SUPERHEAVINESS RESULT ON THE SKELETON OF DIVISOR
COMPLEMENT

LYU CHANGLE

ABSTRACT. In a negatively monotone manifold, we show the superheaviness results
for the skeleton of the complement of a simple crossings symplectic divisor satisfying

certain conditions.
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1. INTRODUCTION

1.1. Setup and main results. Let (M?" w) be a closed symplectic manifold and
C(M) is the space of continuous functions on M, Entov-Polterovich [EP06, EP09]
introduced the concept of partial symplectic quasi-state, which is a functional ( :

C(M) — R satisfying the following properties.

(1) (Additive with respect to constant) ((F' 4+ a) = ((F) + a for any a € R. In
particular (1) = 1.

then ((F + G) < {(F) + ¢(Q).
(6) (Invariance) ((F') = ((F o ¢) for Hamiltonian diffeomorphism ¢ on M.

Partial symplectic quasi-states are powerful tools to detect various rigidity phenom-
ena in symplectic geometry.

One can construct partial symplectic quasi-states via spectral invariants and we
briefly recall the construction here. The details will be given in Section 2.

Given with any idempotent e of the quantum cohomology QH(M,w) of M and
a Hamiltonian function H, one can define a number c¢.(H) € R, called the spectral
invariant with respect to e and H. For any autonomous Hamiltonian H on M, we

define
ce(kH)

C(H) = lim

k—o0
and (. is the desired partial symplectic quasi-state. Note that the limit is well defined
due to the properties of spectral invariants.
Once a partial quasi-state ¢ is defined, one can have the notion of (super)heavy

sets, which is the target of this paper.

Definition 1.1. Fix an idempotent e as above, then a compact subset K C M is
called

(1) e-heavy if
Ce(H) <supH  (VH € C(M))

holds.
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(2) e-superheavy if
G(H)=fH  (VH € COD)

holds.

When we take e to be the identity element in quantum cohomology, we omit it from

the notations.

The above notations have been closely related to various phenomena in symplectic
topology, including displacing and large scale geometry [KO21, Sun24, FZ25]. At the
same time, the problem of deciding (super)heaviness has also been of independent re-
search result, advanced tools such as relative symplectic cohomology. Related notions
such as SH-fullness and SH-heaviness have been introduced in [DGPZ24, MSV24].

In this article we aim to deduce superheaviness of the Lagrangian skeleton of the
complement with respect to some certain symplectic divisors in a closed symplectic
manifold. To be specific, we mainly focus on the negatively monotone closed sym-
plectic manifold, that is, a closed symplectic manifold (M?",w) with some negative
constant 7 so that

217, (TM) = [w]
in H?(M;R).
We address the following result on the super-rigidity of Lagrangian skeleton of

certain divisor complement.

Theorem 1.2. Let (M,w) be a negatively monotone manifold and D be an orthogonal
SC divisor satisfying Hypothesis A, then the Lagrangian skeleton L of the divisor
complement X = M\D is superheavy in M. The Hypothesis A is given as follow.

Hypothesis A. If D = UY | D;, then there are negative rational numbers A, ..., Ay
satisfying

N
2¢;(TM) =Y\ - PD(D)
=1
in H2(M;R).

Let X be the divisor complement X = M\ D, then there is an “adapted” one-form
0 on X so that (X, 0) is a convex symplectic manifold of finite type and satisfies fine
local properties(the details will be presented in Section 3.1 and 3.2).
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Let Z be the corresponding Liouville flow on X. Then one can define a function
p° : X — R in the following way. For any = € X, if the Liouville flow starting at z is
defined for ¢t € (—o0, A), where A € RU {+0o0}, we let

P(x) = e

pY is a continuous function, but not smooth. We extend it to M continuously by
setting p° = 1 on D. It is direct that the Lagrangian skeleton L is the zero preimage
of p°. In practice we sometimes call L the Lagrangian skeleton of (M, w) with respect
to D.

Since superheavy sets are SH-full(Theorem 2.14), we have that

Corollary 1.3. Let (M, w) be a negatively monotone manifold and D be an orthogonal
SC divisor satisfying Hypothesis A, then the Lagrangian skeleton L of (M,w) with
respect to divisor D is SH-full in M.

Remark 1.4. In [BSV22, TV23], the above result in the positive monotone case and
Calabi-Yau case are derived respectively by verifying the definition of SH-fullness and

analyzing the relative symplectic cohomology.

Using the properties of heavy and superheavy sets, we can also obtain the following

corollary concerning the displaceability of the skeleton.

Corollary 1.5. Let (M, w) be a negatively monotone manifold and D be an orthogonal
SC' divisor satisfying Hypothesis A, then

(1) L is stably non-displaceable in M.

(2) L is strongly non-displaceable in M.

(3) L has an n-dimensional cell.

(4) Any Lagrangian in M with non-vanishing Floer cohomology can not be dis-

placed from L by Hamiltonian diffeomorphism.

The first two results come from Theorem 2.12. By [BC02, Lemma 3.2], if L cannot

be Hamiltonian displaced from itself, then it admits an n-dimensional cell.

1.2. Examples. Now we present some examples which fits the conditions in Theorem

1.2, and consequently in all the corollaries.

Ezxample 1.6. Let (M,w) = (X2 X Xo, Tfws + miwa), where 3 is the closed oriented
Riemann surface of genus 2, with w, the normalized Kéhler form, and =; is the

projection to the i-th factor.
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Consider Dy = ¥y x {p} and Dy = {q} x 35 and H; = PD([D;]), then D = D; U D,
is an orthogonal SC divisor. A direct computation yields ¢;(TM) = —2H; — 2H5 and

lw] = Hy + Hy so (M, w) is negatively monotone. Besides there is
2¢1(TM) = —4PD([Dy]) — 4PD([Ds])

so (M,w) and D satisfy all of our conditions.

The Lagrangian skeleton L of X = M\D is B* x B where B* is the bouquet of
four circles in 3\{pt}, so by Theorem 1.2 and Corollary 1.5, L is superheavy and
stably non-displaceable in M.

Ezample 1.7. Fix n > 2. Let M C CP™™! be a smooth projective hypersurface with
degree d > n + 3, for example

M = {[ZO : Zl7"'7Zn+1] - CPTH_l | Zg++Zs+1 :0},
equipped with the Fubini-Study form. Then since
c(TM) = (n+2—d)h,

where h is the hyperplane class restricted to M, we have that (M,w) is negatively
monotone.

Let D; = M N{Z; = 0}, then PD(D;) = (n + 2)h, then take
2(n+2—4d)

)\i:
n+2

€Q<0, Z:O,,n—i_l

we have that D = U D; is an orthogonal SC divisor satisfying Hypothesis A.

Then X = M\D is a hypersurface in the algebraic torus (C*)"*!. By [Zho20], the
Lagrangian skeleton L of X is the dual of the RSTZ skeleton[RSTZ14] associated to
the Newton polytope dA. By Theorem 1.2, L is superheavy in M, thus strongly and
stably non-displaceable.

1.3. Further discussions. In this paper we basically deal with the superheaviness
through its definition, which involves a rather concrete computation of the index and
action of the Hamiltonian orbits. Though our method is direct, a relation of index
and symplectic area is required, so the negatively monotone condition seems crucial.

We expect that Theorem 1.2 can be extended to more closed symplectic mani-
folds and SC divisors. In [MSV24], the authors proposed the following criterion for

superheaviness from SH-fullness.
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Theorem 1.8. [MSV24, Theorem 1.13] Let K be a compact subset of M and Ky D
Ky -+ be compact sets that contain K in their interior with NK; = K. If ci(TM) |y =
0 and the integral graded relative symplectic cochain complexes SCh;(K,; A) have fi-
nite boundary depth in all degrees for alln > 1, then K being SH-full implies that it

s superheavy.

As pointed out in [MSV24, Remark 1.14], this result can extend to certain monotone
manifolds. Since the SH-fullness of Lagrangian skeleton is proved in [BSV22, TV23]
using different methods, we hope that combining these arguments and a generalized
version of Theorem 1.8 would yield the superheaviness result under a broader setting

than ours.

Remark 1.9. [Gat24] presented a super-rigidity result for Lagrangian skeletons in a
positively monotone manifold with respect to SC divisors, where \; in Hypothesis A
are positive rational number in (0,2] but not necessarily orthogonal.

Although his argument to deduce superheaviness is different from ours, it is ex-
pected that his method to deal with non-orthogonality works in our setting, which

would extend our results to non-orthogonal divisors.

1.4. Organization of the paper. The article will be organized as follow.

In Section 2, we review the classical Hamiltonian Floer theory on closed manifolds
and give a discussion on the rigidity results and quantitative symplectic topology.

In Section 3 we present a detailed analysis on SC divisors, introducing a system of
neighborhoods of the divisor component D; and the system of commuting Hamilto-
nians based on these neighborhoods. Then we construct an admissible local chart in
every neighborhood.

In Section 4 firstly we complete the construction of the “radius” type Hamiltonian
function, then we give a canonical capping of the radius type index using the local
construction in admissible charts. Then we lay out the computation results on the
index and action of the canonically capped orbits.

Finally in Section 5 we prove the main result Theorem 1.2 on superheaviness, based

on a refined argument of [Sun24].

Acknowledgements.
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2. HAMILTONIAN FLOER THEORY PRELIMINARIES

2.1. Hamiltonian Floer homology. In this section we give a brief review of the
Hamiltonian Floer theory and partial symplectic quasi-states on a general closed
symplectic manifold. The discussions on virtual techniques concerning the problem
of regularity of moduli spaces [LT98, FO99, Parl6] are omitted here since these are
quite independent of our arguments.

Fix a closed symplectic manifold (M, w), let H : S* x M — R be a time-dependent
non-degenerate Hamiltonian function on M. We say H is normalized if H; has zero
mean with respect to w™ for any ¢ € S'. Fix(H) is the set of contractible one-periodic
orbits of the Hamiltonian vector field Xy determined by —ix,w = dH. We also
fix a regular compatible almost complex structure J as in [Flo88]. A capping u of

v € Fix(H) is a smooth map w : D — M with
u(e’™) = ~(t), Vvt € [0,1].
Two cappings u,u’ of the same orbit 7 are called equivalent if and only if
w(u) =w(u), e (u) = ¢ (u),

where ¢; = ¢1(T'M,w) is the Chern class of the triple (M, w, J), which is independent
of the choice of compatible almost structure J. And the set of equivalence classes is
denoted ﬁ;((H)

The action of an element [v,u] € Fix(H) is defined as

APy, ul) = /S H(t,~(1))dt + /D o

and the degree is

deg ([, u]) = n + CZ([y, u]),

where CZ([y, u]) is the Conley-Zehnder index defined as in [CZ83].
For any A € my(M) and capped orbit [y, u], there is a capped orbit [y, u+ A], where
u+ A is the capping obtained by gluing a sphere representing the class A to u. The

following result on the index and action changes are crucial to us.

Apn([v,u+ A]) = Au([v, u]) + w(A),
deg([v,u + A]) = deg([y, u]) + 2¢1(A).
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The Hamiltonian Floer cochain complex is the Q-vector space generated by formal

sums of capped orbits as

oo

CFMH, ) = {z =) ailyi, wi] | a; € Q,deg([y, ) = k, lim An ([, w]) = +00}.

i=1
There is a natural index filtration on CF*(H, J) and an action filtration given by

o0

Ay (z) = min{ Ay ([v,w]) | a; # 0}, x = Zai[%,ui] e CF*(H,J).

i=1
There is also a notion of fractional caps [BSV22, Section 3.3], that is, a formal
expression u + a, where (7, u) is a capped orbit and a € R. The associated index and

action is given by
Ag(v,u+a) = Ay (v, u) + Ta, deg(y,u + a) = deg(y, u) + a.

Note that the fractionally cap orbit (v, u + a) can be corresponded to an element
(v,u) ® e* € CF*(H, J).

The differential d on the chain complex is given by virtual counting the moduli
space of Floer cylinders and it increases the degree and action, the details can be
found in [Parl6]. The resulting cohomology HF*(H,J) is called the Hamiltonian
Floer cohomology of (H, J).

Remark 2.1. The coefficient ring is chosen to be Q in order to fit the virtual counting
techniques. The recent effort in [AMS21, BX22, Rez22] allows one to define Hamil-

tonian Floer chain complex over integers on general close symplectic manifolds.

2.2. Spectral invariants and partial symplectic quasi-states. Now we can de-
fine the spectral invariants and thus construct partial symplectic quasi-states as in
the introduction.

For any closed symplectic manifold (M, w), its quantum cohomology is QH* (M) =
QH* (M,w;A,) = H(M;Q) ®q A, and A, is the Novikov ring as in [MS12]. In
[PSS96], the authors constructed the PSS isomorphism

PSS : QH*(M) — HF*(H, J).

Then for any non-zero class A € QH*(M) of degree k, we define the spectral invariant

as
ca(H) = sup{Ay(x) | z € CF*(H, J),dx = 0, [z] = PSS(A)}.
Spectral invariants enjoy the following properties [FOOO19].
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Theorem 2.2. Let A be a non-zero pure-degree class in QH*(M), and let H be a
non-degenerate Hamiltonian function. The spectral invariant c4(H) has the following
properties.
(1) (Spectrality) ca(H) is a finite number in Spec,(H) where k = deg A, and
Spec,(H) is the degree-k action spectrum

Spec, (H) = {Ag(z) | x € CF*(H, J)}.

(2) (Shift by Hamiltonian) For any function \(t) on S*, one has
ca(H + A(t)) = ca(H) +/ A(t).
Sl
(8) (Lipschitz property) For any Hy, Hy, there is
/ min(H; — Hy) < ca(Hy) — ca(Hy) < / max(H; — H).
s1 M g1 M

In particular, if Hy > Hsy then ca(Hy) > ca(Ha).
(4) (Triangle inequality) ca,«a, (Hi# Hs) > ca,(Hy)+ca,(Hs) where x is the quan-

tum product.
(5) (Homotopy invariance) ca(Hy) = ca(Hs) for any two normalized Hamiltonian

functions generating the same element in ﬁe\tr/n(M), the universal cover of the

group of Hamiltonian diffeomorphisms on M.

Remark 2.3. The Lipschitz property allows us to define c4(H) for any continuous
H (not necessarily non-degenerate) using approximations. However, the spectrality of

extended spectral invariants might not hold.

Now for any idempotent e € QH*(M), by the triangle inequality, the following
limit can be defined: (hH)
. Ce
Ce(H) = Jim ——.
One can check that the functional (. : C(M) — R satisfies all the conditions for a
partial symplectic quasi-state.
For e an idempotent in the quantum cohomology, recall that a compact subset

K C M is called e—heavy if
((H)<suwpH  (VH € C(M))
K

and e—superheavy if
C(H)zi%fH (VH € C(M)).



10 LYU CHANGLE

Remark 2.4. Our sign conventions follow [Sun24], which is different to the original
ones in [EP09]. However, the two definitions of (super)heaviness coincide, thanks to

the duality of spectral invariants.

Remark 2.5. Every superheavy set is heavy, but not vice versa. The meridian of a

2-torus is a heavy but not superheavy subset.

It is worth mentioning that the superheaviness with respect to the identity 1 €
QH" (M) is special.

Proposition 2.6. [EP09, Theorem 1.3] Let e be a non-zero idempotent in QH* (M),
then

(1) Every set that is superheavy with respect to 1 is also superheavy with respect
to e.

(2) Every set that is heavy with respect to e is also heavy with respect to 1.
There are some classical examples of (non-)superheavy subsets.

Example 2.7. L = RP™ C CP" is superheavy for any n > 1, while the real part of the

Fermat hypersurface
M={-Z+Z{ +---+ Z;,, =0} cCP""!
is not superheavy for even d > 4 and n > 2d — 3 [EP09].
Example 2.8. The union of the meridian and longitude of a 2-torus is superheavy.

The following criterion in [EP09] will be applied to prove superheaviness. For the

sake of completeness we include the proof here.

Lemma 2.9. (¢f. [EP09, Proposition 4.1])
(1) A compact set K in M is superheavy if and only if for any non-positive function
H on M with H|g =0, one has ((H) = 0.
(2) A compact set K in M is heavy if and only if for any non-negative function
H on M with H|g =0, one has ((H) = 0.

Proof. We only prove the superheavy case since we are mainly interested with it in

this article.
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If K is superheavy, then for any non-positive H with H|x = 0, by definition one
has ((H) > i%f H = 0. On the other hand by monotonicity of partial symplectic
quasi-state, ((H) < ¢(0) = 0, which yields ((H) = 0.

Suppose conversely that for any non-positive function H on M with H|x = 0, one
has ((H) = 0. For any F' € C(M), let H = min(F — i%f F,0), then F is non-positive
with H|x = 0. By assumption one has ((H) = 0, so

0 < G(H) < ((F — i F) = ((H) ~ i F.
which implies superheaviness since the function F' is arbitrary. O

2.3. Applications of (super)heaviness. In this section we deduce some rigidity
results from (super)heaviness. The first one is about the intersecting properties of

superheavy subset.

Proposition 2.10. For any superheavy subset X and heavy subset Y in M, one has
XNy #0.

Proof. The proof is basically applying Lemma 2.9 repeatedly.

Assume conversely that X NY = (), choose a non-negative function H with H|y =0
and H|x = —1.

Since Y is heavy, by Lemma 2.9(2), one has ((H) = 0. Let G = H + 1, then by
the shifting property one has ((G) = 1.

Note that G|x = 0. By superheaviness and Lemma 2.9(1), we have ((—|G|) = 0.
Since superheavy sets are heavy, by Lemma 2.9(2) again, there is ((|G|) = 0. By the

monotone property one has
0 =¢(=G) < ¢(G) < ¢(G]) =0,
which contradicts to that ((G) = 1. O

Next we introduce the definitions on displaceability.

Definition 2.11. Let (M,w) be a closed symplectic manifold.

(1) A subset K C M is called non-displaceable from another subset K’ if for
any Hamiltonian diffeomorphism ¢ we have p(K) N K’ # (. If K is non-
displaceable from itself, then we say it is non-displaceable.

(2) A subset K C M is called stably-non-displaceable if for any symplectomor-
phism(not necessarily Hamiltonian) ¢, there is ¢(K) N K # ().
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(3) A subset K of M is called stably non-displaceable if K times the zero section
0g1 of (T*S', wyyq) is non-displaceable in M x T*S?.

Displaceability is related to (super)heaviness in the following way.

Theorem 2.12. [EP09, Theorem 1.2] In a closed symplectic manifold (M,w), we
have the following.

(1) Every heavy set is stably non-displaceable.
(2) Every superheavy set is strongly non-displaceable.

To describe the last application of (super)heaviness, we introduce some definitions

about relative symplectic cohomology.

Definition 2.13. Let K be a compact set in M and let SH*(K; M) be the relative
symplectic cohomology of K in M defined as in [Var21].

(1) K is called SH-visible if SH*(K; M) # 0, otherwise it is called S H-invisible.
(2) K is called SH-full if every compact set contained in M — K is S H-invisible.

Mak-Sun-Varolgunes [MSV24] connected the above properties about relative sym-

plectic cohomology to our (super)heaviness.

Theorem 2.14. [MSV24, Theorem 1.7] Let K be a compact set in a closed symplectic
manifold (M,w), then the following holds.

(1) K is SH-visible if and only if K is heavy in M.

(2) If K is superheavy, then K is SH-full.

3. SIMPLE CROSSINGS SYMPLECTIC DIVISORS

3.1. Basic definitions. We firstly give some basic relevant definitions about SC
symplectic divisors, the main reference is [McL12, TMZ18|.
Let (M?" w) be a closed symplectic manifold, then D = UY | D; is a symplectic
divisor in (M, w) if
(1) D; € M is a connected smooth closed submanifold with real codimension two
for each i,

(2) for each subset I C [N] the intersection (),.; D; is transverse and

el
D[ = ﬂDz cM
iel

is a symplectic submanifold.
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Since the D; intersect transversally, for each I C [N] there is an isomorphism of
vector bundles
NuD; = €5 NuDilp, (3.1)
el
over Dj.

Definition 3.1. A symplectic divisor D C (M, w) is

(i) a simple crossings divisor(also written as SC divisor) if (3.1) is an isomor-
phism of oriented vector bundles for all I, where each normal bundle N,;D; is
equipped with the orientation induced by the symplectic orientation on T'M
and T'D;.

(ii) orthogonal if for all i # j and x € D; N Dj, the w-normal bundle (7, D;)* C
T, M is contained in T, D;.

In this section we always consider orthogonal SC divisor D which satisfies Hypoth-
esis A.
The classes PD(D;) have canonical lifts PD"®(D;) to the relative cohomology group
H?(M, X) and form a basis of H*(M, X;R).
Define
A=) \-PD(Dy) € H*(M,X;R),

which is a lift of 2¢;(T'M) by construction.
For a class A € H*(M, X;R), an one-form 0 € Q'(X) satisfying

wlx = db, and /w—/ =1 u for all w € Hy(M, X)
U ou

is said to have wrapping numbers A; for D [McL16], where (Ay,..., Ay) € RV is the
image of A under Lefschetz isomorphism. By the relative de Rham isomorphism, such
an one-form 6 must exist.

Since 7\; > 0 for all 7, we may choose # with wrapping numbers 7); and arrange
that (X, 0) is a finite type convex symplectic manifold. The details will be presented

in the next section.

3.2. Commuting Hamiltonians and adapted one-form. Now following [McL12],
we introduce the notion of system of commuting Hamiltonians. These functions
provide a local model of the radius function constructed in Section 4 and satisfy

certain compatible conditions at the overlaps.
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Lemma 3.2. [McL12, Lemma 5.14] If D = UY,D; is an orthogonal SC divisor in
(M,w). There exist small neighborhoods UD; of D; and projections m; : UD; — D;
such that

(1) For 1 <i; <ig<---<i <N,

!
T3 O+ Oy ! ﬂ UDZ] — D{i1,‘..,il}
j=1
has fibers that are symplectomorphic to Hé.zl D. where D, is the disk of radius
€.
(2) If we look at a fiber Hé’:l D. of m;, 0 ---om,, then for 1 < m <, m;, maps

this fiber to itself. It is equal to the natural projection

l l

[Ip-— ] o
J=1 Jj=Lj#m
eliminating the m-th disk D..

(3) The symplectic structure on UD; induces a natural connection for m; o---om;,
given by the w orthogonal vector bundles to the fibers. We may require the
associated parallel transport maps to be elements of U(1) x -+ x U(1) where
U(1) acts on the disk D, by rotation.

The above results can lead the construction of the following system of commuting

Hamiltonians, which will be crucial in our argument.

Proposition 3.3. D is an orthogonal SC divisor in (M,w), then for any R > 0,
there exists a system of commuting Hamiltonians (scH) near D of radius R, which is
a collection of open neighborhoods UD; D D; and proper smooth functions r; : UD; —
[0, R), for each i, with the following properties. For each i,

e 1; generates an S' action on UD;, and r;*(0) = D;.
e The fixed point set of the R/Z action on UD; is D;.
e The St action on UD; \ D; is free.

For all pairs i, j,

e UD;NUD; is invariant under the S* action generated by r;.

e The Hamiltonians r; and r; Poisson commute on UD; N UD;.
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Proof. For any 1 < i < N, let r; be the radial coordinate of the w orthogonal sym-
plectic disk bundle over UD;, then it is direct to check that {r;}; satisfies all the

conditions above. O

Remark 3.4. Actually the converse also holds, that is, if a SC divisor D admits a scH,
then it is orthogonal [BSV22, Proposition 2.5].

Let {r; : UD; — [0,R)} be a scH near an orthogonal SC divisor D. For subset
I C [N], define UD; = MU D;, then one has a (R/Z)! action on U Dy with a moment,

map

rr: UD; — [0, R)!
whose components are given by r;, for ¢ € I.

Now we impose some condition on the one-form 6 on X = M\D.

Definition 3.5. Let D be an orthogonal SC divisor in a closed symplectic manifold
(M,w) and let {r; : UD; — [0, R)} be an admissible scH near D. We call a one-form
6 € QY(M \ D) adapted to {r; : UD; — [0, R)} with wrapping numbers &;, if it

satisfies

(1) df = w|x with wrapping numbers &,
(2) the Liouville vector field Z of 6 satisfies

Z(TZ) =T; — R;
over UD; \ D, for all i.

This technical condition will help translate conditions with respect to the Liouville
vector field Z to the local Euler-type vector field Z; in Section 4.

Again the existence of adapted one-form is guaranteed.

Lemma 3.6. [McL12, Lemma 5.17] Let D be an orthogonal SC divisor in a closed
symplectic manifold (M,w). Assume that

W] = Z ki - PD(D;)  in Hy(M;R),

with k; > 0. Then there ezists {r; : UD; — [0,R)} a scH near D for which there
exists an adapted 6 € Q(M \ D) with wrapping numbers ;.
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Note that by the negatively monotone condition and Hypothesis A, the above
lemma applies to our setting in Theorem 1.2.
To conclude this section we show that (X,0) admits the structure of finite type

convex symplectic manifold in our setting.

Definition 3.7. (1) A conver symplectic manifold is a closed manifold M along
with an one-form 6 so that w = df is a symplectic form and there is an un-
bounded subset Ay, C R and fy; : M — R an exhausting function, satisfying
the w-dual Xy of 0 is a vector field satisfying dfy;(Xp) > 0 in the region
far (Anr).

(2) A convex symplectic manifold (M, 6) is said to be of finite type if dfp(Xg) > 0

in the region [C, 4+00) for some C.

Proposition 3.8. Let (M,w) and D be as in Theorem 1.2 and 0 be adapted to {r;}
with wrapping numbers T\;, then (X, 0) has a structure of finite type convex symplectic

manifold.
Proof. See [Gat24, Proposition 4.8]. O

3.3. Admissible charts. To compute of action and index with respect to an orbit,
one has to fix a capping. We work in the standard chart satisfying certain conditions

concerning the uniqueness of cappings.
Definition 3.9. Let D = UY | D; be an SC divisor in a closed symplectic manifold
(M,w), and let {r; : UD; — [0, R)} be a scH near D.
(1) Given I C [N], a standard chart (U, ) in UDj is an (S1)!-invariant open
subset U C UD; and a (S')’-equivariant symplectic embedding
é:U — C' xcr M,
where we use the action of (S')! on €’ x C*~1l given by

0 ((2)ier,w) = ((ezm‘gizi)iebw) for all 6 € (Sl)l and ((2;)ier, w) € c! x ¢,

(2) Fix an arbitrary Riemannian metric on M, then a standard chart (U, ¢) is
admissible if U is contractible and has diameter less than $inj(M), where
inj(M) is the injectivity radius of M with respect to a chosen Riemannian

metric.
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(3) We call a scH near D admissible if for every I C [N]| and y € UDjy, there
exists an admissible standard chart (U, ¢) in UD; with y € U.

Using equivariant Darboux theorem [GS84], for any I C [N] and x € Dy, there is a
standard chart in UD; containing x. And any sufficiently small shrinking of the scH
is admissible.

The following is a direct result from the definition of admissibility.

Proposition 3.10. [BSV22, Lemma 2.14] If v is contained in an admissible standard
chart, then there is a capping of v with image contained inside an admissible chart.
Moreover, such a capping is independent of the choice of admissible chart, up to

homotopy rel. boundary in M.

Proof. Since admissible charts are contractible, the existence is trivial.

As for uniqueness, for caps in two admissible charts containing =y, since the union
of these two charts has a diameter less than inj(M), they are contained in a ball of
radius less than inj(M). Then the two caps are homotopic rel. boundary in M since
the ball is contractible. ([l

So there is a well-defined canonical cap of an orbit contained in an admissible chart.

4. RADIUS-TYPE HAMILTONIANS AND ITS ORBITS

4.1. Construction of the radius. The main goal of this section is to construct
certain well-behaved function pf*, which will serve as a radius and help us define
useful special Hamiltonians out of it for our arguments. The construction is due to
[BSV22].

First we recall our geometric settings. On a negatively monotone closed symplectic
manifold (M,w), D = UX,D; C (M,w) is an orthogonal SC divisor and negative
rational numbers Aj,..., Ay are the weights. We write X = M\D as the divisor
complement. Since D is orthogonal we can choose an admissible system of commuting
Hamiltonians {r; : UD; — [0, Ry)} near D.

We consider one-form 6 € Q'(X) such that df = w|x, and the relative de Rham
cohomology class of (w, #) is TA, where A € RY = H?(M, X; R) is the lift of 2¢;(T'M).
By Lemma 3.6, we assume that 0 is adapted to {r; : UD; — [0, Ry)}. By shrinking
the scH if necessary, we assume that Ry < 7A;(1 <i < N).
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Our target is to define a family of functions pf(where R serves as some type of

smoothing parameter) that satisfy the following conditions:

(1) p'f is continuous on M, and smooth on the complement of the skeleton L;
(2) p"L =0and p|p = 1;
(3) we have Z(p®) = p® on X \ L, where Z is the Liouville vector field on (X, 6);
(4) pft — p® as R — 0, where we recall that p° : M — R is the function extended
from X, so that the Liouville flow starting at = is exactly defined for time
t € (—o0, — log(#())).
For any R > 0 and o € (0,1), set K = {p® < o}. Then from the condition
Z(p™) = p® one has that

K% = L, when o — 0.

We firstly give a sketchy outline of the construction. The idea is to use the scH
to reduce the problem locally to the Euclidean space(might with corner). There are
three tasks to finish.

(1) Find a good open cover of M\ L so that on each open subset in the cover our
scH is defined.
(2) Translate the conditions imposed on p® to the functions in the local model.

(3) Construct our desired functions locally.
Now we consider the vector field Z; on R! defined by
- 0
Z >r = i TA) -
( ! Z<T A )87’ i
el
Let UD]™** be the union as the union of U D; with the set of points in X that enter

into U D; under the positive Liouville flow in finite time, then we can extend r; to
rit @ UD™™ — Rxg

by first flowing into U D; with the Liouville flow in some time 7" > 0, applying r;, and
then flowing with Z{i} for time —T'.
It is natural to define
UD7T* = M UD
and

et UDT — H[()?T)\i).

el
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We claim first that the Liouville-invariant condition is well behaved under local

reducing. A simple computation yields (r;).Z, = (Z[> : for any x € UD; \ D,

ri(z
where pr; : RV — R is the standard projection. So we have the following.

max

Lemma 4.1. The function pf' = pF o r'"® satisfies Z(p®) = pf* if and only if
Zl(ﬁ?) = ﬁ?-
Remark 4.2. Note that a function

fVi=R\]Jl7Ah00) = R
iel
satisfies Z;(f) = f if and only if it is linear along the rays emanating from 7A;,

converging to 0 at that point.

Now we modify UDJ* to obtain a good open covering of M\ L. Let
UD)? = {r; < R/2} CUD, = {r; < R}

and define UD)"*™" to be the union of UD;’* with the set of points in X that enter
into UD] /2 under the positive Liouville flow in finite time. For I C [N], let

UDpe .= UDye \ | JUD;>™m.
il

Lemma 4.3. The sets {IOJD}”‘“} form an open cover of M \ L.
0£IC[N]

Now it suffices to construct pf. We briefly elaborate the process here. Recall that

we hope that p? is a smoothing of p°. On UD7* we have

0_ =0 mazx
p=prerr

where
0/ N TN — T
pr(r) = max ——— N
Note that 5} is equal to 0 at 7A; and linear along the rays emanating from this point.
Besides it is equal to 1 along RL,,.
Since functions p¥ should be chosen to be smoothings of the functions 9. We

desire to construct a hypersurface

VicvinRL,
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which is a smoothing of }710 = 8[RIZO, satisfying certain properties. Then, we can
take pf to the function that converges to zero at 7A;, being linear along the rays
emanating from it, and takes the value 1 on Y},

The desired family of hypersurfaces is constructed as follow.
Lemma 4.4. For any Ry > R > 0, let ¢® : R — R be a function satisfying
(™)' (r) <0 forr < R/2
with ¢®(0) =1 and ¢®(r) =0 forr > R/2.

Let
QF RN = R,QF(r) =Y q"(r:)
el
and
Y/ ={Qf =1}

Then there is a unique smooth function p¥ : Vi — R satisfying
prlye =1 and Zi(p7) = pf,
satisfying the followings.
(1) For any ) # I,J C [N], there is

prore® = pllo et gyper UDP* N UDT,

(2) We have
Flia =1 ond ZiGF) = 7.

(3) pit is linear along the rays emanating from Ty, converging to zero at TAp.
Proof. By [BSV22, Lemma 4.8], hypersurfaces Y/* € R with the following properties:

(1) Y is contained in the region V7o := V7 N RL,.

(2) Every flowline of Z; in V; crosses fflR transversely at a unique point.

(3) If 2 : Y2 — R! is a normal vector field (pointing towards the component

containing 7A), then ﬂfl- > 0 for all 7, where ﬁﬁi is the ith component of 7%,
(4) For any J C I, Y/ coincides with Y/ x R'\ over the region Niens{7f5 = 0}.
(5) Let Py : Vi — Y be the projection-from-7A; map, then

Pt ({ri > R/2}) € {7f; = 0}

Then one can check that our p® satisfies all the desired conditions following the
arguments in [BSV22, Section 4.5]. O
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Then there is a well-defined function p% so that on each p® = UD™M** with pf =0

on L, and p¥ is the “radius” that we need.

4.2. Action and index of canonically capped orbits. Let p = pf where R is a
sufficiently small positive number, and h : R — R be a smooth function satisfying
(1) A'(r) > 0 and A"(r) <0,
(2) h(r) = Ar 4+ C when r € [0,1/2) for some non-integer A and constant C,
then h o p is a continuous function on M and smooth away from L.
To study the dynamic property of the above function h o r, we first compute the

differential of p.

Proposition 4.5. [BSV22, Lemma 4.14] There are smooth functions w; : M\L —
R>o supported in U D satisfying

dp = — Zwi - dr"T, (4.1)

We write w : M\L — RN be the smooth map defined by w = (wy, ..., wy).

There is a smooth extension of the map h/(p) -w : M\L — RY to M, we write the
extension as wy, = (Wp 1, ..., wsn). A key observation is that on any orbit vy of ho p,

wy, is constant, thus a vector wy,(y) € RY is well-defined.

Remark 4.6. Each coordinate wy, ;(y) of wp(7y) can be regarded as a wrapping number

of 4 around the hypersurface D;. Also note that if h'(p) < 0, then wy,;(v) < 0.

For each orbit -y, we define a subset of [N] by
I(y) = {i | wni(v) # 0}

For any orbit v of h o r, we give a canonical capping of 7 in the sense of Section

3.3. The precise description is as follow.

(1) If v is constant, then let w4, be the constant capping.

(2) If y is contained in U Dy, then it is contained in an admissible standard chart,
and we define u.,, to be the canonical cap contained in that chart given by
Proposition 3.10.

(3) If v does not fall into the above two cases, then it must be not contained in
D. Then we define u.,, to be the union of the cylinder swept by v along the
Liouville flow taking it into UDj(,, with the canonical cap in an admissible
chart.
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First we need to compute the action and index of the canonically capped orbits in

order to estimate the spectral invariants latter.

Theorem 4.7. For the canonically capped orbit (v, Ucan) of ho p, one has
(1) The action is

Anop (Vs Uean) = h(p(7)) + B (p(7)) +wa(7) - A (4.2)

(2) Let J :={j € I(7) : r"*(y) # 0}. Define the |J| x |J| matriz

J

_ (9*(hopy)
Hess, := (W(h(ﬂ))mg,

then the Conley-Zehnder index is

CZ(7y, Uean) = 2 Z [whi ()] + 1sign (Hess,) . (4.3)

2
Proof. (1) Without loss of generality we let v be contained in U D7 for some I C [N].
Then tcq, can be decomposed into two parts Uen,i(i = 1,2), where e, lies in an
admissible chart in UD;, and g2 = Ute[O,T] () is swept out by the Liouville flow.
Assume that the boundary of e, is contained in 77! ((a;)ier). We consider the
embedding of the admissible chart into C! x C*~1l and let M be the fiber over (ai)ier

with respect to the moment map
p:Clx el 5 R

Then fum wis equal to the symplectic area of any cap of a 1-periodic orbit of X

contained inside M, where f = f o r7"** and

R Rre Z —wpi(7) - Ty

el

Then a direct computation yields
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So in summarize we have shown that
ucan thz : Zma:r 7)
This along with the fact that

Ahor)(% Ucan) = R(p(7)) + w(tUcan)
yield
Ahop(ry’ ucan = h + thz ' ;naac ’7)

Then result is obtained as follow.

-Ahop(/ya ucan) - wh(’Y) + Z wh 7 Z’mm 7) - wh(V) A

h
h(p(7)) + 1 (p(7)) - p(7)-

Recall that by our construction there is pr o r7'** = p and py is invariant under Zr.

(2) The result is due to [BSV22, Lemma 4.22], using the computation techniques in
[Oan04, Section 3.

O

Remark 4.8. Given (7, Uen), we define its associated fractional cap(also called inner
cap therein) by

u/can = Ucan — wh(f}/) A

Then there is

Anop(V: Upan) = h(p(7)) + 1 (p(7)) - p(7).

The above computation result of the action can be seen as a generalization of Viterbo’s

y-intersection formula [Vit99].

5. PROOF OF MAIN RESULTS

5.1. Proof of Theorem 1.2. Now we give the proof of Theorem 1.2.
We fix a smoothing parameter R throughout the proof and omit it from the nota-

tions.
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By our construction of p, it suffices to show that {p < a} is superheavy for any
a€(0,1).

Let b = a+e where a > 0 and ¢ > 0 is sufficiently small and choose any non-positive
function H on M that is zero on {p < b}, by Lemma 2.9, it suffices to show that
((H) = 0. Our goal is to show that there is some constant S so that

c(l,kH) < S for any k € N.

Consider any smooth function g on M with ¢'(p) < 0. Recall w; : M\L — Rxg
defined as in (4.1) is a smooth function and w,;(v) = w;(7y) - ¢'(p).

For any orbit y of g o p contained in {b — 5 < p < 1}, since 7 is not contained in
some D;, by [BSV22, Lemma 4.16], w,;(7) is a non-zero integer. Since ¢'(p) < 0 and
w; € R>g, there is w,,;(v) < —1.

By the definition of wy;, there is a number £ > 0 so that g is linear in the region
{b—§ < p < 1}, if the absolute value of the slope of g in this region is larger than &,
one has

wg,i(y) < —2n.
Fix a smooth function f on M so that
(1) f only depends on p when p € (a,1) with f'(p) <0, f"(p) > 0.
(2) f is a negative C?-small Morse function when p < a.
(3) f is linear in p when p € (b —¢/2,1), with a slope in (—k — 1, —k).
We also choose g with
(1) g only depends on p when p € (a,1) with ¢'(p) < 0,¢"(p) > 0.
(2) g = f when p <b— 3.
(3) g is linear in p when p € (b,1), with a slope in (—x — 2, —x — 1).

By [BSV22, Lemma 4.17|, there is a non-degenerate perturbation F of f o p, such
that for any capped orbit (v, u) of f o p, there is a capped orbit (7, u) of F' so that

(2) |Ar(7,u) — Afop(7, w)] is sufficiently small.
Similarly, there is a non-degenerate perturbation G of g o p satisfying the properties

above. Moreover, we can require that
F=Gforpe (O,b—g).

Then we only need to consider the orbits in the area {b — £ < p < 1}.



SUPERHEAVINESS OF SKELETON 25

For any orbit 7 of G in the above area, there is an orbit 4 of g o p in the same
region. If 4 is non-constant, then p(7) is a constant py € (b— 5, b), thus by the action

formula (4.2), one has
AgOp(hﬂ ucan]) = g(po) =+ ng,i ('7) . T;”rlaac<,y)

(po) + 9" (po)po + wy(v) - A

And the index is computed as in (4.3)

C2U tean)) = 23 [100a(3)] + oien (Hess,)

< 2wg(y) +n
< —3n.

Then by the condition on the perturbations, there is a capping u of v with

Ac([v,u]) < f(2b—¢)
and
deg([y,u]) = CZ([v,u]) + n
< CZ([7, tean]) + 2n < —n. (5.1)

If 7 is constant, the above result is trivial since f(pg) > g(po)-

Now since (M,w) is negatively monotone, the group
{w(A) | Aem(M)} CR

is discrete and we write the positive generator of this group as &g.
Then for any capping u + A of v with deg([y,u + A]) =0, by (5.1),

e1(A) = — (des([,u]) — dea(fy, u + A])) > 0.

S0
w(A) =271¢1(A) <0,
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hence by the definition of ¢, it follows
Ac([v,u+ A]) < f(2b—¢€) — e.

To conclude, we have obtained that, for some 0 < € < gy, the following equality of

two discrete subset of R
Specy(G) N (f(2b — €) — &g, +00) = Specy(F) N (f(2b — &) — &g, +0)

Now using the exactly same arguments as above, we can construct a monotone
sequence
G=Gy <G, <--- <G =F
such that
(1) For any i, G; is non-degenerate.
(2) With respect to any capping, any orbit of G; in {b — § < p < 1} has degree
smaller than —n.
(3) With respect to any capping, any orbit of G; in {b — 5 < p < 1} has action
smaller than f(2b — ¢).
(4) For any 1, there is

5/

max(Gp — G;) < —,
L (Ginn = Gi) < 5
where € is chosen(by the spectrality of spectral invariants and rational condi-

tions) so that
(c(1,F) —€,¢(1, F) + &) N Specy(G) N (f(2b — &) — &', +00) = {c(1, F)}.

Clearly G is independent of ¢ on the region where F' = G. By the Lipschitz

property of spectral invariants and (4), we have

/

€
le(1,Gioq) — ¢(1,G))| < 3
Then by the choice of € one has
C(l, Gl—l) = C(l, Gl) = C(l, F)

Combining conditions (2),(3) and the same computation as for G in above, one has
that
Specy(Gi) N (f(20 —€) — &', +00)
is independent of 7. So by repeating this process for ¢ inductively, we obtain that
c(1,G;) is independent of 4, which particularly yields ¢(1, F') = ¢(1, G).
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Using induction one has that ¢(1,G™)) = ¢(1, F') for any G™ defined in the above

fashion with slope of the linear part lies in (—k — m, —k —m + 1).

Finally, choose any non-positive smooth function H on M that is zero on {p < b},

for any positive integer k, there exists some m such that G < kH. Then by the

monotone property of spectral invariant, ¢(1,kH) is uniformly bounded in k, which

implies that ((H) = 0, so the result follows. O
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