = 0, hy — h.

Then by Proposition 3.1, ¢(pg, 8) converges. The independence of the sequence {¢y }
follows from a similar argument.

For the second part of the proposition, note that Spec(yp) only depends on the
terminal map 1, so if the path ¢ is varied with ¢; fixed, then the image of continuous

map c(-, ) varies in a fixed set Spec(y) which is nowhere dense, thus constant. [

Clearly the spectrality and estimates in Proposition 3.1 still holds for the extended
spectral invariants. Lastly we compute the spectral invariant of a special path of

contactomorphism, given by the Reeb flow.

Proposition 3.6. Let ¢ be the path given by

t— o

mt>

then one has
c(e,0) = c¢(Idy, 0) — m,
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Proof. Note that Spec(¢7') = —m~+Spec(Idy), then the assertion holds since Spec(Idy)

is nowhere dense and the spectral invariant is continuous. [l

4. CONTACT CAPACITY AND NON-SQUEEZING

We assume that (3, &) satisfies condition (H) and a = M|y is periodic, that is, the
Reeb flow ¢f is a 1-periodic loop. Then for 0 # 6 € RFHf1 (3, X), define the integral

spectral invariants as
cz(p,0) = [c(p,0)] € Z.

The key property of this spectral invariant is the conjugation invariance.

Lemma 4.1. Ifp € 68;50(2,5) satisfies Spec(¢) € R\Z, then for any ¥ € Conto(3,§),

one has

CZ(QQ 9) - CZ(¢¢¢_17 9)

Proof. Let {15} C Conty(X,€) be a path connecting Idy, to W, since the map s +—

c(vpp~t, 0) is continuous, it suffices to show that
Spec(vYsp;YNZ =10, Vse|0,1].

By contrast we assume that Spec(¢sp1; 1) NZ # () for some fixed s € [0, 1]. We write
' = P!, then ¢ = "),

1 nsl

If ([v,m, 2]) € Crit( Z’tl‘if@,k) for some n with A"y . ([v,7m, 2]) € Z, then since

A w(v,m,2]) = A (v,m) — k([2]) = n — k([2]),

where A7} is the perturbed non-equivariant Rabinowitz functional with respect to
(., 0,) for some z € S?"*! over [z], we have n € Z.

Then since « is periodic, by Proposition 2.6 and [AM18, Lemma 2.7}, z(3 — t.) is
a fixed point of ¢’. Then ¥, !(z(5 — ¢.)) is a fixed point of .

Again by Proposition 2.6 there is

(2'(t),r'(t),n) € Crit(A%)

with #/(3 — t.) = ¢, (z(3 — t.)). In particular, n € Spec(y), which leads to a

contradiction. O

In order to extend the above property to all the elements in 66_11/‘50(2, €), we need

the following technical lemma.
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Lemma 4.2. ([AM18, Lemma 4.2]) If ¢ is degenerate with c(p,0) € Z, then there
exists non-degenerate ¢ with Spec(p) N Z # 0, so that c(py,0) = c(p,0) for k
sufficiently large.

Corollary 4.3. For any ¢ € (/JSI?GO(E,Q and ¥ € Conty(X,§), one has
62(907 8) = CZ(WW/’*% 9)
Proof. Tt suffices to show the equality when Spec(p)NZ # (). We follow the argument

in [AM18, Proposition 4.3]. The three cases are listed as below.
(1) If p satisfies c(p, 0) ¢ Z, then there is ¢’ sufficiently close to ¢ with Spec(¢') C

R\Z. Since the spectral invariant is C*-continuous and c(p,6) ¢ Z, one has

cz(¢',0) = cz(w,0).

Then the assertion comes from Lemma 4.1.
(2) If  is non-degenerate with ¢(g, 8) € Z, then we choose a path ¢ from Idy to
1. By the conjugation invariance of the linearized equation of critical equation,

there exists € > 0 so that

Spec(ihseths ') N [e(p,0) — €, ¢(p,0) + €] = {c(p,0)},

then the desired property is obtained.
(3) Lastly, if ¢ is degenerate with ¢(¢p,0) € Z, then we choose @y as in Lemma
4.2. Since

c(Porp™) = ey, k= oo,

the result follows from the last case.

Now we can define a contact capacity in the sense of [Sanl1].

Definition 4.4. For any open subset U C X, we define the S!-equivariant contact
capacity by
c(U,0) = sup{cz(¢,0) | Supp(p) € U} € ZU {oo}. (4.1)
Here for ¢ € 60\/nt0(2, €), the support of ¢ is
Suppp = | supp(e).
0<t<1
The following is a direct result from the conjugation invariance of integral spectral

invariants.
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Proposition 4.5. For any ¢ € Conty(3,&) one has

c(y(U),8) =c(U,0).

Proof. Note that

Supp(¢) C U <= Supp(vpyp') C (U).

The rest is a simple verification. 0

Using this we establish the contact non-squeezing result.

Corollary 4.6. If U C V C X with ¢(U,0) < ¢(V,0) there is no contact isotopy
mapping V into U.

Proof. Assume otherwise that there is p € Contg (X, &) with (V') C U, then ¢(U, 0) <
c(V,0) and c(o(V),0) = ¢(U,0), by Proposition 4.5 one has ¢(U,0) = ¢(V,0), which

is a contradiction. O
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